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Abstract—We consider the anisotropic Lorentz space of periodic functions. Sufficient con-
ditions are proved for a function to belong to the anisotropic Lorentz space. Estimates for
the order of approximation by trigonometric polynomials of the Nikol’skii–Besov class in the
anisotropic Lorentz space are established.
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INTRODUCTION

Let x = (x1, . . . , xm) ∈ Im = [0, 2π)m, p̄ = (p1, . . . , pm), θ̄ = (θ1, . . . , θm), and θj, pj ∈ [1,+∞)

for j = 1, . . . ,m. Denote by L∗
p̄,θ̄

(Im) the Lorentz space of all Lebesgue measurable functions f(x̄)

that are 2π-periodic in each variable and such that the value

‖f‖∗p̄,θ̄ =
[ 2π∫

0

t
θm
pm

−1
m

[
· · ·

[ 2π∫
0

(
f∗1,...,∗m(t1, . . . , tm)

)θ1
t
θ1
p1

−1

1 dt1

] θ2
θ1 · · ·

] θm
θm−1

dtm

] 1
θm

is finite, where f∗1,...,∗m (t1, . . . , tm) is a nonincreasing permutation of the function |f (x)| in each

variable xj with fixed remaining variables (see [1]).

In the case p1 = . . . = pm = θ1 = . . . = θm = p, the Lorentz space L∗
p̄,θ̄

(Im) coincides with the

Lebesgue space Lp(I
m) with norm ‖f‖p (see [2, Ch. I, Sect. 1.1]).

Denote by
◦
L∗
p̄,θ̄

(Im) the set of all functions f ∈ L∗
p̄,θ̄

(Im) such that

2π∫
0

f (x) dxj = 0 ∀j = 1, . . . ,m.

For a function f ∈ L1(I
m) = L(Im), we consider its Fourier series

∑
n∈Zm an (f) e

i〈n,x〉, where an(f)

are the Fourier coefficients of f in the multiple trigonometric system {ei〈n,x〉}n∈Zm and Z
m is the

integer lattice in R
m.
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S10 AKISHEV

Define δs (f, x) =
∑

n∈ρ(s)
an (f) e

i〈n,x〉, where 〈ȳ, x̄〉 =
∑m

j=1 yjxj , sj = 1, 2, . . ., and ρ(s̄) =

{
k = (k1, . . . , km) ∈ Z

m : 2sj−1 ≤ |kj | < 2sj , j = 1, . . . ,m
}
.

The numerical sequence {an}n∈Zm belongs to lp if

∥∥{an}n∈Zm

∥∥
lp
=

{ ∞∑
nm=−∞

[
. . .

[ ∞∑
n1=−∞

∣∣∣an∣∣∣p1] p2
p1 . . .

] pm
pm−1

} 1
pm < +∞,

where p = (p1, . . . , pm) with 1 ≤ pj < +∞ for j = 1, 2, . . . ,m.

The spaces of functions with dominating mixed derivative S r̄
pH and S r̄

p,θB were defined by

Nikol’skii [3] and Amanov [4], respectively.

Consider a similar space. Denote by
◦
S
r

p,θ,τB the space of all functions f ∈
◦
L∗
p,θ

(Im) such

that ‖f‖◦
S
r

p,θ,τB
=

∥∥{
2〈s,r〉‖δs(f)‖∗p,θ

}
s̄∈Zm

+

∥∥
lτ

< ∞, where p = (p1, . . . , pm), θ = (θ1, . . . , θm), and

τ = (τ1, . . . , τm) with 1 < pj < ∞, 1 ≤ θj < ∞, 1 ≤ τj ≤ +∞, and rj > 0 for j = 1, . . . ,m. In this

space, consider the class (with the notation preserved)

◦
S
r

p,θ,τB =
{
f ∈

◦
L∗
p,θ

(Im) : ‖f‖◦
S
r

p,θ,τB
=

∥∥{
2〈s,r〉‖δs(f)‖∗p,θ

}
s̄∈Zm

+

∥∥
lτ
≤ 1

}
.

Assume that a vector γ̄ = (γ1, . . . , γm) with γj > 0 for j = 1, . . . ,m is given. Define

Qγ̄
n =

⋃
〈s̄,γ̄〉<n

ρ(s̄), T (Qγ̄
n) =

{
t(x̄) =

∑
k̄∈Qγ̄

n

bk̄e
i〈k̄,x̄〉

}
,

Y m (γ, n) =
{
s = (s1, . . . , sm) ∈ Z

m
+ :

m∑
j=1

sjγj ≥ n
}
.

We denote by E
(γ)
n (f)p,θ the best approximation of a function f ∈ L∗

p,θ
(Im) by polynomials

from the set T (Qγ̄
n) and by Sγ̄

n(f, x̄) =
∑

k̄∈Qγ̄
n
ak̄(f)e

i〈k̄,x̄〉 the partial sum of the Fourier series of f .

A method for the approximation of multivariate functions by trigonometric polynomials with

harmonics from hyperbolic crosses was first proposed by Babenko [5].

