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Let © = (z1,...,2p) € I™ =1[0,2m)™, p= (p
for j = 1,...,m. Denote by L; 5 (I™) the Loreng ofall Lebesgue measurable functions f(Z)

that are 27-periodic in each variable and s

1

27 0o Om
0; 14 01 Om—1 b
m tl,...,tm)) T dty | dtom

171135 = [ / ! [

0

is finite, where f*1»*m (¢

variable z; with fixed re

is a nonincreasing permutation of the function |f (z)| in each
ariables (see [1]).

In the case p1 = 7 1=...=10, = p, the Lorentz space L;yé(Im) coincides with the
Lebesgue space Ly( w norm || f||, (see [2, Ch. I, Sect. 1.1]).

the set of all functions f € L; a(I™) such that

2

/f(:c)dszo Vi=1,...,m.

0

For affunction f € Ly(I™) = L(I™), we consider its Fourier series 3, 7m a5, (f) €™, where a,(f)
are the Fourier coefficients of f in the multiple trigonometric system {e*™#},czm and Z™ is the
integer lattice in R™.
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S10 AKISHEV

Define 6, (f,z) = 3 a, (f) ™), where (7,Z) = Yty sj = 1,2,..., and p(3) =
nep(s)

{k=(ki,....km) €Z™: 2571 < |kj| <2%,j=1,...,m}.
The numerical sequence {ay},czm belongs to [, if

[e%¢) o] P2 pm 1

Hadaezlly, ={ 3 [[ 3 |w

Ny =—00 ni=—o0o
where p = (p1,...,pm) with 1 < p; < 400 for j =1,2,...,m.
The spaces of functions with dominating mixed derlvatlve STH and S7 »oB wer efined
Nikol’skii [3] and Amanov [4], respectively.
*

Consider a similar space. Denote by SpgTB the space of all functions f such

that HfHoTe B = H{2<S’T>H6s( Hpﬁ}ger{_‘HlT < oo, where p = (p1,...,pm), 0 = Om), and
p T

T=(T1,...,Tm) With 1 < p; < 00,1 <6; <o0,1<7; <+oo, and r; @0 for j . . In this

space, consider the class (with the notation preserved)

oT

SporB = {feL* ™) £l =H{2<S”") s

pt‘)T

Assume that a vector ¥ = (y1,...,vm) with v; > 0 fox j

from the set T(Q7) and by S,
A method for the approx
harmonics from hyperbolic crosses was first proposed by Babenko [5].
Later, the applice method to the approximation of various classes of smooth functions

keQl ap(f ik2) the partial sum of the Fourier series of f.
of multlvanate functions by trigonometric polynomials with

V.N. Temlya
A.S. Ro
he

Dung, N.N. Pustovoitov, E.S. Belinskii, B.S. Kashin, V.N. Temlyakov,
~J. Schmeisser, W. Sickel, and others (see [6,7]).
roperties of the Lorentz spaces are known: LZ o) C L; ,(I™) in the case

7 ..,m, and L;ﬂ(lm) C Ly ,(I™) in the case §; < gj, j=1,...,m

oT
act bounds for the order of approximation of the Nikol’skii-Besov classes S, 5 . B in LZ o ™)

=

in theycase p; < ¢j, j =1,...,m, were established in [8,9].
The main aim of the present paper is to derive bounds for the value

T o T

E (S )p,6 - Sup {E,,(ﬁ)(f)p,er fe SP’WB}

in the case 0 < ¢q;, j=1,2,...,m.
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APPROXIMATION ORDERS OF FUNCTIONS S11

We define a4 = max{a,0}, and A(y) < B (y) means that there exist positive numbers C
and Cy independent of n € N and such that C1 A (y) < B(y) < C2A(y). If B> C1A or B < (1A,
we often write for brevity B >> A or B << A, respectively. In addition, Cj(p,q,...) for j € N
denotes a positive constant depending only on the parameters specified in the brackets.

