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Cohomology of simple modules for sl3(k) in characteristic 3

In this paper we calculate cohomology of a classical Lie algebra of type Az over an algebraically field k of
characteristic p = 3 with coefficients in simple modules. To describe their structure, we will consider them
as modules over an algebraic group SLs(k). In the case of characteristic p = 3, there are only two peculiar
simple modules: a simple that module isomorphic to the quotient module of the adjoint module by the
center, and a one-dimensional trivial module. The results on the cohomology of simple nontrivial moedule
are used for calculating the cohomology of the adjoint module. We also calculate cohomology of the simple
quotient algebra Lie of A by the center.
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Introduction

The cohomology theory of modular Lie algebras is one of the interesting-questions in the theory of Lie
algebras. Many significant results are devoted to the study of the cohoemology of classical modular Lie algebras.
Their restricted cohomology with coeflicients in the dual Weyl modules was studied in [1-3]. Central extensions
are described in [4, 5]. In [6, 7] the outer derivations are calculated: As the second cohomology, local deformations
are calculated in [8-10].

Among the classical modular Lie algebras, the cohomology of simple modules is completely described only
for a three-dimensional Lie algebra of type A; [11]. It is known that for other classical modular Lie algebras
a complete description of the cohomology of simple modules has not yet been obtained. In this paper we give
a complete description of such cohomology for the Lie algebra of type As over an algebraically closed field of
characteristic p = 3. The first cohomology groups of simple modules for A was computed in [12]. A similar result
for the second cohomology groups was obtained in [13]. In all other cases, the computation of the cohomology
structure of simple modules for A is clese to completion. The results will be published in the next works of the
second author.

Let us introduce the basic definitions and notation. Let g be a Lie algebra over a field k characteristics of p
and M be a g-module. We denote the n-th exterior power of the space g by A™(g) and let

C™"(g, M) = Hom(A", M) = (¢ : gx---Xg— M), n>0

is a space of multilinear skew-symmetric mappings in n arguments with coefficients in M. We put

+oo
0" (g. M) =0, n<0, C%g,M)=M, C*(g,M)=  C"(g. M).

n=-—oo

Define the coboundary operator

as follows:
d(ly,lg, - lngr) =

Z(_l)’b-‘r]w([l“l]]’ 7lAi7' o al;'a"' aln-i-l) +Z(_1)Z+1[lzaw(lla alAiv"' 7ln+1)]7

i<j
where 1) € C"(g, M). Then d? = 0, therefore B*(g, M) C Z*(g, M), where

Z*(gvM) = <¢€C*(97M) : d’l/)20>k,
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So, we can introduce the factor-space
H*(g,M) = Z"(g,M)/B" (g, M).

The spaces C*(g, M), Z*(g, M), B*(g, M), H*(g, M) are called space of cochains, space of cocycles, spaces of
coboundaries, and space of cohomologies of the Lie algebra g with coefficients in the g-module M respectively.
Similarly, the spaces
C™ (g, M), Z"(g, M) = Z*(g, M) N C" (g, M),

Bn(g7M) = B*(gvM)an(g7M) I/IH”(Q,M) = H*(ng) ﬂcn(g,M)

are called space of n-cochains, space of n-cocycles, spaces of n-coboundaries, and space of n-cohomologies of the
Lie algebra g with coefficients in the g-module M respectively.

We say that the g-module M is peculiar if H*(g, M) # 0. We say that the M is n-peculiarmodule over g if
H (g, M) # 0.

Now let g be a classical Lie algebra of type A, over algebraically closed field k& of positive characteristic
p >0 and M is a g-module. We decompose C*(g, M) into a direct sum of weight subspaces with respect to the
maximal torus T of the group G = SL3(k):

C*(g7M): @ C;(gvM)7

neX(T)

where X (T) is the additive character group of T. Then

H(g,M)= & H](g).
HEX(T)

Identify the space C™(g, M) with the space A" g* @M and denote by [[(V) the set of weights of the
G-module subspace V of H*(g, M).

