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On the approximation of solutions of one singular differential
equation on the axis

In this paper we study the problem of the best approximation by linear methods of solutions to one
Triebel-type equation. This problem was solved by using estimates of the linear widths of the unit ball
in corresponding spaces of differentiable functions. According to the definition, linear widths give the best
estimates for the approximation of compact sets in a given normed space by linear methods which are
implemented through finite-dimensional operators. The problem includes answers to the questions about
the solvability of the studied equation, the construction of the corresponding weighted space of differentiable
functions, the development of a method for estimating linear widths of compact sets in weighted polynomial
Sobolev space. In this work, conditions are obtained under which the considered operator has a bounded
inverse. The weighted Sobolev space corresponding to the posed problem is determined. Upper estimates are
obtained for the counting function for a sequence of linear widths, which correspond to the posed problem.
One example is constructed in which two-sided estimates of linear widths are given. The method for solving
this problem can be applied to the numerical solution of non-standard ordinary differential equations on
an infinite axis.

Keywords: differential equations, Triebel equations, approximation of sets by linear methods, widths of sets,
weighted Sobolev spaces.

1 Introduction and Main results

In this paper, we consider the problem of the best linear approximations of solutions to the equation

Ty ≡ −ρµ0 (x)y′′ + q1(x)y′ + (q0(x) + ρν0(x))y0 = f (1)

with the right side in the Hilbert space L2(I), T is an operator satisfying conditions from the Triebel
class U1

µ,ν(I, ρ0) (ν > µ + 2, µ > 0), where I = [0,∞), on +∞, i.e. [1]: ρ0 ≥ 1 and qi (i = 0, 1) are
functions infinitely differentiable in I such that

i) lim
x→∞

ρ0(x) =∞,

ii) |ρ(k)
0 (x)| ≤ O(ρ1+k

0 (x)), k = 0, 1, ...,
iii) q(k)

0 (x) = o(ρν+k
0 (x)), q

(k)
1 (x) = o(ρ

(ν+µ)/2+k
0 (x)) for x→∞ (k = 0, 1, 2, ...).

To solve the problem, we used a modified method of localization of estimates for the widths of
compact sets in weighted spaces of differentiable functions [1; 104], [2–7], as well as coercive estimates
for differential operators [8, 9]. The method of local estimates developed in this paper on intervals of
adjustable variable length can be used in the theory of numerical solutions of a certain class of singular
differential equations on an infinite axis. All results presented in this paper are new.

We denote V 2
p,(µ,ν)(I) the completion of the class C∞0 (I) of functions infinitely differentiable and

finite in I with respect to the norm

∥∥∥y;V 2
p,(µ,ν)(I)

∥∥∥ =

 2∑
k=0

∞∫
0

∣∣∣ρlk0 y(k)
∣∣∣p dx

1/p

, 1 ≤ p <∞,
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where lk = 2−1((2− k)ν + kµ) for k = 0, 1, 2. Let V = V 2
2,(µ,ν)(I).

If
sup
x≥0

∣∣q0(x)ρ−ν(x)
∣∣ = β0 < 1, (2)

sup
x≥0
|q1(x)|ρ(ν+µ)/2

0 (x) = β <∞,

then for the minimal operator
T0y = Ty, y ∈ C∞0 (I),

the following inequality holds
‖T0y;L2(I)‖ ≤ (2 + β) ‖y‖V .

Therefore, the operator T0 has a closed extension

T̃ y = Ty, y ∈ D(T̃ ) = V 2
2,(µ,ν) ⊂ L2(I).

We defined the operator T det
= T̃ in (1), where the norm ‖T‖ ≤ 2 + β.

Let yi be a sequence of functions yi ∈ C∞0 (I) fundamental in the norm ‖·‖V . Then each of the
sequences {ary(r)

j }, {y
(r)
j } (ar = ρlr0 , r = 0, 1, 2) are fundamental in L2(I). Therefore, y = lim yj in

L2(I) has finite a.e. in I derivatives y′(x), y′′(x), and ‖y‖V <∞.