1. AUXILIARY STATEMENTS

statements.
Denote the index set {1,...,m} by e, its arbitrary subset by e, and its cardinalj
For an element 7 = (r1,...,7,,) of the m-dimensional space with nonnegative co

denote by 7° = (r{,...,ry,) the vector with components r§ = r; for j € e and 7§ = 0.fo
Let [ = (l1,...,ln) be an element of the m-dimensional space with positive i

For nonempty e C e,,, define Gj(e {k = (ki,....km) €Z™: |k;| <1, j €

For given numbers b7, a mlxed difference is defined by the formul

m—3" e
Abs = Z (=1) = by 14e,
0<e<1
where € = (e1,...,6p),¢j,=00r l,and n — 1+ &= (n; — oWy Ny — 1L+ ).

We consider partial sums over different variables:
Si(f,x) = Sy, (f,Z) =

is a partial sum over all variables, and

+00
Sll, f7 : Z ay, (f) ez(k,x)
<l k2——00 km=—00
is a partial sum over the In a more general case,
— ok
e,oo<f, z > ay, (f) e
kGHjee[—ljalj]XRm*'e'
is a partial e variables x; for j € e.
For ubset e C e, define

Ulf,3)= > > a(fehn

eCem,e#0  keGi(e)
In particular, for m = 2, we have (see [10]) Uy, 1,(f.Z) = Si; 00 (f, T) + Soc,is (f, &) — 1,1, (f, Z).
Let e C e,,. We consider the known Vallée-Poussin multiple sum
_ 1 _
Viewolf:1) =], > Ske ol £, T)-
j€e 7 ReRm-lelx [T c [~15.5]
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S12 AKISHEV
In particular, for e = e,,,

m 2l1—1 2lm—1

V%em(faj:):wh Wl Hl Z Z Sfc(ﬁi')

J=1 T kil el

We consider the Vall’ee-Poussin sum over xq

2l1 1
‘/O,oo(f7 E) = SO,oo(f7 E)a Wh Z Skoo fa )
h =
over I

2l2 1

Voo (£, ) = Sec0(£,7), Vios(f Z Soo (£, T)

k=l

and over x7 and x9
Wl,lz (f7 i') = Vll,OO(VOO,lQ (fa 3—7))
Further, define Wi(f, z) Z Vie 0o ) and consider the

eCem,e£D

AWQVI,...,TJW (f7 i') = AWQB (fa 3_3) = W29—1+5(f7 i’),

ence over indices

-+

where 1 = (1,...,1) and € = (1,...,6m) is a vec
function AWari  ovm (f,Z) is a trigonometric pol

j=1,...,m [10]. Finally, define p;(z) = —AW Q

dinates €; = 0 or 1. Then the
of%order 2%t — 1 in the variable z;,
Z) and

O5(f, %) = Py (f5 )

. k., +1
ofitl_1 ol T

O (f2)= > o D ().

k. k;
Vi, =21 v; —92 Jle|
le]

hatipy- (@) is a trigonometric polynomial of order 1 in the variable x; for j ¢ e. Hence,
) has the same order in these variables.

Yy, (fpg =1 Hfo ZTl Hp@’ [;=0,1,2,...,

is called the best “angle” approzimation of the function f € L; a(I™) by trigonometric polynomials,

where T}, € L;yé(l ") is a trigonometric polynomial of order [; in the variable z;, j =1,...,m.
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APPROXIMATION ORDERS OF FUNCTIONS S13

The best “angle” approximation in Lebesgue spaces was introduced by Potapov [10].
Now, we present some auxiliary statements.
In what follows, we will use the notation s(n) = {5 = (s1,...,5,) € ZT': (5,7) = n}.

Lemma 1. Suppose that v = (v1,..-,Ym), T = (T1,.- s Tm), L =71 = ... = 7 < Vg1 <
- < Ym, and 75 € [1,400) and 5; >0 for j=1,...,m. Then

B Z L7+ Z Bj
(IT57 e, =" -
s€x(n)
Proof. By the definition of the set s,, we have <

Kl b~ {0 = [ ¥ 1)

=t T s e 5 e = 0 8 ) 7=
=3
Applying the relation >, s*(l — s)? < 12tFFL o, 8 > 0,1 € eral , we obtain the
assertion of the lemma.
Note that, in the case 8; =0, j = 1,...,m, Lemma 1 was proved i