Since [T(H™(g,M)) C pX(T)NII(A" g* @ M), then we can consider only the elements of the subspace
C" (g, M) of C"(g, M) with weights contained in the set-pX (TY[T(A" ¢* ® M). The corresponding subspaces
of cocycles and cohomologies are denoted by Zn(g, M) and Fn(g, M). Note that

H™(g,M) =H' (g, M).
We will use the following well known formulas:
dim H"(g, M) dim Z"(g, M) + dim Z" (g, M) — dim C" ' (g, M), (1)
dim H" (g, M) = dim HY™ 87" (g, M*). (2)

The weight subspaces are invariant under the action of the coboundary operator, therefore the formula (1) is
also holds for weight subspaces:

dim H(giM) = dim Z).(g, M) + dim Z,, (g, M) —dim C,, (g, M). (3)

Let L(r, s)be a simple g-module with the highest weight rw; + sws, where wy, wy are fundamental weights.

It is known that the composition of a representation of SLs(k) on a vector space L with a d-th power
of the Frobenius map defines a new representation, on which the Lie algebra g acts trivially. We denote the
resulting module by L(4). To each weight u of the space L there corresponds a weight p?yu of the space L(%).
The cohomoelogy group H™(g, M), as a SLs(k)-module, consists of either a twisted module L(¥) for some d,
or a one-dimensional trivial module k. For the multiplicity of a SLs(k)-module L(® in H"(g, M), we use the
notation [H™(g, M) : L(¥]. Further, for convenience we use the following abbreviations: H"(g,k) := H"(g),
@B,V :=mV, where V is a SLs(k)-module.

Let’s formulate the main result of this paper:

Theorem 1. Let g be a classical Lie algebra of type As over an algebraically closed field k of characteristic
p =3 and M ba a simple g-module. Then there are the following isomorphisms of SLs(k)-modules:

(a) H'(g) = H%(g) = k, H?(g) = H®(g) = L(1,00V @ L(0, 1)V, H*(g) = H®(g) = L(1,0)V & L(0, 1)V k;

(b) H'(g, L(1,1)) =2 H (g, L(1,1)) = L(1,0)V e L(0, 1)V ek, H3(g, L(1,1)) & H>(g, L(1,1)) = HO(1,1)1),
H*(g, L(1,1)) = 2H°(1,1)®),

In other cases H™(g, M) = 0.
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Proof of the Theorem 1
As the basis vectors for g we choose the special derivations of the algebra of divided powers Os(1) :
hy = 210y — x202, ho = 220 — 1303, €1 = 1102, €2 = 1203, €3 = 1103, f1 = 201, fo = 1302, f3 = 130.

Over a field of characteristic p = 3, the Lie algebra g is not simple, it has a one-dimensional center (hy — ho)g.
The quotient algebra by the center is a simple Lie algebra; we denote it by g or As.

It is known that the peculiar modules of the Lie algebra g are restricted [11]. According to Lemma 3.1 in
[13], only the following two simple restricted modules are peculiar: L(0,0) = k and L(1,1) = §. For L(1,1) we
get the following description:

L(1,1) = (h1, ha,e1, e, €3, f1, f2, f3 : h1 — ha = 0);.

Consider each of these modules separately.
Let M = L(0,0) = k.
Lemma 1. There are the following isomorphisms of SLs(k)-modules:
(a) H"(g) = k;

(b) H*(g) = L(1,0)M) @ L(0,1)™;
(c) H*(g) = L(1,00M @ L(0, 1)V & k;
(d) H°(g) = L(1,0)M) & L(0,1)™) & k;
(e) H%(g) = L(1,00M & L(0,1)™;

(f) H8(g) = k.

In other cases H"(g) = 0.

Proof. The statements (a) and (f) are obvious. The triviality'of H(g) in characteristic p = 3 was proved
in [12].

(b) The set 1_[(62 (g)) only consists of the following weights: 0 & 3wy, £3(w1 — w2), £3ws. Therefore, only
the trivial one-dimensional module and the twisted simple modules L(l,O)(l), L(0, 1)(1), can be as nonzero
composition factors of H?(g). They are generated by the classes of cocycles with dominant weights 0, 3wy, and
3wsy respectively.