Theorem 1. Let condition (2) be satisfied and

1

2(1− β0)
sup
x≥0

[(
(ρµ0 )

′
(x)
)2

+ (q1(x))2

]
ρ
−(ν+µ)
0 (x) = β1 < 1, (3)

Cµ,ν =
1

(1− β0)(1− β1)
.

Then the operator T in (1) has an inverse T−1. Therefore∥∥T−1
∥∥ ≤ Cµ,ν . (4)

Let F = {y ∈ V : ‖Ty;L2(I)‖ ≤ 1}. From (4) it follows that

F ⊂ {y ∈ V : ‖y‖V ≤ c}, c = cµ,ν .

Let C be a bounded set in a Banach space X, containing 0, Uk(C, X) be the class of all continuous
linear operators U : X → X of dimension ≤ k and such that C ⊂ D(U). The value

λk(C, X) = inf
U∈Uk(X)

sup
x∈C
‖x− Λx‖X

is called the linear k-width of C in X [10; 16].
The widths λk(C, X) are related to the problem of the best (linear) method for approximating the

set C in X.
LetN (λ;C, X) =

∑
λk(C,X)>λ

1 (number of widths λk(C, X) > λ). In this paper, we obtain an estimate

(from above) for the counting function N (λ;F,L2(I)).
Let Ω be a (Lebesgue) measurable set in R. Here and below BX is the unit ball of space X, Lp(Ω)

is the space of functions f in Ω with the seminorm ‖f ;Lp(Ω)‖ =
(∫

Ω |f(x)|p dx
)1/p

< ∞, Lp,loc(I)
is the space of all functions f in I such that f ∈ Lp(G) for any compact G ⊂ I, L+

loc(I) = L+
1,loc(I)

is the class of non-negative locally summable (weight) functions f in I for which Lebesgue measure
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|{x ≥ t : f(x) > 0}| > 0 for all t > 0. Let ρ, v ∈ L+
loc(I), ρ > 0, ρ−1 = 1/ρ ∈ Lloc(I), δ ∈ (0, 1). Assume

that
S(δ)(x, h; v) = inf

{e}δ

∫
∆\e

vdt, ∆ = [x, x+ h],

where infimum is taken over the set {e}δ of all closed e ⊂ ∆ with measure |e| ≤ δ |∆| = δh,

M(δ)(x, h; ρ, v) = h

∫
∆

ρ−1

1/2 (
S(δ)(x, h; v)

)1/2
.

Let h(·) be a finite positive function in I. The function h(·) is called the length function in I (with
respect to the pair (ρ, v)), if

M(δ)(x, h(x); ρ, v) ≥ 1, (x ∈ I). (5)

We set
h(δ)(x; ρ, v) = sup

{
h > 0 : M(δ)(x, h; ρ, v) ≤ 1

}
. (6)

Proposition 1. a) If
0 < h(δ)(x; ρ, v) <∞, (7)

then
M(δ)(x, h(δ)(x; ρ, v); ρ, v) = 1. (8)

b) If ρ = ρ2µ
0 , v = (q0 + ρν0)2, then

h(δ)(x) = h(δ)(x; ρ, v) <∞ (x ≥ 0).

Remark 1. The equality (8) implies the realization of condition (5). Then every finite positive
function h(δ)(x; ρ, v) is the length function with respect to the pair (ρ, v).

Remark 2. If h(·) is a length function with respect to the pair (ρ, v), then 0 < h(δ)(x; ρ, v) ≤ h(x),
(x ≥ 0).

We introduce a maximal operator with respect to the interval basis associated with the length
function h(·) in I. Let

B =
⋃
y≥0

{∆ = [α, β) : y ≤ α < β ≤ y + h(y)}, Bx = {∆ = B : x ∈ ∆}.

We define a maximal operator with respect to basis B [11; 43].