The proof of Theorem 1 is based on the following stat
Lemma 2. Suppose that p = (p1,...,Pm), ¢ = (q1 dl1<p;j<+4+oc0oandl <0<

qgj < +oo for j=1,...,m. Then

of a function,

I < H (1.1)
t1

)

From the equality

g m)duy . ..du, =  sup / sup /|g Tlyeoo,Tm)ldey .. day,

em:mes(em)=tm e1:mes(e1)=

m
t?’n@ tm t1

*15 ok 1 *
/ / E Or(f @)y .. . dym < // S (fLg)dy - dym.
t1 Bim t1...tm

I<k<f <k<n 0 0

Therefore, it follows from (1.1) that

<

/ /*1” (f,9)dys .. dym

l<k<n D,0
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S14 AKISHEV

27 2 tm t1

1 08 m 9._1
=//[ // QI (f Yy . dym]s [It7 dtr...dtm. (1.2)
bt ) =

Further, we apply Jensen’s inequality [2, p. 125] /s < 1 to the sum in (1.2) and Holder’s

(=
(=
N
]
IN
3
(=

inequality for several factors with exponents s > 1 [11] to the integral. We obtain

2 2 1 tm 1 t1 oys m 64
Ifg/.../{Z[t /t / QEFm(f B)dyy . dym}s} [1t7 dta...at
0 0 Ci<k<a T ' J=1
27 27 tm t1 1

< .s {O/O/[tllt””o/o/ DI (f,5)dyn dym] Ht”f \ tm}s.

Then, using the equality

»

and Holder’s inequality with exponents 7 =

we obtain
2m 2 1 m
-72:/ : H[t . (fg)dyr - dym} H dtl
o o=l h j=1
27 27 gt d
/ /H%(; % f //[ 1T S (Fi 0050 (f ﬂs e )
m 0 0 1<i<j<s m

21
Ldty, -
/ /5k(z E)0x( (ff)) m} :
1<i<j<s
nequahty (1.3), we obtain

1

e ¥ 3 / /6k (D8 (F0)2 ] )

(1)<n ( V<R 1<i<j<s
27 2
sdty ... dty, 0+ qj a;j
Deﬁnepﬁ,f/:/o /0 (5ﬁ(f,f)5ﬂ(faf))2 . and o = 0 Thenoz;-:aj_1
O+q o0 6+q a6
+q]’ a; _ ';q] < gj, and ; < qj, j = 1,2,...,m. Applying to this integral Holder’s
4a;
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APPROXIMATION ORDERS OF FUNCTIONS S15

1 1

inequality ( + ,=15=1,... ,m) and then the inequality of different metrics for trigonometric
aj aj

polynomials (see [12, Lemma B; 13, Theorem 10]), we get

2m 2m s m s ™ .
Ppo :/ /( f,z?))2 Htj a( . )2 Htj_“’dtl...dtm
0 0 J=1
Y SYdty dty,] e y i oo dt1
<[f - [arn) L [ (n)
0 0 0 0
21 t1 9 o
/ / t_l/ / o7 (f,5)dyy - - - dym )Qtfpl_ dty
27 27 tm t1

0 o J=1 0
oAb
<c[]]2 i@
=1
m m 11 _ 1 1
— CHQ—IVJ'—MIG—;)[H Q“J(e )0 (@a (I 6 qj)e(H@,j(f)H]’;j)e]Q. (1.6)
j=1 j=1

<< M .. kZ: H{[ﬁ "

I<k(1)<n I< <i<j<s

m 1
o |ku(i)—ku(j)|(§—alu)} _ (1.7)
ft}yﬂ

Now, using formul btain

), W
(@),

m 1
1 " e 1_1 "
o= (g (Nlpg)” TT 2P0 (g (D107 ]
1< v=1
m 1
<11 2—|ku(i)—ky(j)|(§—all,)}T
v=1
=TI 20 G la)* TTIT 200003
=1 v=1 j=1lv=1

Therefore, applying Holder’s inequality with exponent s > 1, we find from (1.7) that

1

1 << ZijHHpW o (10 (llzg)?]

