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On the approximation of solutions of one singular differential

equation on the axis
In this paper we study the problem of the best approximation by linear methods of soluti
Triebel-type equation. This problem was solved by using estimates of the linear widt
in corresponding spaces of differentiable functions. According to the definition, linear wi t the be

estimates for the approximation of compact sets in a given normed space by linear meth
implemented through finite-dimensional operators. The problem includes answers togthe s about
the solvability of the studied equation, the construction of the corresponding weight, o 1ﬁerent1ab1e

functions, the development of a method for estimating linear widths of compact sets!i i polynomial
Sobolev space. In this work, conditions are obtained under which the considered rator has a bounded
inverse. The weighted Sobolev space corresponding to the posed problem is pper estimates are
obtained for the counting function for a sequence of linear widths, whichyco to the posed problem.

One example is constructed in which two-sided estimates of linear width: en. The method for solvmg
this problem can be applied to the numerical solution of nonéta

an infinite axis
Keywords: differential equations, Triebel equations, approximation,of by linear methods, widths of sets,
weighted Sobolev spaces.

Ty A7)y + (qo(@) + o6 (x))yo = f (1)

class U1 J(Lpo) (v >p+ 2 ere [ = [0,00), on 400, i.e. [1]: po > 1 and ¢; (i = 0,1) are
functlons infinitely differe
i) mlg% po(x) =
i) Ipg (@)
i) g5 (x)

To solve

d1fferent1 ations on an infinite axis. All results presented in this paper are new.
We denote VpQ(H v) (I) the completion of the class C§°(I) of functions infinitely differentiable and

)

finite in I with respect to the norm

1/p

2 o
p
Hy; %%(u,y)(I)H = Z/‘pé’“y(’“)‘ de| ,1<p<oo,
0

k=0
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where [, = 271((2 — k)v + kp) for k =0,1,2. Let V =V (;w)( )
If
sup |qo(z)p™" ()| = Bo < 1, (2)
supla (#)] () = 6 < oo,
then for the minimal operator
TOZ/ = TZ/; Y€ C(()DO(I)’

the following inequality holds
[Toy; Lo (D < (24 8) llylly -

Therefore, the operator Tj has a closed extension L 3 \
Ty_TyayeD( ) ‘/Q(MV)CL2 6\
We defined the operator T' = “ T in (1), where the norm ||T|| <2+ g. &

Let y; be a sequence of functions y; € C§°(I) fundamental in t lly;- Then each of the

sequences {a, rY; )} {y] } (ap = ply, v = 0, 1,2) are fundamenta 1 Therefore, y = limy; in
Lo(I) has finite a.e. in I derivatives y/(z), v”(z), and HyHV

Theorem 1. Let condition (2) be satisfied and \

1 2
s s | () @) 2 o (a) =y <1, 3
(1 - /80) >0
CM,V =
Then the operator T in (1) has an inverse Ti . Therefore

1|| <Oy (4)
Let F={y eV :|Ty; Lgx om (4) it follows that
@ CleViluly <ch e=cu
Let C be a bo t Banach space X, containing 0, 4 (C, X) be the class of all continuous

linear operators U: of dimension < k and such that C C D(U). The value

= inf sup|lz — Ax
" Ue(X) ec | I

is called'gh rar k-width of C in X [10; 16].

The widfhs A\, (C, X) are related to the problem of the best (linear) method for approximating the
set C in X.
Let N(A\;C, X) = > 1 (number of widths A\x(C, X)) > A). In this paper, we obtain an estimate
A (C,X) >

(from above) for the counting function N'(\; F, Lo(I)).
Let Q be a (Lebesgue) measurable set in R. Here and below BX is the unit ball of space X, L, ()

is the space of functions f in © with the seminorm ||f; L,(Q)|| = ([q [f(2)[? dx) Yr o 00, Ly oc(1)
is the space of all functions f in I such that f € L,(G) for any compact G C I, L} (I) = LflOC(I)
is the class of non-negative locally summable (weight) functions f in I for which Lebesgue measure
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{z >t: f(z) >0} >0forallt>0.Let p,v €L} (I),p>0,p ' =1/p € Lyp(I), § € (0,1). Assume
that

S(s) (@, h;v) = inf / vdt, A =[x,z + h],

{e}s

A\e

where infimum is taken over the set {e}s of all closed e C A with measure |e| < 6 |A| = dh,

1/2
M s)(z, s p,v) = h (/pl) (S(o) (, b 0)) /2.