M∗f(x, h(·)) = sup
∆∈Bx

1

|∆|

∫
∆

|f(t)|dt, f ∈ Lloc(I).

Let
M∗(δ)f(x) = M∗f(x, h(δ)(·)),

K(δ)(x) = (h(δ)(x))3/2

∫
∆

ρ−2µ
0 (t)dt

1/2

, ∆ = [x, x+ h(δ)(x)].
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Theorem 2. Let
lim
x→∞

K(δ)(x) = 0 (0 < δ < 1/2).

There is c(δ) > 1, such that

N (λ;F,L2(I)) ≤ (c−1λ)−1/2

∫
G(c−1λ)

(
M∗(δ)ρ

−2µ
0

)1/4
dx,

where

G(λ) = {x > 0 : h(δ)(x)
(
M∗(δ)ρ

−2µ
0

)1/4
> λ1/2},

c = 4c(δ)c(µ, ν).

Example 1. Consider the equation

Ty ≡ −(3 + x)µy′′ + q1(x)y′ + (q0(x) + (3 + x)2ν)y = f (9)

under the following conditions: qi ∈ C∞(I) (i = 0, 1) satisfy conditions iii) with respect to ρ0(x) = 3+x,
and also

sup
x≥0
|q0(x)|(3 + x)−ν = β0 ≤ 3/4,

sup
x≥0
|q1(x)|(3 + x)(ν+µ)/2 = β < 1/2,

1

2
< µ < 2 < ν − µ.

Then β1 <
3
5 and, by virtue of Theorem 1, for the operator T in (9) there exists T−1 with the norm

∥∥T−1
∥∥ ≤ ((1− β0)(1− β1))−1 < 4 · 5

2
= 10.

Therefore, the solution set of the equation (9) with the right side f ∈ L2(I) is contained in the ball
10BV .

Let cµ = (3µ4)1/2, u = (4c2
µ(10λ−1))1/2. By virtue of Theorem 2 we have

N (cλ; 10BV,L2(I)) = N (10−1cλ;BV ;L2(I)) ≤

≤ cµ(10−1λ)−1/2

∫
G(10−1λ)

(β + x)−µ/2dx ≤ cµ(10−1λ)−1/2

u∫
0

x−µ/2dx = (10)

=
1

2− µ
(
3µ + 6(10−1λ)−1

)(ν−µ+2)/2ν
.

Let cλ = λn(10BV,L2(I)). By (10) for any solution y of the equation (9) with f ∈ BL2(I) we have

inf
U∈Un(L2(I))

‖y − Uy;L2(I)‖ ≤ λn (10BV ;L2(I)) ≤ κn−2(1− 2−µ
2−µ+ν )

,

where κ = 160c3µ( 1
2−µ)27/(242−µ).
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2 Proof of main results

Proof of Theorem 1. Let a0(x) = q0(x) + ρν0(x), a1(x) = q1(x), a2(x) = ρµ0 (x).
1. Let y ∈ C∞0 (I). In this case

(Ty, y) =

∞∫
0

[(√
a2(x)y′

)2
+
(
a
′
2(x) + a1(x)

)
y′y + a0(x)y2

]
dx =

=

∞∫
0

[√
a2(x)y′ +

a
′
2(x) + a1(x)

2
√
a2(x)

y

]2

dx+

∞∫
0

w(x)y2dx ≥
∞∫

0

w(x)y2dx,

where w(x) = a0(x)− (a
′
2(x) + a1(x))2/4a2(x). By conditions (2) and (3) we get

a0(x) = ρν(x)(1 + q0(x)ρ−ν(x)) ≥ (1− β0)ρν0 ,

(a
′
2(x) + a1(x))2

4a0(x)a2(x)
≤ 1

2(1− β0)

[(
(ρµ0 )

′
(x)
)2

+ (q1(x))2

]
ρ−(ν+µ) ≤ β1,

where
inf
x>0

w(x) ≥ 1− β0,

‖Ty;L2(I)‖ ≥ (1− β1) ‖y;L2(I)‖ . (11)