Later, the application of this method to the approximation of various classes of smooth functions

was studied by S.A. Telyakovskii, B. S. Mityagin, Ya. S. Bugrov, N. S. Nikol’skaya, E.M. Galeev,

V.N. Temlyakov, Dinh Dung, N.N. Pustovoitov, E. S. Belinskii, B. S. Kashin, V.N. Temlyakov,

A. S. Romanyuk, H.-J. Schmeisser, W. Sickel, and others (see [6, 7]).

The following properties of the Lorentz spaces are known: L∗
q,θ

(Im) ⊂ L∗
p,θ

(Im) in the case

pj < qj , j = 1, . . . ,m, and L∗
p,θ

(Im) ⊂ L∗
p,q(I

m) in the case θj < qj, j = 1, . . . ,m.

Exact bounds for the order of approximation of the Nikol’skii–Besov classes
◦
S

r

p,θ,τB in
◦
L∗
q,θ

(Im)

in the case pj < qj , j = 1, . . . ,m, were established in [8, 9].

The main aim of the present paper is to derive bounds for the value

E(γ)
n

( ◦
S

r

p,q,τB
)
p,θ

= sup
{
E(γ)

n (f)p,θ : f ∈
◦
S

r

p,q,τB
}

in the case θ < qj , j = 1, 2, . . . ,m.
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APPROXIMATION ORDERS OF FUNCTIONS S11

We define a+ = max{a, 0}, and A (y) � B (y) means that there exist positive numbers C1

and C2 independent of n ∈ N and such that C1A (y) ≤ B (y) ≤ C2A (y). If B ≥ C1A or B ≤ C2A,

we often write for brevity B >> A or B << A, respectively. In addition, Cj(p, q, . . .) for j ∈ N

denotes a positive constant depending only on the parameters specified in the brackets.

1. AUXILIARY STATEMENTS

Before proving the main results, we introduce additional notation and formulate auxiliary

statements.

Denote the index set {1, . . . ,m} by em, its arbitrary subset by e, and its cardinality by |e|.
For an element r̄ = (r1, . . . , rm) of the m-dimensional space with nonnegative coordinates, we

denote by r̄e = (re1, . . . , r
e
m) the vector with components rej = rj for j ∈ e and rej = 0 for j /∈ e.

Let l̄ = (l1, . . . , lm) be an element of the m-dimensional space with positive integer coordinates.

For nonempty e ⊂ em, define Gl̄(e) =
{
k̄ = (k1, . . . , km) ∈ Z

m : |kj | ≤ lj , j ∈ e, |kj | > lj, j /∈ e
}
.

For given numbers bn̄, a mixed difference is defined by the formula

Δbn̄ =
∑

0̄≤ε̄≤1̄

(−1)
m−

m∑

j=1
εj
bn̄−1̄+ε̄,

where ε̄ = (ε1, . . . , εm), εj = 0 or 1, and n̄− 1̄ + ε̄ = (n1 − 1 + ε1, . . . , nm − 1 + εm).

We consider partial sums over different variables:

Sl̄(f, x̄) = Sl1,...,lm(f, x̄) =
∑

|k1|≤l1

. . .
∑

|km|≤lm

ak (f) e
i〈k,x〉

is a partial sum over all variables, and

Sl1,∞(f, x̄) =
∑

|k1|≤l1

+∞∑
k2=−∞

. . .

+∞∑
km=−∞

ak (f) e
i〈k,x〉

is a partial sum over the variable x1. In a more general case,

Sl̄e,∞(f, x̄) =
∑

k̄∈
∏

j∈e[−lj ,lj ]×Rm−|e|

ak (f) e
i〈k,x〉

is a partial sum over the variables xj for j ∈ e.

For a given subset e ⊂ em, define

Ul̄(f, x̄) =
∑

e⊂em,e 
=∅

∑
k̄∈Gl̄(e)

ak (f) e
i〈k,x〉.

In particular, for m = 2, we have (see [10]) Ul1,l2(f.x̄) = Sl1,∞(f, x̄) + S∞,l2(f, x̄)− Sl1,l2(f, x̄).

Let e ⊂ em. We consider the known Vallée-Poussin multiple sum

Vl̄e,∞(f, x̄) =
∏
j∈e

1

lj

∑
k̄∈Rm−|e|×

∏
j∈e[−lj ,lj ]

Sk̄e,∞(f, x̄).
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In particular, for e = em,

Vl̄em (f, x̄) = Vl1,...,lm(f, x̄) =

m∏
j=1

1

lj

2l1−1∑
k1=l1

. . .

2lm−1∑
km=lm

Sk̄(f, x̄).

We consider the Vall’ee-Poussin sum over x1

V0,∞(f, x̄) = S0,∞(f, x̄), Vl1,∞(f, x̄) =
1

l1

2l1−1∑
k=l1

Sk,∞(f, x̄),

over x2

V∞,0(f, x̄) = S∞,0(f, x̄), V∞,l2(f, x̄) =
1

l2

2l2−1∑
k=l2

S∞,k(f, x̄),

and over x1 and x2
Vl1,l2(f, x̄) = Vl1,∞(V∞,l2(f, x̄)).