The subspace ég(g) is 4-dimensional and spans by the cochains hi A h3, e} A ff, e5 A f5, e5 A f5. If arh] A
hs 4+ azel A ff + ases A f5 + aqel A fy € 72(9) then, by cocycle condition, a; = 0, ay = as + az. Therefore
dim Z.(g) = 2. Since dim Cy(g) = 2 and dim Zg(g) = 0, by (2), dim Ho(g) =2+0— 2 = 0.

The subspace 612@1 (g) is one-dimensional and spans by the cochain f; A f5. Notice that af; A f5 € 72(g) for
all a € k. Therefore dim Zy, (g) =1. Since dim Cjy,, (g) = 0, by (3), dim Ha,, (g) = 1. So[H?(g) : L(1,0)V]=1.

Arguing as in the previous case, we obtain [H?(g) : L(0,1))] = 1. Thus H?(g) = L(1,0)™ @& L(0,1)™1).

(¢) The sets of weights H(Cg(g)) and H(é2 (g)) coincide. Therefore, we consider only the weight subspaces
of 3-cochains corresponding to'the dominant weights 0, 3wy, and 3ws.

=3 q o . .
The subspace Cy(g) is 8-dimensional and spans by the cochains
RINEAFE RS AL f1 B N A S5, B A€l A f5,
hiNesAfs, by Nes A fs, es AT A S5, ef Nes A fs.

Suppose that a linear combination of these vectors with coefficients b;, ¢ = 1,--- , 8 respectively, is a 3-cocycle.
Then the cocycle condition implies that

b1 +bo+bs+br—bg = 0, by+bs—br+bg =0, b3+bs+bs+br—bg = 0, 2by+2b7 —2bg = 0, 2b5+2bg+2b7 —2bg = 0.
Whence it follows that dim Z3(g) = 3. By (3),

dim H3(g) = dim Zg(g) + dim Z-(g) — dim Ca(g) =3 +2—4 = 1.
Therefore [H3(g) : k] = 1.

The weight subspaces 62)\ (9), 62 A, (@) are two-dimensional and span respectively with 3-cochains:
AN fENFE WS A fEAf5 and B A f5 A f5, RS A f3 A f5. Using the cocycle condition, we get dim 7;\1(9) =
= dim Zs,(g) = 1. So, H3(g) = L(1,0)) & L(0, )™ & k.
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Now we prove that H*(g) = 0. It’s obvious that H(64(g)) = H(és(g)) Therefore we consider only the

weight subspaces
—A —A —A
Co(9), Cs,, (), Cs,y(9)-
The subspace 63 (g) is 10-dimensional and spans by the cochains
hY AR ANel A ff, hY ARy ANes A fo, hi ANhS ANes A fy, hi Ael Aes A f3,
hy Nep Ney N fz, hi ANes NfTA fy, hy Nes A fi A f3,
exNe NFIN Sy, e1Nes NI N f3,ea Nes A fy Afs.
Suppose that the linear combination of these vectors coefficients b;, i« = 1,--- ,10 respectively is a'4-cocycle.

Then by = by = by = 0, by = bg, bs = by. Whence it follows that dim z3(g) = 5. By (3), dim Hg(g)=5+3—8 = 0.
Therefore, [H*(g) : k] = 0.

It’s obvious that Zs, (g, M)) = Zs,, (g, M)) = 1. Then by (3), Ha,, (g, M)) = Ha, (g, M)) =141-2 = 0.
So, H*(g) = 0.

Using (2) and the statements (b), (c), we get the statements (e), (f) respectively. The proof of Lemma 1 is
complete.

Now let M = L(1,1).

Lemma 2. There are the following isomorphisms of SL3z(k)-modules:

(a) H'(g, L(1,1)) = L(1,0)V & L(0, 1)V & k;
(b) H3(g, L(1,1)) = HO(1,1)");
(c) H*(g, L(1,1)) = 2H°(1,1)V);
(d) H>(g, L(1,1)) = HO(1, 1)),
()H7(g, (1,1)) = L(1,00M ¢ L(0,1)® @ k.