<nl<k(s)<ni=1 v=1
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S m

<I1 o~ k(=R =) 2 < O(p, q,0)
j=lv=1
- T ok =)0 k(i)
<111 [T 240088y ()l T[T 200
=1 [<k()<n  I<k(s)<av=1 Jj=1lv=1
—+00 —+00 m 1
SDSRED o ELCR D ) | EEE T
ki=—00  km=—ocov=1 I<k<nv=1
ku *
—o Y T2 gl
I<k<pv=1
Lemma 2 is proved.
Lemma 3. Suppose that p = (p1,...,0m)s ¢ = (q1,---,qm), and 1 <

(I™) and a subset e(C e,

qj < oo forj=1,...,m. Then, for any f € Lj4

29(9‘11
[ZHJ

le<ke<ne j€e

L = H Z Pz (f) :30

le<ke<me

To prove this lemma, one should repeat the argume
SUM ) jecfe<qe Pie(f,T) and use the fact that ®r.(f,7)

in the variables z; for which j ¢ e.
® ;i[! and

0
22’“1 722’“'m _1(f)p) < +OO,

Theorem 1. Let 1<f<p<

then f € L* (I"™) and

;?ﬂu(ﬂﬂ) =

Hf—nzmigol—,(iu < C(p,q,m Z -1

V=0 v1=0
asnj — +oo, j=1,...

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS
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1
b kj 0 AN
0:: Z ZHQ i 22"1 1,...,22Fm _ 1(f)7’)} :
km=0 k1=07=1
@51 er the series

Vol. 300 Suppl. 1

1 1
a,/)s 1:|S

C\

O

dl1<60<
the inequality

S

in“the proof of Lemma 2 for the
onometric polynomial of order 1

O

(2.1)

—Ay(f,z). Using the equality Wy o(f,Z) = 0 and Lemma 5 from [10], we get

nj— 1*1—1,0,2"J‘+1—1,...,2nm—1(f):0 — 0

,m. Thus, series (2.1) converges in L,(I™) to the function f € L,(I™).

2018



APPROXIMATION ORDERS OF FUNCTIONS S17

By the conditions of Theorem 1,

Z Z sz (Y gk (D) < +o0. (2.2)

km=0 k1=075=1

By Lemma 2 for p; = ¢; =p, j = 1,...,m, we obtain

ni Nm
kj 0
|35 5w, << [ 55 ST g
ki=li  km=lmn km=lm k1=l j=1
By the definition of the function ¢;(Z), the property of the norm, and the mono(of th

best approximation,

m
185 (f Z ‘f WQ’“ 22 g2 Iy gokmtl 1” << Yok -1,...,22 '
Thus, (2.2) and (2.3) imply that series (2.1) converges in the mgtric ace Ly ,(I™).
Hence, f € L} o(I™). Setting 1 = ... =1, = 0 in (2.3) and using {2u4); we

[2 ST

_0 kl 0] 1

2nm+1 1 2n1+1 1 2nm+1 1 .
| X X e, < A, 2] X e,
v2=0 v1=0 Vo= P eCem 16S,76§217Le+1 D,

*

—HZ | > e

- ,0
eCem (_)Ske <ne p

FL_q,.22km —1(f)p>0] : (2.5)

PESEL

1
0

T Wy i ()]
=0j=1

> T2 o))} 2.6

eCem nge Sne J Ce

By the préperty best “angle” approximation, we have the inequalities
lor(l, =] 3 | << Vi (P (27)
QkESﬁeSQkEJrl

mbining (2.7) and (2.6), we obtain

2nm+1_1 2n1+1_1 1

H Z Z wr ,9 [ZO ZH?k 767 (Yoo 1..,22km_1(f)P)0 '

vo=0 v1=0 =0j5=1

1

[ Z Z H2k 9(9 q]' (22k1 1)e(f)ﬁ75)0 ’

eCem nge <ne j€e
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518 AKISHEV