It follows from (11) that the operator

T0y = Ty, y ∈ C∞0 (I),

has a bounded inverse operator T−1
0 с D(T−1

0 ) ⊂ L2(I). Wherein∥∥T−1
0

∥∥ ≤ Cµ,ν . (12)

The estimate (4) follows from (12).
2. Let y ∈ V 2

2,(µ,ν), {yj} be a sequence from C∞0 (I) converging to y in V 2
2,(µ,ν). Since

‖Ty − Tyj ;L2(I)‖ ≤ 2(2 + β) ‖y − yj‖V (j ≥ 1).

By (11) we get
‖Ty;L2(I)‖ = lim

j→∞
‖Tyj ;L2(I)‖ ≥ C−1

µ,ν ‖y;L2(I)‖ .

Therefore, there an inverse operator T−1 exists and the estimate (4) takes place.
Proof of Proposition 1. Let the function h(δ)(x; ρ, v) in (6) satisfies the condition (7).
а) There is a sequence hj > 0 (j ∈ N) converging to h = hδ(x), such thatM(δ)(x, hj ; ρ, v) ≤ 1. Let

∆j = [x, x+ hj ]. Passing to the limit (for j →∞) in the estimate

h2
j

∫
∆j

ρ−1dξS(δ)(x, h; ρ, v) ≤M2
(δ)(x, h; ρ, v) + h2

j

∫
∆j

ρ−1dξ

x+h∫
x+hj

vdξ,

leads to inequality
M(δ)(x, h(δ)(x; ρ, v); ρ, v) ≤ 1.

90 Bulletin of the Karaganda University

Buk
eto

v U
niv

ers
ity



On approximation of one ...

On the other hand, there is a sequence h′j > h, M(δ)(x, h
′′
j ; ρ, v) > 1. Let ∆′j = [x, x+ h] with measure

|e| ≤ δh

(h′j)
2

∫
∆′j

ρ−1dξ

∫
∆′j\e

vdξ > 1. (13)

Passing to the limit in (13) (for j →∞) leads to the estimates

h2

∫
(∆)

ρ−1dξ

∫
∆\e

vdξ ≥ 1,

M(δ)(x, h(δ)(x; ρ, v)) ≥ 1.

b) The assertion follows from the estimates

(1− δ)h < S(δ)(x, h; ρ2ν
0 ) ≤

x+h∫
x

ρ2ν
0 dξ.

Let

K(δ)(x, h; ρ) = h3/2

 x+h∫
x

ρ−1dξ

1/2

.

Lemma 1. Let M(δ)(x, h; ρ, v) ≥ 1. There is c(δ) > 1, such that for all y ∈ C∞0 (I)

 x+h∫
x

|y|2dξ

1/2

≤ c(δ)K(δ)(x, h; ρ, v)

 x+h∫
x

(ρ(ξ)
∣∣y′′∣∣2 + v(ξ) |y|2)dξ

1/2

. (14)

The proof of Lemma 1 is essentially a repetition of the main lemma in [2].
Let on intervals ∆ ⊂ I (1 ≤ ρ <∞) the following equality holds

‖y;W (∆)‖ =
∥∥ρµy′′;L2(∆)

∥∥+ ‖ρνy;L2(∆)‖ .

Let W (∆) be the space C∞(∆) with the norm W (∆). W = W 2
2,(µ,ν) denote the completion of the class

C∞0 (I) in the norm ‖y;W (I)‖. It is easy to see that

K(δ)(x) = K(δ)(x, h(δ)(x); ρ2µ) ≤ (1− δ)−1/2. (15)

Indeed, taking h = h(δ)(x), ∆ = [x, x+ h], from (8) we derive

h

∫
∆

ρ2µdξ

1/2

=

 inf
{e}δ

∫
∆\e

ρ2ν


−1/2

≤ [(1− δ)h]−1/2 ,

which inplies (15).