A

Let h(-) be a finite positive function in I. The function A(-) is called the lengtlyfu (with
respect to the pair (p,v)), if

My (@, h(z);p,v) 2 1, (z € I). \ (5)
We set K

hs) (@5 p,v) =sup {h > 0: Mg (x,h; p,v)

Proposition 1. a) If
0 < hs (s p, )<§>, Q s (7)
then \
Mis)(x, hsy(z;,0,v)300, v - (8)
b) If p = g, v = (go + pf)?, then

hesy(z) = hs)(

Remark 1. The equality (8) implisi ths realization of condition (5). Then every finite positive

function hs)(z; p,v) is the length fug respect to the pair (p,v).

Remark 2. If h(-) is a length f @ with respect to the pair (p,v), then 0 < hs)(z; p,v) < h(z),
(x> 0). \t

We introduce a maxi er
function h(-) in I. Let

=o,B):y<a<B<y+h(y} B.={A=B:xecA}.

r with respect to the interval basis associated with the length

operator with respect to basis B [11; 43].
M f(w. () = sup 1 / F@)ldt, f € LuelD).

Let
M) f(z) = M* f(z, hs)(+)),

1/2
Koy (@) = (hes)(2))*? L/po2“(t)dt] , A= lz,x+ b (o).
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Theorem 2. Let
lim K((;)( ) 0(0<5<1/2).

T—00

There is ¢(6) > 1, such that
—1y\—1/2 —o\ /4
NOGF, Ly(I)) < (1N~ / <M( 2 ) dz,
G(c™ 1)

where

1/4
G(A) ={z > 0: h)(z) ( ()P0 2“) > A2},

c=4c(d)c(u,v). ’\\

Ezxample 1. Consider the equation

Ty=—-B+2)"y" +q(@)y + (ao(z) + (3 +2)*)yes f (9)
under the following conditions: ¢; € C*°(I) (i = 0, 1) satisfy condition spect to po(x) = 3+,
and also

sup |qo(#)|(3 +2)™" = By <

x>0
sup |q1(2)[(3 + )¢ HLE = 2,

x>0

1
S M2 < .
5 I

Then g1 < % and, by virtue of Theorem 1,{for the operator T in (9) there exists 7! with the norm

|7~ —B)(1— By)) ! <4g=10.

Therefore, the solution set of e on (9) with the right side f € Lo(I) is contained in the ball
10BV.

Let ¢, = 1/2 1/2

By virtue of Theorem 2 we have

c/\ 10BV, Ly(I)) = N (10~ te); BV; Lo(I)) <

-1/2 (8 +2) " dx < e, (107" )"1/2 / o2y — (10)
G(10- 1/\) 0

5 1)1y (v—h+2)/2v
= 5=, (3" +6(107N" D) .

Let eX = A\, (10BV, Ly(I)). By (10) for any solution y of the equation (9) with f € BLs(I) we have

inf ~ Uy Lo(D)|| < A (10BV; Lo(I)) < sn~ 2075050,
UGLJ.TILI(le(I))Hy Yy 2( )”_ n( 2( ))_Hn 7

where k = 16003“(%)27/(242—@.
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2 Proof of main results

Proof of Theorem 1. Let ap(z) = qo(x) + pf(2), a1(x) = q1(z), az(x) = pj(x).
1. Let y € C§°(I). In this case

(Ty,y) 0/°° [ = (aé(x) + 01(96)) y'y + ao(fv)zﬁ} dr =

NooR / w(z)y’de > / w(@)y*da,

’ ° e \
where w(z) = ag(x) — (ay(x) + a1(x))?/4az(z). By conditions (2) and (3) we get \

ao(w) = p”(2)(1 + qo(w)p™ " (z)) = (1 - Bo)pg,
(ay(x) + a1(x))? 1 N, &
anrnll < (@) + @) <,

4agp(z)az(x) 2(1 -

inf () > 1 6, A
ITy; La(D)]| = (1 5 \ (11)

It follows from (11) that the operator

-/ [my/+wy
0

where

TOy = € (I)v
has a bounded inverse operator Ty * ¢ D(Tji') C Lo(I). Wherein

b || < Cuw- (12)

The estimate (4) follows from
2. Let y € V () {y] nce from C3°(I) converging to y in V2 ()’ Since

Ty;; La(D| <22+ 6) ly — w5l G =1).