< [ i ' Z ﬁ 67 (Yorr _ 1, ..,22’“m—1(f)79)0] ;' (2.8)

k=0 k1=07=1

Since series (2.1) converges to f in the metric of the space L7 ,(I™), we pass to the limit in (2.8)
as ny — 4090, ..., Ny, — +00 and get

oo

S ZHsj P (I8:(HIE)” < +oo,

Sm=1 s1=1j5=1

© .o m 1_1 1
Ao << [ 32 SO TL2 ) gty (5]
Em=0  k1=0j=1
Theorem 1 is proved.
Theorem 2. Suppose that 1 < 6§ <min{2,p} and 1 <p < +oo. If f € L,( <

then f € Ly ,(I™) and

oo m

1_0
f S P 6§f
1150 << [g_jl ZH Ey ),

Proof. By the definition of the best “angle” approxi the property of the norm,

2um+1 2V1+1

| > 3 a0,

vi=k1 sm=2vm+41 s1=2"1+1

)/22]‘71 _1""’22km_1(f)p S Hf - U22k1 _1’“'722161%_1”17

Hence, applying Lemma 2.2 from [14], we

[
22k1 _17“.’22’97% 1 (f)p)

2km+l 2k1+1
a1 1
2kJ9(9 p)<H Z ] H ) (2.9)
Sm=2km 41 2’“14,_1

eorem (see [2, p. 55]), for 1 < p < 400, we have

2k1+1 2km+1 2k1+1

1
> a0 =<[( X - X mor)
m=2km 41 s1=2F141 sm—2km+1 s1=2F141 P
re 1 < p <2, by Jensen’s inequality (see [2, p. 125]), we have

2km+1 2k1+1 2km+1 2k1+1 1
| > Y o] < (X X o)

Sm=2km +1 s1=2F141 Sm=2km +1 s1=2F141

Consequently,
2km+1 2k1+1

> ZH?’“““’ > oy s

km=0 =0j=1 sm:2km+1 s1=2F141
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APPROXIMATION ORDERS OF FUNCTIONS 519

okm+1 oky+1

<<Z...ZH2’”9(§_;)< oo D ||5§(f)H§)P

km=0 k1=0j=1 Sm=2km 41 s1=2F141

By the hypothesis of the theorem, we have § < p. Then, by Jensen’s inequality (see [2, p. 125]),

00 00 m 2km+1 k1+1
)RS D) | EXCAri D SR 9l L0 0k
km=0  k1=0j=1 sm=2km+4+1  s1=2F141
oo oo m (11 2km+1 2k1+1 oo oo m ot -1
k; — - [
=5 ol 901 EXCER LD RS IR TS o o) 1 G (00T
km =0 k1=0j=1 sm=2km 1 s1=2F141 s1=1j=1
Thus, for 1 < p <2,
2km+1 2k1+1 )
k0 0
> ZHZ (D SR S 0| DO (Dl
km=0 =0j=1 Sm=2km 41 s1=2F141 Sm=.
(2.10)
Now, if 2 < p < 400, we find by the property of the nﬁ that
2km+1 2k1+1 1 2km+ k1+1 1
2 2\ 2
10X X wmswmr)| < 185(OI)
sm=2km 41 s1=2k141 b s1=2k141
Therefore, if § < 2, using Jensen’s inequality (se |), we obtain
0o 0o m L 2k1+1
> TRI)S - 5 sl
km=0  ki1=0j=1 m:zkm+1 =2k1+41
2km+1 2k1+1 0
_1 2\ 2
D X Is0R)
sm=2km+41  s=2F141
2k1+1 ) oo m o(i_1)
0 - 0
Dol << D> TIs " 7 1s(Hlly-
51:2k1+1 sm=1 s1=1j5=1
(2.11)
The a; f Theorem 2 follows from inequalities (2.9)—(2.11) and Theorem 1. O
r [Assume that 1 < 0 <min{2,p} andp < q; forj=1,...,m. If f € Ly (I"™) and

Z ZHS (150 1.0)" < oo,

Sm=1 s1=1j5=1

then f € Ly 4(I™) and

£l << [ 3 o S T Gt )]

Sm=1 s1=1j5=1
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520 AKISHEV

Proof. Since p < g; for j = 1,...,m, we have L; (I"™) = L,(I™) C L, .(I"™). Using the
inequality of different metrics for trigonometric polynomials (see [12, Lemma B; 13, Theorem 10]),

we get
Z SIS 1 «Z ST )
s1=1j=1 s1=1j=1

Hence, f € L,(I™) and, applying Theorem 2 to this function, we obtain the assertion of ghe
corollary.

Theorem 3. Suppose that A = (Ai,...,A\p), 1 < \j < 0 < 400 for j =
max{p,2} <0 < +oo. If fo € L; ,(I™) and

1,.

