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Multipliers in weighted Sobolev spaces on the axis

This work establishes necessary and sufficient conditions for the boundedness of one variable differen
operator acting from a weighted Sobolev space Wzl,’v to a weighted Lebesgue space on the
half line. The coeflicients of differential operators are often assumed to be pointwise multiplier:
spaces. The author introduces pointwise multipliers in weighted Sobolev spaces; obtains

of the space of multipliers M (W1 — Ws) for a pair of weighted Sobolev spaces (W1, W
general type.

Keywords: Sobolev space, pointwise multiplier, weighted space, differential oper , admissible function,
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The results obtained in this paper can be regarded as a natufal e n of certain results (in
dimension one) of the monograph "Theory of multipliersyin gpaces of differentiable functions" by
the authors V.G. Maz’ya and T.O. Shaposhnikova [1]. Suclya is currently the only work in
which the theory of pointwise multipliers in unweighte cespof differentiable functions is treated
systematically. A part of the chapters of this w de to multipliers in classical Sobolev
spaces sz, k > 1 —integer, 1 < p < oc.
For the latest developments of pointwise

e refer to the monographs [1], [2], which are
ific directions through the works [3-6].
ctions y: @ — R (C). We say that a function

is bounded from X to Y, is
all multipliers for the pair

7 for the pair (X,Y). We denote by M (X — Y) the space of

troduce the norm

Iz; M(X = Y)|| = |IT; X = Y],

in M(X = Y) 1
the problem of

inds of problems arise in the theory of multipliers. The first problem is
e space M (X — Y) for the pair (X,Y). Further, there are problems with

q

1fllaw = I1f; Law (D = / f @) w@)de] <o (1<g<o0),
I

Ly(I) = Lgw(I), w = 1. Here w(-) is a weight in I, i.e., it is an almost everywhere positive locally
integrable function.
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Below A!(I) is a class of all functions % in I having absolutely continuous derivatives up to order
[—1in I.
Let wp, w; be weighted functions in I. Let [ > 1 be an integer. We denote by Wé wouwy (I) the

weighted Sobolev space of all functions y € A!(I) equipped with the following weighted norm

The purpose of this paper is to obtain the description of the space M (W}, (I) — W(;nwo,w1( ))-
We define as a length function in I any positive and right-continuous function h(-) (h(-)@
We denote by A(x) the segment [x,z + h(x)] for the Lf. A(-).
Definition 1. A weighted function v in [ is called admissible with respect to &h%

h(-), if there exist 0 < § < 1, 0 < 7 < 1, such that the following inequality is true \

h(z)'" 7 inf /1wmt > 7 CE,’ (1)

{e}
(@)\e

05 Wi g (D] = |95 Lo D] + 155 Lo (D]

for all A(z), 2 € I. In (1) the infimum is taken over all measurab of A(z) with Lebesgue
measure |e| < 0|A(x)]. We denote by II; ,(6,7) the set oﬁad issible weights v with respect to the
Lf. A(-).

Let us give some examples.
Example 1. Since
1

the function v = 1 is admissible with respedt to the Lf. h(:) =
Definition 2. We say that a functio 0 satisfies the slow variation condition with respect to
¥ < 1 < by such that

10(z) <w(t) < baw(z) forall te A(z). (2)

FEzample 2. Let v(- 0 fsatisfy the slow variation condition (2) with respect to the Lf.
1 1
h(z) = v(z) . issible with respect to the 1.f. h(x) = v(z) ¥ with 7P = b;(1 — ). The
proof is trivial.
Every power

(1+2)" (x>0), 0 < p < +4oo satisfies the slow variation condition

- — L
with t topthe LY. h(x) = (1 + ) % in I. Indeed,
L+t\" L+t\"
<M =by, [—— | >1>27F=b
<1+x) = ? (1+x> = '

for all t € A(z).

Definition 3. We say that a weight v satisfies the condition A5 5 (0 < §,8 < 1) with respect to
the length function h(-) in I, if for any interval A = [a,b] C A(z) = [,z + h(x)] (x > 0) and any
measurable subset e of A with the Lebesgue measure |e| < §|A| the following inequality holds