Lemma 2. The following estimate is true

‖y;L2(I)‖ ≤ c(δ)
∥∥∥y;W 2

2,(µ,ν)(I)
∥∥∥ , y ∈ C∞0 (I). (16)
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Proof. Let suppy ⊂ [ξ0, ξ1], 0 ≤ ξ0 < ξ1 <∞. Let us show that

inf
ξ0≤x≤ξ1

hδ(x) ≥ γ > 0. (17)

If hδ(x) < 1 (x ∈ [ξ0, ξ1]), then by (8)

hδ(x) ≥

 ξ1+1∫
ξ0

ρ2νdξ


−1/2

= b > 0.

We take γ = min{1, b}. From (17) it follows that [ξ0, ξ1] ⊂
⋃N
j=1 ∆(xj) (N < ∞), where x1 = ξ0,

xj+1 = xj + h(δ)(xj), ∆(xj) = [xj , xj+1). Using the estimates (14) and (15), we derive the inequality
(16) namely:

‖y;L2(I)‖ ≤

 N∑
j=1

∫
∆(xj)

|y|2 dξ


1/2

≤ c(δ)
∥∥∥y;W 2

2,(µ,ν)(I)
∥∥∥ .

Lemma 3. The following statements are true: a)

0 < h̃(x, λ) = sup{h > 0;K(δ)(x, h; ρ2µ
0 ) ≤ λ} <∞ (x > 0),

h̃(x, λ) < h(δ)(x), if K(δ)(x) > λ, (18)

K(δ)(x, h̃(x, λ); ρ2µ) = λ, (19)

b) on each ∆̃ = ∆̃(x;λ) = [x, x+ h̃(x, λ)] the counting function

N (λ;BW (∆̃), L2(∆̃)) ≤ 1. (20)

Proof. a) The estimates 0 < h̃(x, λ) <∞ follow from the limit equalities

lim
h→0+

K(δ)(x, h; ρ0) = 0, lim
h→∞

K(δ)(x, h; ρ0) =∞.

The statement (18) is trivial. Equality (19) is proved as equality (8).
b) Let Uxy(t) = y(x) + y′(x)(t − x), y ∈ W (∆̃). The operator Ux ∈ U2(BW (∆̃), L2(∆̃)), because

dimUx ≤ 2 and the norm∥∥∥Uxy;L2(∆̃)
∥∥∥ ≤ (|∆̃|1/2 + |∆̃|3/2)(|y(x)|+ |y′(x)|) = bx <∞.

Use the Taylor formula with integral remainder

∥∥∥y − Uxy;L2(∆̃)
∥∥∥ =

∫
∆̃

∣∣∣∣∣∣
t∫

x

(t− ξ)y′′(ξ)dξ

∣∣∣∣∣∣
2

dt


1/2

≤ h̃(x, λ)

∫
∆̃

ρ−2µ
0 dξ


1/2 ∫

∆̃

∣∣ρµ0y′′∣∣2 dξ


1/2

≤ λ.

Therefore, estimate (20) holds.
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Lemma 4. Let K(δ)(x)→ 0 for x→∞. Let

∆j =

{
[xj , xj + h(δ)(xj)), if K(δ)(xj) ≤ λ,
[xj , xj + h̃(xj , λ)), if K(δ)(xj) > λ,

(j = 1, 2, ...), x1 = 0.

There are estimates

N (2cλ;BW (I)) ≤
∑

j:K(δ)(xj)>λ

N (λ;BW (∆j), L2(∆j)), (21)

where c = c(δ) is the constant from Lemma 1.

Proof. Let K(δ)(xj) ≤ λ. By (14)

nj = N (cλ;BW (∆j), L2(∆j)) = 0.

Let Λ = {j ∈ N : K(δ)(xj) > λ}. Since K(δ)(x) → 0 for x → ∞, then Λ ⊂ {1, 2, ...,m}, where m ∈ N
suffices big. If nj > 0 (j ∈ Λ), then for all n ≥ nj

inf
U∈Unj (BW (∆j),L2(∆j))

sup
y∈BW (∆j)

‖y − Uy;L2(∆j)‖ ≤ cλ.