By (11) we get

I1Ty; La(D)]| = i [[Ty;3 Lo(D)]| = Crow llys La(D)]]

an inverse operator T~! exists and the estimate (4) takes place.
oposition 1. Let the function hs)(z; p,v) in (6) satisfies the condition (7).

s a sequence h; > 0 (j € N) converging to h = hs(z), such that M s(w, hj; p,v) < 1. Let
Aj = [z,x + hj]. Passing to the limit (for j — co) in the estimate

z+h
1 [ ot aSiay o hi o) < M s po) + 2 [ [ e
A A z+h;

leads to inequality
Ms)(, his) (3 p,v); p,v) < 1
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On the other hand, there is a sequence h’; > h, M (z, h}; p,v) > 1. Let A, = [z, 2 + h] with measure
le] < oh

(h;)Q/p—ldg / vdé > 1. (13)

Al Al\e

Passing to the limit in (13) (for j — oo) leads to the estimates

w [ e [ odg =1,

(A) A\e

M) (z, his) (z; p,v)) > 1. .
b) The assertion follows from the estimates

z+h \
(1= 08)h < S5y, h; pg”) < / pg dé. 6
Let @
1

v .T-i—h‘
K5z, hip) = 1/ /p_

x

Lemma 1. Let M (z, h; p,v) > 1. There is ¢(

z+h 1/2
(/yde) < c(0)Ks) (@, h; p,

The proof of Lemma 1 is essenti a T ition of the main lemma in [2].
Let on intervals A C I ( the following equality holds

ch that for all y € C§°(1)

1/2
<p@>yﬂ2+v@>y%d4 . (14)

= ||p"y"; La(A)|| + 10" y; L2(A)]| -

Let W(A) be the ith the norm W (A). W = WQ( ») denote the completion of the class
C§°(I) in the nor . It is easy to see that

K5y (x) = Kg)(@, by (); p™) < (1= 6)7 12, (15)

= hs)(x), A =[x,z + hl, from (8) we derive

1/2 —1/2
h (/ p2“d§) = | inf / P < [(1—=06)n~Y2,
{e}s
A A\e
which inplies (15).
Lemma 2. The following estimate is true
lys La(D)]| < (6) 3 W3 (D] w € CE(D. (16)
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Proof. Let suppy C [£o,&1], 0 < & < &1 < 0o. Let us show that

inf A >~ > 0.
€oé$<£1 6( ) i

If hs(z) <1 (z € [€o,&1]), then by (8)
&1+1 —1/2
hs(x) > / p*rdé =b>0.
&o
We take v = min{1,b}. From (17) it follows that [£,&1] C UT 1 A(z) (N <Qo

Tip1 = zj + his (75), A(xj) = [25,7;41). Using the estimates (14) and (15), we d
(16) namely:

c 6
Ll < |30 [ e <eld) v |
=1 A(ey) @

Lemma 3. The following statements are true: a)

0 < h(z,\) = sup{h > 0; K5 (, h; 2 M} < oo (x> 0),

b) on each A = A(z; \) = [z, + I the counting function

@; BW(A), Ly(A)) < 1.
Proof. a) The estimate &) < oo follow from the limit equalities

() (@ b po) = 0, lim K5 (, hi po) = o0

The statement (
b)

dim

ivial. Equality (19) is proved as equality (8).

)

orm

8

Use the Taylor formula with integral remainder

Uays La(B)|| < (1B12 +1AP2) (ly(@)] + o/ (2)]) = bs < oo.