!Mﬂﬁgﬁ!dﬂﬁ
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We denote by A5 ) the set of all weights v which satisfy the condition A5 g) with respect to the Lf.
h(-). For example, if bob; "6 < 1 in (2), then v € A5 5) With 3 = bab; 6.
Let v* be an Otelbaev function [7]. Namely

z+h
v*(z) =sup{ h > 0: P! / v(t)dt <1
T

We first show that 0 < v*(z) < oo for all x > 0. To do this, we note that

x+h
M (, by v) 2 ple=1 / v(t)dt -—— 0 . ’6
ﬁ

and that M (x,h;v) — oo if h — oo. Hence, there exist d, > 0 and T, > 0, suc t
M(z,h;v) <1, if 0<h<dy M(z,hyv)>1, if e

Therefore, we obtain
(0,05) C Hypy ={h > 0: M(z,h;v) <1} C (0, Ty), 6, <su v*(z) < T

The function v*(-) is right-continuous in I. By using absolgx'

can imply that

Ezample 3. Any weight v € A5 ) (With re
respect to the L.f. h(z) = v*(x). Thus, for all e
d|A*(x)|, we have

U*(SE)lp—l l{rel{ @ v*(x)lp—l 1{2{ / U(t) dt — /U(t) dt | >
A *(x) e

C10— Bt (a)r ! / ot dt=1— 8 =r.

Ax(z)

e Lf. h(z) = v*(x)) in I is admissible with
(x) = [z,2 + v*(z)] with the measure |e] <

Let C'[a, b]
order [ in [a .
1. v belong to II; , (0, 7) with respect to the Lf. h(-). Then there exists a constant
(O 1 such that

a < b < 00) be a space of all functions y, having continuous derivatives up to

z+h(x) z+h(x)
oy [wraser [ (O] s o) a @20
x x

for all y € C' (A), where A = [z, x + h(x)].
Lemma 2. Let 1 < p,q < co. Let 0 < j <[ be integers. Let v € II; (6, 7) with respect to the Lf.
h(-). Let w € Lt (I), dw(t) = w(t) dt. Then

loc

max [y (t)] < (¢* + 1)A(l, j, p) ¥
[+ h()]
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] z+h(x) z+h(z) 1/p
xh(x)l-ﬂ—l/p/ O (6)P dt + / wOPo(t)dt) 3)

z+h(x) ) 1/q ]
(/ Y ()] dw(t)) < (" + DA §,p, g)h(x) 77 Px

z+h(z) 1/q z+h(z) z+h(z)
x / wi(t) di / O @)P dt + / y(®)Pu(t) dt

Here we consider a differential operator of the form

m L 2
Ly=3 pele)y® (22 0), \ (1)
k=0

1/p

where pg(-) € Lioe(I), I =1[0,00), m > 1 is an integer. In the sequel we L is defined on
a subspace D(L) of W[lw. Here we will investigate the boundedness o tor L: Wl — Lgw,
[>m>1.

Theorem 1. Let | > m > 1 be integers. Let 1 < p < ¢ < 0. Le o II; (8, 7) with respect

to the LE. h(-). Let (dw(t) = w(t) dt)

x—i—h(w
Ry, =suph(x
>0

for K = 0,1,...,m. Then the operator L in is bounded from Wl (I) to Lyw(I). Here the norm
satisfies the inequahty

l —>qu H<CZRk

Proof. Let y € D(L) c W', -th summand in (4), we have

’Pk@/(k)‘q duw(t) = i/ ‘pky('“)’q dus(t)
=07 A

o
0
where the systen% Aj}, j >0, is constructed as follows

]+1 = [ﬂ?j,.l)j+1] y Lj+1 = Tj + h(fE]) (ZCO = 0) .

> obtain

/OOO ’Pk(t)y(k)’q dw(t) = g(:)/Aj ’,Ok(t)y(k)‘q du(t) <

) [ oo st <
< i ((1+c*)zl7A(l,k,p) AR [/A (‘ya)’pﬂ(t)w) dt]p) x

< Z (max
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1749
q

ok (1) dW(t)) x

J

q - l—k—1 /
x/A_\pk()l dw(t l’k’pjgo 1A;77F 5 ( X
%
- [/A (Jv] + vy 1wl?) dt] < B v Wi )|
J

1
where ¢, = A(l, k,p) (1 4+ ¢*)r.
As a result, we have

||Ly’ qw ||<2Hpky k) quH<Csz‘
k= k=0

o \
Thus the proof of Theorem 1 is complete. \

Let us assume that the operator L in (4) is bounded as an operator fi Lgw,
D(L) C Wzlw and there exists a constant b > 0 such that

([1eviraue ) <blly; W, | @ (5)