In other cases H"(g, L(1,1)) = 0.
Proof. The calculations smnlar to the previous Lemma 1 yield:

1) [1(C" (g, L(1,1))) = [I(C" (s, L(1, 1)) = {0},
[1(C' (g, L(1,1))) = {0, £:3wy, £3(w1 — wy), £3ws} for i=1,2,6,7,
T1(C (9. L(1,1))) = [1(C" (8, L(1, 1))) U {£3(wi o wa), £3(2w1 — wz), £3(—wy + 2wz)} for j = 3, 4;
9) dim C(g, L(1,1)) = dim Cj(g, L(1,4)) = 1, dim Cy(g, L(1,1)) = dim Cp(g, L(1,1)) = 8,
dim Ca(g, L(1,1)) = dim Cy(g, L(1, 1))=22, dim O (g, L(1,1)) = dim Cy(g, L(1,1)) = 38,
dim Cly(g, L(1,1)) = 44;
3) dim C%,, (g, L(1,1)) = dim Ch,,, (8:L(1, 1)) = 0, dim Ty, (g, L(1, 1)) = dim Cs,, (g, L(1,1)) = 2,
dim Ty, (g, L(1,1)) = dim Cay (g, L(1;1)) = 7, dim T, (g, L(1,1)) = dim Ty, (g, L(1,1)) = 14,
dim Tl (g, L(1,1)) = 18 for i.= 1,2;

. —0
4) dim C3(w1+w2)(g7 L( )) dim C3(w1+w2)(g7 L( ) )) 07

. —1
dim C3(w1+w2)(ng(1a 1)) dim C3(w1+wQ)(ga ( )) = O

. —2
dim CB(w1+w2)(g L(]'? 1)) dim 03(w1+w2)(gv ( ) )) = 0

. —3
dim C3(w1+w2)(97 ( ’ )) = dim CS(w1+w2 (97 ( ) )) :1

. —4
dim C13 w1+w2)(g7 (17 1))
dim Zo<g, (1,1) = dim (0, L1 >> - 6, dim Z(g, L(1,1)) = dim Zg(g, L(1,1)) = 18,

. —4
dim Zy(a, L(1, 1)) = 8 1 7

) dlm Z3 (g’ L( )) dlm Z?)UJ (gaL(la 1)) = 07 dim 730.)1 (ga L(L 1)) = dim 73(.% (ng(la 1)) = 17

dim Zs,,, (g, L(1,1)) = dim Z5,, (g, L(1, 1)) = 1, dim C3,, (g, L(1, 1)) = dim T3, (g, L(1,1)) =6,
dim 6;% (g, L(1,1)) =8fori=1,2;

. —=0
7) dim ZS(WIJWZ)( ,L(1,1)) = dim 23 wl+w2)( ,L(1,1)) =0,
.=l . =T
dim Z3(,, 4.,)(9,L(1,1)) = dim Z3(w1+w2)(g7 (1,1)) =
. —2
dim Z3(w1+w2)(ga L( )) = dim Z3(w1+w2)(ga ( ))
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(9, L(1,1)) =
!
dim Z3(w1+w2)(ga (17 )) -
Then, by (3), dim H., ( ( )) = 0 except in the following cases:
i) dim Ho(g, L(1,1)) = dim Ho(g, L(1,1)) = 1, dim Ho(g, L(1,1)) = dim Ho(g, L(1,1)) = 2,
dim Hy(g, L(1,1)) = 4;
ii) dim Hy,, (g, L(1,1)) = dim Hy, (g, L(1,1)) = 1 for i = 1,2;
] . =5 !
iii) dim Hg(wl+w2)(g,L(l, 1)) = dim H3(Wl+w2)(g,L(1, 1)) =1, dim H3(wl+w2)(g,L(1, 1)) =2.
Analyzing the dimensions of the weight subspaces of the corresponding cohomology groups, we obtain the

required statements of Lemma 2. The proof of Lemma 2 is complete.
Combining the results of Lemmas | and 2, we obtain all the statements of Theorem 1.