Z as Z H _Qsj—1+1) 161(15@)7

then

o0 1

(- ;
ollpo == [ S0 o3 TTs " (s )L

Sm=1 s1=1j5=1

Proof. Blozinski [1] proved that J
I£l50>> s | [ 1 \ (212)
g€eL
I'm

/ 9/
llgll* ,9,<1

—+00.

1
(nj —2%71 4 1) p ! ekT) where

v—1
Consider the function g, (z) = > ... %

Sm= kep(s)
_ p=1)=5
bss = 105l ||, * lasl’~ semas.
) 5=11lly
By continuity, we have ,(I™). Now, let us show that [lg,[l;, o < Co, where Cp is some
positive number. By; on of gy, in view of the relation
o mo1
— 2% 4 1) ekl =TT s, (2.13)
pA oY
kep(s)] 1 Jj=1

.,m, we have

/ v—1

m 1 _
7Y . }
1:[ j ||‘5 gu)Hp/,)\/ s=1ll1,

v—

== H{ﬁ Jé 195 (Fo)lly }s:i ,

=i
~
<
<
<

v—1 m 1

A S S e <o

Sm=1 s1=1j5=1

where X, = A;/(A; — 1) for j=1,....,m
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APPROXIMATION ORDERS OF FUNCTIONS 521

1 1

n 0’ T AL v—1
ths, [{ s, lestolyn ),

< Cy. Hence, by the corollary of Theorem 2, we have
o/

G,(z) = Co—lgy(j) S L;,ﬁ,(Im) and HGVH;',G' <1
By (2.12) and the orthogonality of the system {e*™#)},

HfoHp,e>>/fo P)a(@ dm-H{f[f RITRTST R e z S el HSJ

s1=1

Further, by (2.13), |as(fo)|? H 5 =< H 5 H(5 H )9. Therefore, by (2.14),

v—1 m

||fo||;,9>>H{f[f sl s} iH S R

Sm=1 s1=1j5=1

Passing to the limit as ¥ — 400 in this inequality, we obtain

m 1 1
0 X\
1foll%.p >> H{ IIs) Vlsstiolss}
i ' sez g

O

=1y < Tpp1 < oo Sy, and

Theorem 3 is proved.
Theorem 4. Suppose that 1 < p < 400, 0 < rq

v =rj/r1 forj=1,2,...,m
1. Let 0 <7 forj=1,...,m. If 1 <6 < mj ndp <qj forj=1,...,m, then

L)+ 3 (1/6-1/7;)

ET(L) pq: p0 :
If 1<p<gqj<oo forj=1,. ,2} <6 < oo, then

Y a/e-1/gy) +2<1/e 1/7;)
> 27 pi=l )

2. Let 1<7; <0 for m. If 1 < <min{p,2} and p < q; for j=1,...,m, then

7 m 1 1

Y (Sp,cifB)p,a << sup H2_Sf’"fs;_qj.
seym ("/n)] 1
If 1 <pj <odtand 1" 0; < q; < oo for j=1,...,m, then

m 1 1

>>  sup H 9=siti gl %
seY™(3,n) i ’
roof. Let § < for j = 1 .,m. Applying Holder’s inequality, we see that the assumptions

of the corollary hold for f € S a7
Therefore, applying the corollary of Theorem 1 to the function f — S,(ﬁ)( f) e Ly o(I™), we obtain

17 =590l << [{TTo 100050}

-B. Consequently, this function belongs to the space L (I ™.

(2.15)
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Further, applying Hélder’s inequality (8; = 7;/6, B; 14 (ﬁ;-)_l = 1) and Lemma 1 from [12],
for B; = 6—1 — p~ 'L, we have