We take the function n € C§°(I), 0 < n < 1, with sut

1], such that n = 1 in [%,%].
Let A =[x,z + h(z)], h(ff) = v*(z), A [x + 4,m + 3k t yo(t) = 77( ) Then yo(t) = 1,
Lyo(t) = po(t) for all t € A. Therefore,
1
(fotoor )" = ( Nganiad) | < olns w5 )1 0
Moreover, )
s W, (8)]] = )+ ([ mopear)
1
< (7)
where ¢ = ||n{!);

Recall that wing equality holds in A

1
1
[ (/ u(t) dt)p ~ 1.
A
obtain

( /A |po|qdw<t>)‘ll <@bh T, (8)

where ¢y = ¢f + 1. We take the function yi(t) = (¢t — x)yo(t). We have |y (t)]

(¢ = 2)n (5%)| =
[t —x| < h, |¥i ()] = |(t —2)yi(t) +yo(t)] = 1, ‘ygk) (t)‘ =0 for any t € A, when k > 2. Therefore, from
(5) it follows that

(/z 1] dw(t))‘ll _ HLyl — poyi; quw(g)H <
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~ ~ - .l
< N1Zy1s Law B + lpoys; Lyw B < bllyrs WE,(A)] + bk 5. (9)
We have
l
; N [(t—x
— — ) p—(=1) ), (1=5) <
‘y ‘ ()tx)h n (h>_
l _ t—ux AV —x e (1)
<| (o) a-am () +i(1)h o (50| () + (et
Hence

Jons W) =l zo@| + ([ e = (5
<h1‘l+i{(l)c7+<l)cl 1+1 _h1 by {1+21: l
- 0 1 J

7=0
By (8)-(10), we have K
1
gl

Then we take yy(t) = (t — 2)Fyo(t), an ve

k
y(t)=0 (> k)
for all t € A. Thus;,
0 l
q

-1 / Lyk<t>—§p~<t>y<“qdw<t> ;<
B\ Jx = Ik -
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k—1

< o0 (o o) + s Zpw(2)11} + W o Law(B)| <

=0

S%b / i( )(t—x )(j)hj"n(l‘j) (736) dt 1+
+ (/A ylPo(t) dt);}nL
+jzl i (/g ypj|qczw(t)) < bRF G 0\\

<.

So, we have

+3h/4 1/a o
[l ) <ort T = ota) m)
z+h/4
Theorem 2. Let [ > m > 1 be integers, 1 < p < oo 1< q < 00, “Let the operator L in (4)

be bounded from W}, to Lq,. Then (dw(t)

3v (ac)
Ry, = supv*(z) ™" < ¢ ‘L W]iv — LCWH . (11)
x>0
ZL'+U (m)
1L;

Proof. We have the fulfillment of condition (5) with b =
shown that the following inequality h

Wéw — Lq’wH . In this case, we have

< || L Why = Lo

for all z > 0. Then it HQ validity of inequality (11). The proof of Theorem 2 is complete.
, where R} = Ry, with h(x) = v*(x), and R* = ZRk

Let m > 1 be integers, 1 < p < g < oo. Let v be in A(5 ). Let R* < oco. Then the
ounded from W[lw to L. Furthermore,

D l
R < |1 W, = Lyo| < R

The statements of Theorem 3 are direct consequences of Theorem 1 and Theorem 2.
Theorem 4. Let | > m > 1 be integers, 1 < p < ¢ < oo. Let v € II; ,(6,7) with respect to the
Lf. h(-) in I. Let p € A™(I). If

z+h(x) %
- k= (m—k) (4| _
Fagnig = SUD h(z)™ " » " )| dwo(t) p <oo (k=0,1,...,m),

x
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Q=

z+h(x)

_1
Mo = 510 b)) /nwwwm> < o0,

then € M (Wl — W ..). Moreover,

q,wW0,wW1

MMWWMW )

q,w0,wW1

‘ < C Z Mk?l‘ﬂw() + MO,N,“”I] )

=0

where C' = C(n,l,p,q) > 0.

Proof. We have
00 - ’
I W= [ (1) i+ )

Since (uy) ™ (t) = Ly, pp = k!(mLik)!;z(m_k), it follows that

| @ de= [ iy a 'ﬁg
and
/ |\y|9wr () dt < ¢ Zh(’ 1/p)a /’ o<
0
1

< | suph(z)! /P / 1
T A

Thus, the proof of Theorem 4 follows the lines e proof of Theorem 1.
tegers. If u € M(Wl — wm ), then
m
Z M:7#7w0 + Mék:u:“’l] ’