Therefore, for an arbitrarily small η > 0 there is an operator Uj ∈ Unj (BW (∆j), L2(∆j)), for which

sup
y∈BW (∆j)

‖y − Ujy;L2(∆j)‖ ≤ (1 + η)cλ. (22)

Let χj be the characteristic function of the interval [xj , xj+h(xj , λ)), Λ+ = {j ∈ Λ : nj > 0}. Operator

Uy =
∑
j∈Λ+

χjUj(χ, y), y ∈ L2(Iε),

has finite dimension
dimU ≤

∑
j∈Λ+

nj .

Moreover, for any y ∈ BW it follows from Lemma 1 and (22) that

∞∫
0

|y − Uy|2 dx =
∑
j∈Λ+

∫
∆j

|χjy − Uj(χ, y)|2 dx+
∑
j /∈Λ+

∫
∆j

|y|2dx ≤

≤
∑
j∈Λ+

((1 + η)cλ)2 ‖y;W (∆j)‖2 +
∑
j /∈Λ+

(cλ)2 ‖y;W (∆j)‖2 ≤ ((2 + η)cλ)2 ‖y‖2W ≤ ((2 + η)λ)2. (23)

The passage to the limit in (23) leads to the following estimates:

‖y − Uy;L2(I)‖ ≤ 2cλ, y ∈ BW,

λn(BW,L2(I)) ≤ 2cλ, if n ≥
∑
j∈Λ+

nj ,

N (2cλ;BW,L2(I)) ≤
∑
j∈Λ+

nj =
∑

j:K0(xj)>λ

N (cλ;BW (∆j), L2(∆)).
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Proof of Theorem 2. It follows from (19), (21)

N(2cλ;BW,L2(I)) ≤ λ−1/2
∑
j∈Λ

[
K(xj , hj ; ρ

2µ
0 )
]1/2

, (24)

where Λ = {j ∈ N : K(δ/2)(xj) > λ}, h̃j = h̃(xj , λ) and ∆j = [xj ;xj + hj) (j ∈ Λ) do not intersect.
Since ∆′j = [xj ;xj + hj/2) ∈ Bt,(δ/2) for all t ∈ ∆′j , then

h−1
j

∫
∆j

ρ−2µ
0 dξ ≤M∗(δ/2)ρ

−2µ
0 (t), t ∈ ∆′j . (25)

Therefore

(K(xj , hj))
1/2 = hj

 1

|∆j |

∫
∆j

ρ−2µ
0 dξ


1/4

≤ 2

∫
∆′j

(
M∗(δ/2)ρ

−2µ
0

)1/4
dξ,

and by (24) and embedding BV ⊂ BW we have

N (2cλ;BV,L2(I)) ≤ 2λ−1/2
∑
j∈Λ

∫
∆′j

(
M∗(δ/2)ρ

−2µ
0

)1/4
dξ. (26)

Let ∆ = [x, x+ h) (h > 0), Eδ(∆) = {e : e = e ⊂ [x, x+ h] and |e| ≤ δh}. With 0 < δ < 1/2

Eδ(∆) ⊂ E2δ(∆), (27)

and for t ∈ [x, x+ h/2], ∆t = [t, t+ h/2)

{et = e ∩ [t, t+ h/2], e ∈ Eδ(∆)} ⊂ E2δ(∆t). (28)

(27) and (28) allow us to show (using simple reasoning) that

h(δ)(x) ≥ h(δ/2)(x), (29)

M∗(δ)f(x) ≥M∗(δ/2)f(x), (30)

h(δ)(t) ≥ h(δ/2)(x)/2, if t ∈ [x, x+ h/2]. (31)

Now from (25), (29)–(31) we deduce that

∆′j ⊂ G(λ/2), (32)

namely that for all t ∈ ∆′j we have

(hδ(t))
2
(
M∗(δ)ρ

−2µ
0 (t)

)1/2
≥ 1

4
h2
j

h−1
j

∫
∆j

ρ−2µ
0 dξ


1/2

=
1

4
λ.