. -3
dlm Z3(w1+w2) dlm Z3(w1+w2)(g, (1, 1)) = 1,

Cohomlogy of the adjoint module

Using Theorem 1, we can easily compute the cohomology of the adjoint module for g. There is the following
short exact sequence of g-modules:
0—-k—g— L(1,1) — 0.

Consider the corresponding long exact cohomological sequence of SL3(k)-modules
— H" (g, L(1,1)) = H"(g) — H"(g.9) — H"(9,L(1, 1)) = H""(g) — - -

It is known that H?(g, g) = 0 [14]. Then, according to Theorem 1, the last long exact cohomological sequence
splits into the following five exact sequences:

0— H%g) — H"(gs8)'= 0,

0— H'(g,9) = H'(g, L(1,1)) — H*(g) — 0,
0 — H(g) — H*(gy8) — H*(g, L(1,1)) — 0,
0— H*(g,9) = H'(9, L(1,1)) — H’(9).— H"(g,9)— H"(g, L(1,1)) — H®(g) = H(g,9) = 0,
0— H'(g,9) = H(g,L(1,1)) = H*(g) = H*(g,08) — 0.

The first three short exact sequencestyield the following isomorphisms of A-modules respectively:
H'(g,0) =k, H'(gs0) & k, H%(g,9) = L(1,0)V © L(0,)V & H(1,1)V @ .

Since 3(w1 + wa) ¢ [[(H(g))for i =45,6, then the fourth exact sequence splits and yields the following
isomorphisms:

H*(g,9) 2H*(g, L(1,1)) = H°(1,1)M, H(g,9) = L(1,00V @ L(0,1)™ & H°(1, 1)V & k,

Hg,9) = L(1,0)Y @ L(0,1)®),

Similarly to.the previous case, from the last exact sequence we obtain
H'(g,9) = L(1,0)" @ L(0,1)") @ k, H*(g,8) = k.

Thus, weget the following
Proposition 1. Let g be a classical Lie algebra of type As over an algebraically closed field k& of characteristic
p = 3. Then there are the following isomorphisms of SLs(k)-modules:
(a) H'(g,9) = H'(g,9) = H®(g.9) = k;
(b) H*(g,g) = H®(g,9) = L(1,0)V & L(0, 1)V & H(1, )V & k;
(c) H*(g,9) = 2H(1, 1)1;
(d) H(g.9) = L(1,0)) & L(0,1)(V;
(e) H(g.g) = L(1,0)V & L(0,1)1) & k.
In other cases H"(g,g) = O.
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Cohomlogy for Ay

Recall that A, is the quotient algebra of the classical Lie algebra of type Ay over an algebraically closed
field of characteristic p = 3 by the center. In this section we compute cohomology of the simple Lie algebra Ay
with coefficients in the simple modules.

First, we consider an arbitrary Lie algebra g with the center Cy such that the corresponding quotient algebra
is a simple algebra. The following result immediately leads to our goal.

Lemma 3. Let g be a simple quotient Lie algebra of a Lie algebra g by the center Cj. Then
H™(g,9) = H"(g,9) for all n > 0.

Proof. The space g can be equipped with the structure of a module over each of the Lie algebras
Cqg,gand g:

Cy x g — 8, (¢,a) — p(c)a, where p is a nonzero linear form on Cl;

9xg—0, (a1,a2) = [a1,a9], a1 €9, T2 €;

§x3 =0 (a1,a2) = [a1,a2], @1, @2 €73

The short exact sequence of cochain complexes

0 — (C*(Cy,9).d) = (C*(9,9),d) > (C*(g,9),d) = 0
gives a long exact cohomological sequence
co = H"H(Cq,8) — H"(3.8) — H"(9.9) — H"(Cg.9) =

Since H"(Cy,g) = 0 for all n > 0 [15, Lemma 4.2], it follows from the fact that.ast cohomological sequence is
exact that H™(g,g) = H"(g,g) for all n > 0. The proof of Lemma 3'is.complete.