Theorem 5. Let 1 <p<g<oo.Letl>m>1 1001
s o N 2
k=0
where \

Q=

3’U (:v)
_1 q
My, Sod sup v () <m—k>(t)\ dwo(t) b < oo,
*(99)
1
3v (z) q
1
‘\:>nwwlswwmh’ / WOl dan(t) b < oo.
Iy (L‘ZO i
242 iw)

The cons C does not depend on A(-),v and .
Proof. By p € M (Wl — W) it follows that

q,w0,wW1

(1) ™; Lyl s Ly |

p; MW, — Wit > .
iz M = T WL

q,wo0,wW1

Then

CORY
”,LL;M(WZ S Wm )H > sup “(/'Ly) q, 0” HL

q,W0,wW1 . _> Lq,wo”v
OgéyEW}l,’v ”y’ p,vH
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m
where Ly = ) oy ®) pr. = cppu™=*%) . By Theorem 3, we obtain
k=0

l
HM?M(W - quwo w1 H > € E :SupMk,uwo
e 0:t>0

Next, we take a function yo(¢) defined as in Theorem 2. Then

z+3v*(x)/4 1/q
J 1] dewr

z4v*(z)/4

. ! m
Hﬂa M(Wp,v - WQaw07w1 ) “ 2 z+v* (z) . 1/p w—i—v (x) 3
I wPpar)] o+ [yolPu(t) dt

243" (z) /4 La
[ wl?dawn

> z4v*(z)/4

B 1 1/p x—l—v*(m e
(hl_lpfln(l)lp df) + ( Iyolpv t) dt !!
0 T

Thus, the proof of Theorem 5 is complete.

Corollary 1. Let I >m > 1, 1 <p<g < oo. Let p hen weM Wl — W,;”wowl) if and
only if
z+1
- [
a:>1

z+1

/ || dwy < o0

X
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A. Meipzaraiauesa é

*

Ocbreri canmakTbl CoboJjieB KeHicTikTepifiae YJIBTUILINKATOPJIAP

114

2Kywmpicta Wé,v casmakTbl CoboJieB KeHicTirinen c aK e eHICTIriHe OH HaKTBI »KapThLIail TY3y-
Jle ocep eTeTiH 6ip aftHbIMaJbI TddEPEHITUAIBIK, O TOPHBIH IEKTETyl YIITH KaXKeTT1 2KoHe YKeTKITiK-
Ti maprrap aHbiKTagaraH. JIuddepennuaaabik oneparo IBTH, KO DUIIMEHTTEPIH MYIBTUILIHKATOPIIAD

periHjie KapacTbIpy 3aHbl ekeni Gesrisi. Cast
Jiap enrizisren. 2Kasmbel TunTi caaMarTapbl 6ap
M (W1 — W>) KeHICTITiHIH cHIATTAMACH] AJBIHFAH.

0 KEHICTIKTepiH/e HYKTEJIK MYJIbTUILINKATOP-
W>) ganmakrbl CobosieB KeHicTiKTepiHiy »Ky0bl yIIiH

Kiam cesdep: CobosieB KeHicTiri, HyKTesik eUTKIII, CAJIMAKTBI KEHICTIK, AuddepeHnaabk onepaTop,
pyKcatT etiiireH pyHKIUs, Oasty Bapual bl, OTenb6aeB PyHKIMACHI.

A. Meipzarasuesa

ana IT University, Hyp-Cyaman, Kazaxcman

€HHO, TefICTBYIONIEro u3 BecoBoro npocrpancrsa CoboseBa Wzﬂyv B BECOBOE IIPOCTPAH-
JIOYKUTEJILHOM BEIECTBEHHON MOIYIIPSAMOit. XOPOIIO U3BECTHO, ITO KOIDMUIIMEHTHI Tud-
ILHBIX OIIEPATOPOB €CTECTBEHHO PACCMATPHUBATH KAK MYJIBTHIUIMKATOPBI. Mbl BBOJAMM TOYEYHbBIE
KATOPBI B BeCOBLIX npoctpancTBax Cobonesa. [lomyveno onmmucanne npocrpanctsa M (W1 — Wa)
bl BecoBbix npoctpancts Cobonesa (W1, Wa) ¢ Becamu obmiero turma.

Karoueswie caosa: npocrpanctso CobosieBa, TOUEYHBIH MyJIbTUILINKATOP, BECOBOE IIPOCTPAHCTBO, audde-
) ) )
PEHIMAJIbHBIN OLIEPATOP, JMOIyCTUMasl PyHKIHSI, YCJIOBUE MeJJIEHHOro Kosiebanus, dyukuus Orenbbaesa.
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