Since F ⊂ aBV ⊂ aBW , a = cµ,ν , then by (26) and (32)

N (λ;F,L2(I)) ≤ 2(
ac

λ
)1/2

∫
G(λ/ac)

(
M∗(δ)ρ

−2µ
0

)1/4
dξ.
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Бiр сингулярлы дифференциалдық теңдеудiң шешiмдерiнiң
аппроксимациясы туралы

Мақалада Трибел типтi дифференциалдық теңдеудiң шешiмдерiн сызықтық әдiстермен ең жақсы
жуықтау мәселесi зерттелдi. Бұл есептер дифференциалданатын функциялардың сәйкес кеңiстiк-
терiндегi бiрлiк шарының көлденең сызығын бағалау арқылы шешiлдi. Анықтамаға сәйкес, көлденең
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сызық берiлген нормаланған кеңiстiктегi компакт жиындарды сызықтық ақырлыөлшемдi оператор-
лар арқылы жүзеге асырылатын сызықтық әдiстермен жуықтаудың ең жақсы бағалауын бередi. Тап-
сырмада зерттелетiн теңдеудiң шешiлетiндiгi туралы, сәйкес дифференциалданатын функциялардың
салмақты кеңiстiгiн құру, Соболев салмақты полиномиалды кеңiстiгiндегi компакт жиындардың көл-
денең сызығын бағалау үшiн әдiстемесiн құру туралы мәселелер қамтылды. Бұл жұмыста қарастыры-
лған оператордың шектелген керi операторы болудың шарттары алынды. Қойылған мәселеге сәйкес
Соболев салмақты кеңiстiгi анықталды, көлденең сызық тiзбегi үшiн санау функциясының жоғарғы
бағалаулары алынды. Сонымен қатар, көлденең сызықтың екi жақты бағалаулары берiлген мысал
құрастырылды. Бұл есептiң шешу әдiсiн шексiз осьте стандартты емес кәдiмгi дифференциалдық
теңдеулердi сандық түрде шешу үшiн қолдануға болады.

Кiлт сөздер: дифференциалдық теңдеулер, Трибел теңдеулерi, жиындарды сызықтық әдiстермен
жуықтау, көлденең жиындар, Соболевтiң салмақты кеңiстiктерi.

А.С. Касым, Л.К. Кусаинова

Евразийский национальный университет имени Л.Н.Гумилева, Aстaнa, Казахстан

Об аппроксимации решений одного сингулярного
дифференциального уравнения на оси

В статье исследована задача о наилучшем приближении линейными методами решений одного урав-
нения типа Трибеля. Эта задача решалась с помощью оценок линейных поперечников единичного
шара в соответствующих пространствах дифференцируемых функций. Согласно определению, ли-
нейные поперечники дают наилучшие оценки аппроксимации компактов в заданном нормированном
пространстве линейными методами, реализуемыми через конечномерные операторы. Задача включа-
ет ответы на вопросы о разрешимости изучаемого уравнения, построение соответствующего весового
пространства дифференцируемых функций, разработку метода для оценки линейных поперечников
компактов в весовом полиномиальном пространстве Соболева. В работе получены условия, при ко-
торых рассматриваемый оператор становится ограниченно обратным. Определено весовое простран-
ство Соболева, соответствующее поставленной задаче. Получены верхние оценки считающей функции
для последовательности линейных поперечников, соответствующих поставленной проблеме. Постро-
ен один пример, в котором даны двусторонние оценки линейных поперечников. Метод решения этой
задачи может быть применен к численному решению нестандартных обыкновенных дифференциаль-
ных уравнений на бесконечной оси.

Ключевые слова: дифференциальные уравнения, уравнения Трибеля, аппроксимация множеств ли-
нейными методами, поперечники множеств, весовые пространства Соболева.
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