1/2
‘ 2 /

v-twsza@)| = | [| [e-ew©ae] ar|  <hn | [or>ag| | [ lotw] e
A A

A lz A

Therefore, estimate (20) holds.

607

ality

+ 4/ (z)(t — x), y € W(A). The operator U, € ts(BW (A), La(A)), because

<A\

92 Bulletin of the Karaganda University



On approximation of one ...

Lemma 4. Let Ks)(z) — 0 for x — oo. Let

A, = {[mg,xﬁh@(m) Ko@) <A Gy,

[xjvxj + h’(xJ? )‘))’ if K(J)(xj) > )‘,
There are estimates

NEXBW(D) < 3 N BW(A), La(4))), (21)

where ¢ = ¢(6) is the constant from Lemma 1

Proof. Let K5 (x;) < A By (14) L 2 \

nj = N(cA; BW(Aj), La(A;

Let A = {j € N: K(s5)(zj) > A}. Since K(5)(z) — 0 for x — oo, then A @}, where m € N

suffices big. If n; > 0 (j € A), then for all n > n;
inf sup y—Uy; La @
U€lln; (BW(A;j),L2(A5)) ye BW(A;) |

L 4
Therefore, for an arbitrarily small n > 0 there is an opera . i), L2(Aj)), for which
sup ||y (22)
yeBW (Aj)

A ). v e La(L),
has finite dimension
dimU < Z n;.

JEAL
Moreover, for any y € \@st from Lemma 1 and (22) that

UpPde= Y / oy — Ui ) 2de + 3 / yl2de <

0 JEALR; IEA+A,
< A s WANIF+ D (@) lys W(AHIP < (2+med)?lylliy < (2+mN)% (23)
JEAY JEA+

The passage to the limit in (23) leads to the following estimates:
ly = Uy; Lo(I)[| < 2¢A, y € BW,

An(BW, Lo(I)) < 2¢X, if n> ) nj,
JEAL

NQ@EXBW, Ly(I) < Y nj= Y N(eABW(4), Lo(A)).

JEAL J:Ko(z)>A
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Proof of Theorem 2. It follows from (19), (21)

1/2
N(2eX; BW, Ly(I)) < A~ 1/22[ (), hys pg") ] , (24)
JEA

where A = {j € N : K5/9)(z5) > A}, 7Lj = E(xj,)\) and A; = [zj;2; + hj) (j € A) do not intersect.
Since A} = [zj;2; + hj/2) € By 5/9) for all t € A, then

[ otde < Moy (), t € A (25)
A

1/4
(K (2. hy) " = by \AI/ 3 32 Msy2) Po \

and by (24) and embedding BV C BW we have

4
N (2eX\; BV, Ly(I)) < 2A~ 1/22 M; /z)§@ (26)

Therefore

]EAA/

Let A=[z,z+h) (h>0), Es(A)={e:e=€C xw®<5h} With 0 <6 < 1/2

and for ¢ € [z,z + h/2], Ay = [t,t + h/2)
{et—eﬁ[tt , e € Es(A)} C Eas(Ay). (28)

(27) and (28) allow us to show (usin le reasoning) that

) > hisa) (), (29)
@\ f () > M(“}/Q)f(:c), (30)

Now from (2 we deduce that
A% C G(N/2), (32)
1/2
/2 1 _ _ 1
(t)> 2 Zh§ hy! /Po g = ZA-
Aj

Since F' C aBV C aBW, a = ¢, then by (26) and (32)

N1/4
N(/\;F’LQ(I))SQ(%)W / (Mw)/)oW) 3

G(X\/ac)
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A. C. Kaceim, JI. K. Kycaunora

JI.H. lymunes amundazo. Eypasus yammuok yrusepcumemsi, Acmana, Kasarxcman

Bip cuaryngapasl auddepeHImajablK TeHAeyAiH MelliMaIePiHiH
AIIIIPOKCUMMalnusAChI TyPpPaJibl
Maxkamnana Tpuben tunti muddepeHuanablK, TEHIEY/IIH MIEMIiM/IEPIH ChI3BIKTHIK, 9/IICTEPMEH €H YKAKChI