H{Hsﬂ * (s

k‘%»—l

1 1 e TGT MR ) G

1
Mo} )
p ) seym(y,n) seY™(y,n)llie

3 (1/0-1/a)+ 3 1/e;
P2 2

<<H{ 29973 |5, (f H} H w97 g
i sEZml

where €; = 03} and ej_l = B3;/0 = o1 —Tj_l forj=1,...,m

5° (1/6-1/q;
<< 27 =t

Now, it follows from (2.15) and (2.16) that Hf—Sﬁﬁ) (f)”pe

oT

in the case 0 < 7j, 7 =1,2,...,m, for f € §,;-B. Hence, in the case § < 7;, j , 1M,

o T e+ 6k

Let us prove the lower bound. Consider the function

1 m

fo(i' —_n I 7j Z ]:[2 3]7"]8 95 Z

s€x(n) j=1 kep(3)J

By continuity, fo € L, -(I"™). Further, in view of i .13) and [8, Lemma 2],
o -3 -Sum S
1257165 (fo) 1% 5 Hl, <<n %(n)Hlf <<n =2 npim2 0 = ().

Thus, Fy = Cy fO c SquB By
EV (f)po = || foll3; 9. Choose

MS

[

2L 4 1)r ! iR,

ition of the function fy and of the best approximation,

€ [1,0) for j =1,2,...m. Now, applying Theorem 3 and

Lemma 1, we get
‘b -
@ ol > |{ TL s It s} e

j=1

— S 0/0-1/0)+ 3 (/0 )
>>

I Hz—Sm; )
J 5€x(n)llly

lower bound in the case 0 < 7;, j =1,2,...,m.
t us prove the second assertion. Let 7; < 0, j = 1, 2, ...,m. Then, by Jensen’s inequality,

1_1 1

KI5 105}y <H{JHlsf 15}y

m 1
< H{H2Sﬂ“j||(5s(f) ’ }seZm sup HQ—SJMS;

j=1 Iz seym(y, n) iy

Iz

_q]-
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Therefore, it follows from inequality (2.16) that
n 1_1
<< sup H 2 s]""]s;’ »
SEY™(y,n) j=1

in the case 7; <0, j =1,2,...,m. The upper bound is proved.
Let us prove the lower bound. Let 7; < 6, j =1,2,...,m, and § € Y™(v,n). Define

H2 SJT]S q] Z H nj _2.5]—1 1) <Ei)

kep(3)J=1
By relation (2.13), we have H6 (f1) ||pq =[5, 27 Si"i. If 5 # 5, then ||(55(f1)||;’q erefore,
{207 65 (F)lg Yseznl,, < Crand CF fr €57 B. Since (3,7) > n, EY(f 15 -
Therefore, in view of relation (2.13),
B m - 11 ~
ED (F)po = Az >> [ 275780 % V5
j=1
Hence, J
oT _ 1
EM (S >>  sup ' qj
w( Psa;T )p,0 €Y m(yn)
Theorem 4 is proved. (]

Remark. If p =60 = 2, then min{p, 2} = e
by the first assertion of Theorem 4,

}=2and Ly ,(I™) = Lo(I™). Therefore,

N % (1/2-1/a,)+ 3 (1/2-1/m)
P p2

E(7
for2<gj<ocand 2 <7; < %
CONCLUSIONS

In [12, inequalit, he follovvlng relation was proved:
) 2k2+1 bt 017 L Y 02
- { > [EEI(Y 1al,) "] )
= so=2k241 k1=0 s1=2k141
02
<<Zs2 qz[zsl a (||5 NI ) }“’1. (3.1)
So=2 s1=2

As shown in [12], applying Holder’s inequality to prove (3.1) with exponents 0]-_1 + (9;-)_1 =1,
7 =1,2, we obtain

Fbr( 11 ) ok1+1 o 9k1+1 91(91 _1 ) 0
M (N as(Dl,) << DD s s )™
s1=2F141 s1=2F141
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Unfortunately, there was an inaccuracy in the proof of this inequality. The correct relation is

ok1+1 0
ki61(, — 1 i)
2 1 1(01 ‘Il)< Z Hég(f)’ pvq)
s1=2F141
11 oki+1 2! f1(1- )
k16 - - -

., 1 1(91 q1)2k1(01 0 Z (Hég(f)”%,q)el << Z 5 q1 (||5§(f)||;;,<i)91
s1=2F141 =2+

Theorem 2 rectifies this inaccuracy to some extent.
Note that, in the case 6 = §, there is no known estimate for the value

T

Eﬁﬂ)( Spﬂﬂ'B)p,é = sup {Eﬁﬂ) (fpa: f€ SPWB}.
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