Remark. A special case of Lemma 3 for n = 1 was proved in [7]. Using Lemma 3 to Theorem 1, we obtain
a complete description of the cohomology of a simple Lie algebra. A, with coefficients in simple modules.
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A.A. Ubpaesa, [I1.IT1. bl6sipaes, I'K. Emmypar

Kopxwm Ama amwimdazer Kovaviiopda yrusepcumemi, Kusviniopda, Kasaxcmar

Cunarramacs! 3 sl3(k) yiria »xk9if MOAYJIbAEPAiH, KOTOMOIOTUSIAPHI

Makasana cunarramacsl p = 3 ajredpaJiblK TYHBIK k epicine KaTbicTbl A TypiHeri Kiaccukasibik, Jlu asre-
6pacel K03DOUIMEHTTEPIHIH, KOH MOJYJIbIEePAEri KOrOMOJIOTHsJIAPh! ecenTesTeH. KypblIbIMbIH Gepy yiiH
onmapapl SLs(k) anre6pasblK rpyHIIACBIHBIE, MOYJIbIEP] peTiHAe KapacThlprad. Opic cumarraMacer p = 3
OoJIFaH/Ia TEK €Ki apHaMbl K9 MO/ IysIb 6ap: KipiKTipijJreH MOMYyJIb/IiH MeHTP OOibIHIIa (haKTOP-MOLyIiHe
n30MOP(MTHI MOYJIb YKoHE HIp OJIIIeM Il TPUBHAIL MOIYJIb. 2Koil TpUBUAIbL €MEC MOJLYJIb/IiH, KOTOMOJIOIHSsI-
JIapbI TYyPAaJIbl AJIBIHFAH HOTHKeJeP KiPIKTipijireH MOJYJ/Ib/IiH KOFOMOJOTHSJIAPBIH eCerTeyre KOJITAHBLIIbI.
Coubiven karap, As-HiH 1eHTp OOUbIHIIA XKl (haKTOp-aJIreOpaCchIHbIH, Ja KOIOMOJIOTHJIAPBI €CEIITe I

Kiam cesdep: JIu anrebpacsl, »Koil MOJLYJIb, IIIEKTEJINeH MOIYJIb, KOTOMOJIOTHsI, JI9JI Ti30eK.

A.A. Ubpaesa, I1.I11. U6paes, I'.K. Emmypar

Kuwizviropouncruti yrusepcumem umenu Kopxoim Ama, Kvuisviiopda, Kasaxcman

Koromostornn nipocterx MojyJteit s sl3(k) B xapakrepucrtuke 3

B crarpe BbIYHCIEHBI KOTOMOJIOTHM KJIacCHIecKoil ajarebpnl JIn tuma A, HaJy anrebpamdeckun 3aMKHYTHIM
rojieM k XapaKTePUCTUKH p = 3 ¢ KO3bduimenTaMu B IPOCTHIX MOAYJIAX. JlJIst omucaHust CTpyKTypbI aBTO-
PBI PACCMOTPEJIN UX KakK MOJy/m HaJ anrebpamdeckoit rpymnmnoit SL3(k). B cayuae xapakrepuctuku p = 3
CYIIECTBYIOT TOJIBKO J1Ba MPOCTHIX OCOOBIX MOJIYJIEi: IPOCTON MOMIYIIb, N30MOP(MHBIN (HaKTOP-MOJIYJIIO IIPH-
COEIMHEHHOr0 MOZYJIS-II0 IIEHTDPY, U OZHOMEDHBIH TPUBHAJIBHLIA MOAY/Ib. Pe3ynbrarnl, MOIydeHHble [1Ist
KOI'OMOJIOIHH{ IIDOCTOI'0 HETPUBUAJIBLHOIO MOJLYJIsl, IPHMEHEHBI JIJIsi BBIYUCJIEHHS KOIOMOJIOTMHU IIPUCOE/IN-
HeHHOro Mozyis. Kpome Toro, paccamraHbl KOIOMOJIOIME IPOCTOH (akTop-anrebpsl JIn, aarebper As 1o

LICHTPY.

Kmouesvie crosa: aarebpa Jlu, mpocToit MoIy/ib, OTpaHUIEHHBIN MOY/Ib, KOTOMOJIOTHSI, TOTHAST [TOC/IeI0Ba~
TeJIBHOCTD.
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