XKyBIKTay Mocejeci 3eprresi. Byn ecenrep nuddepeHnmaniaHaTbiH (DYHKIUSIAPIBIH COUKEC KEHICTIK-
Tepineri 6ipJIik MapbIHLIH, KOJIIEHEH ChI3bIFbIH Oarajiay apKbLIbl Memiiai. AHbBIKTaMara ColKec, KOJIeHeH
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CBI3BIK, OEpiireH HOpMaJlaHFaH KEHICTIKTeri KOMIAKT >KUbIHIAP/bl ChI3BIKTHIK, aKbIPJIBIOJIIIEM/II OIlepaTop-
JIap apKbLITbI 2)KY3€re aChIPBLIATHIH ChI3BIKTHIK, 9/TICTEPMEH YKYBIKTAY/IbIH, €H *KaKChl Oarasiaybia Oepei. Tar-
CBIPMaJIa 3€PTTEJIETIH TeHIEY/IiH, MIeMIeTIiHIIr Typasl, coiikec nuddepeHnaiIaHaThIH GYHKIHSIAD/IBIH
caJIMaKThl KEHICTIrH Kypy, Co60/eB CaIMaKThI TTOJTMHOMUAJIIBI KEHICTIMHAETT KOMIIAKT KUBIHIAPIBIH KOJI-
JIeHEeH, ChI3BIFBIH OaFaJiay YIMH 9/IiCTEMECIH KYPY TYPaJIbl Moceiesiep KAMTBLIIBL. Byl >KyMbICTa KApACTHIPHI-
JIFAH OMEPATOP/IBIH, IIIEKTEJTeH Kepl onepaTopbl OOTYIBIH MAapTTAPhl AJTBIHAL. KoibLIran Maocesere coiikec
CoboJieB caMaKThl KEHICTIT aHBIKTAJIIbI, KOJIJIEHEH, ChI3bIK, Ti30eri yIImiH caHay (pyHKIMSCBIHBIH, *KOFapPFbI
Garasiaynapbl aabiHAbl. COHBIMEH KaTap, KOJIIEHEH CHI3BIKTBIH €Ki *KaKThl Oarajaysiapbl OepiareH Mbicas
KYPaCTBIPBLIABI. Bys ecenTiH Imenty 9miciH mIekci3 ocbTe CTAHAAPTTHI eMec KoIiMTri auddepeHnaabIk,
TEHJIeYIeP/Ii CAHJIBIK TYPJE IIeIly YIINH KOJIJIaHyFa 00Ia/Ibl.

Kiam cesdep: nuddepeHNmMaIabK TeHAeyIep, 1 pubes TeHJeyaepi, KUbIHIAPABI ChI3BIKTHIK, OJIiCTEPMEH
KYBIKTay, KoJiieHeH, kublagap, CoboJeBTiH, caJMakThl KEHICTIKTePi.

L 4
A.C. Kaceim, JI.K. Kycannosa

Espasuiickutl nayuonarvotul yrusepcumem umeny JI.H.lymunesa, Ac a, Kaqsa an

O6 ammpokcmManuy penieHuil OJJHOTo pHoro

anddepeHnaIbHOro ypaB
B cratbe uccjegoBaHa 3aava O HauJIydIeM HpI/I6J'II/I)KeHI/II/I JIMHE OoJaMn peHIeHI/II/I OJHOT'O ypaB-

HeHust Tuna Tpubess. dra 3aj1a9a pelragach ¢ MOMOIIBIO efHBbIX TONEPEYHUKOB €IUHUIHOIO
mapa B COOTBETCTBYIOIINX MPOCTPAHCTBAX AudepeHIn muit. COrJIacHO OIPEJIeJICHUIO, JIU-
HeiHbIe IONEePEeIHUKH JAIOT HAMJIYYIINe OLUECHKHU aIlll [IAKTOB B 3aJaHHOM HOPMHUPOBAHHOM

YHOMEPHDIE OIlepaTOphl. 3ajada BKIIIOYa-
Wsl, IOCTPOEHUE COOTBETCTBYIOIIETO BECOBOIO
npocrpancTsa guddepeHnupyeMbix GYHKIUH, pa eTo/a I OLCHKU JIMHEHHBIX IIOIEPEIHUKOB

TOPBIX PACCMATPUBAEMBII OIIEPATOP CTAHOB
crBo CoboJieBa, COOTBETCTBYIOIIEE TIOC

3a/1a91 MOXKET OBITh IIPUMe
HBIX YpaBHEHUI Ha GeCKOHe

ble ypaBHEHWs, ypaBHeHUs 1 pubesist, almpoOKCUMAIsi MHOYKECTB JIU-
U MHOYKECTB, BecoBble npocrpancTa Cobosesa.

References

, & Otelbaev, M.O. (1988). Vesovye funktsionalnye prostranstva i spektr diffe-

h operatorov [Weighted function spaces and the spectrum of differential operators/.

© Nauka [in Russian].

2 Aitenova, M.S., & Kusainova, L.K. (2002). Ob asimptotike raspredeleniia approksimativnykh
chisel vlozheniia vesovykh klassov [On the asymptotics of the distribution of approximate embedding
numbers of weight classes|. Matematicheskii zhurnal — Mathematical Journal, 2(1), 3-9 [in
Russian]|.

3 Aitenova, M.S., & Kusainova, L.K. (2002). Ob asimptotike raspredeleniia approksimativnykh
chisel vlozheniia vesovykh klassov [On the asymptotics of the distribution of approximate embedding
numbers of weight classes|. Matematicheskii zhurnal — Mathematical Journal, 2(2), 7-14 [in
Russian]|.

96 Bulletin of the Karaganda University



On approximation of one ...

4 Otelbaev, M.O., Kusainova, L.K., & Bulabaev, A. (2009). Otsenki spektra odnogo klassa diffe-
rentsialnykh operatorov |[Estimates of the spectrum of a class of differential operators|. Zbirnik
pratsieshnstitutu matematiki NAN Ukraini — Collection of Prats shnstitutu Mathematics NAS of
Ukraine, 6(1), 165-190 [in Russian].

5 Muratbekov, M.B., Shyrakbaev, A.B., & Baulybaeva, B.A. (2012). Sushchestvovanie reshenii i
otsenki poperechnikov mnozhestv sviazannykh s resheniiami nelineinykh uravnenii neklassicheskogo
tipa [The existence of solutions and evaluate widths set of solutions of nonlinear equations of non-
convent|. Vestnik Karagandinskogo universiteta. Seriia Matematika. — Bulletin of the Karaganda
university. Mathematics Series, 81-86 [in Russian/. 2(66).

6 Kusainova, L.K., Sultanaev, Ya.T., & Murat, G.K. (2019). Approksimativnye otsenki dlia odnogo
differentsialnogo operatora v vesovom gilbertovom prostranstve [Approximat or one
differential operator in a weighted Hilbert space| Differentsialnye uravneniia entral\Equations,
55(12), 1644-1651 [in Russian|.

7 Kusainova, L.K., Sultanaev, Ya.T., & Kassym, A.S. (2021). Ob odno rasshirenii
nesamosopriazhennogo singuliarnogo differentsialnogo operatora na poluios reversible extension
of a non-self-adjoint singular differential operator on the semiaxis entsialnye uravneniia —
Differential Equations, 57(10), 1431-1435 [in Russian].

8 Gaibov, D.S.(2008.) Koertsitivnye otsenki i razdelimost differ
[Coercive Estimates and Separability of Triebel Class iffesenti

9 Muratbekov, M.B. (1991). Razdelimost i otsenki poperechniko ozhestv, sviazannykh s oblastiu

arability and estimates of the widths of
of $he Schrodinger type| Differentsialnye

[in Russian]|.

operatorov klassa Tribelia

uravneniia — Differential Equations, 27(6), 10

10 Tikhomirov, V.M. (1976). Nekotorye vo
approzimations]. Moscow: Izdatelstvo Mos

y teortd priblizhenii [Some questions in the theory of
gosudarstvennogo universiteta [in Russian|.

11 Gusman, M. (1978). Differentsirovanieyintegralov vR,, [Differentiation of integrals in R,, /. Moskow:

Mir [in Russian].

Mathematics series. Ne 4(108)/2022 97