Further, define Wl̄(f, x̄) =
∑

e⊂em,e 
=∅

Vl̄e,∞(f, x̄) and consider the mixed difference over indices

ΔW2ν1 ,...,2νm (f, x̄) = ΔW2ν̄ (f, x̄) =
∑

0̄≤ε̄≤1̄

(−1)
m−

m∑

j=1
εj
W2ν̄−1̄+ε̄(f, x̄),

where 1̄ = (1, . . . , 1) and ε̄ = (ε1, . . . , εm) is a vector with coordinates εj = 0 or 1. Then the

function ΔW2ν1 ,...,2νm (f, x̄) is a trigonometric polynomial of order 2νj+1 − 1 in the variable xj,

j = 1, . . . ,m [10]. Finally, define ϕν̄(x̄) = −ΔW2ν1 ,...,2νm (f, x̄) and

Φk̄(f, x̄) = Φk1,...,km(f, x̄) =

2km+1−1∑
νm=2km

. . .

2k1+1−1∑
ν1=2k1

ϕν1,...,νm(x̄) =
∑

ν̄∈ρ(k̄+1̄)

ϕν̄(x̄),

nm∑
km=lm

. . .

n1∑
k1=l1

Φk̄(f, x̄) =
∑

l̄≤k̄≤n̄

Φk̄(f, x̄).

For a subset e ⊂ em, define

Φk̄e(f, x̄) =
2
kj1

+1−1∑
νj1=2

kj1

. . .
2
kj|e|

+1
−1∑

νj|e|=2
kj|e|

ϕνe(x̄).

Note that ϕν̄e(x̄) is a trigonometric polynomial of order 1 in the variable xj for j /∈ e. Hence,

Φk̄e(f, x̄) has the same order in these variables.

The value (see [10])

Yl1,...,lm(f)p̄,θ̄ = inf
Tlj

∥∥f −
m∑
j=1

Tlj

∥∥∗
p̄,θ̄

, lj = 0, 1, 2, . . . ,

is called the best “angle” approximation of the function f ∈ L∗
p̄,θ̄

(Im) by trigonometric polynomials,

where Tlj ∈ L∗
p̄,θ̄

(Im) is a trigonometric polynomial of order lj in the variable xj, j = 1, . . . ,m.
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The best “angle” approximation in Lebesgue spaces was introduced by Potapov [10].

Now, we present some auxiliary statements.

In what follows, we will use the notation κ(n) = {s̄ = (s1, . . . , sm) ∈ Z
m
+ : 〈s̄, γ̄〉 = n}.

Lemma 1. Suppose that γ = (γ1, . . . , γm), τ̄ = (τ1, . . . , τm), 1 = γ1 = . . . = γν < γν+1 ≤
. . . ≤ γm, and τj ∈ [1,+∞) and βj ≥ 0 for j = 1, . . . ,m. Then

∥∥∥{ m∏
j=1

s
βj

j

}
s∈κ(n)

∥∥∥
lτ
� n

m∑

j=2
1/τj+

m∑

j=1
βj

.

Proof. By the definition of the set κn, we have

∥∥∥{ m∏
j=1

s
βj

j

}
s̄∈κn

∥∥∥
lτ̄
=

{ ∑
sm< n

γm

[
. . .

[ ∑
s2<

1
γ2

(n−
m∑

j=3
γjsj)

[ ∑
s1=

1
γ1

(n−
m∑

j=2
γjsj)

m∏
j=2

s
−djτ1
j

] τ2
τ1

] τ3
τ2 . . .

] τm
τm−1

} 1
τm

.

Applying the relation
∑

0<s<l s
α(l − s)β � lα+β+1, α, β > 0, l ∈ N, several times, we obtain the

assertion of the lemma. �
Note that, in the case βj = 0, j = 1, . . . ,m, Lemma 1 was proved in [8].

The proof of Theorem 1 is based on the following statement.

Lemma 2. Suppose that p̄ = (p1, . . . , pm), q̄ = (q1, . . . , qm), and 1 ≤ pj < +∞ and 1 ≤ θ <

qj < +∞ for j = 1, . . . ,m. Then

I1 =
∥∥∥ ∑
l̄≤k̄≤n̄

Φk̄(f)
∥∥∥∗

p̄,θ
<<

[ nm∑
km=lm

. . .

n1∑
k1=l1

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)
(
∥∥Φk̄(f)

∥∥
p̄,q̄

)θ
] 1

θ
.

Proof. Let s = [θ]+1. Then, by the property of the norm and of a nonincreasing permutation

of a function,

I1 ≤
∥∥∥ 1

t1 . . . tm

tm∫
0

. . .

t1∫
0

( ∑
l̄≤k̄≤n̄

Φk̄(f)
)∗1,...,∗m

(ȳ)dy1 . . . dym

∥∥∥∗

p̄,θ
. (1.1)

From the equality (see [1])

tm∫
0

. . .

t1∫
0

g∗1,...,∗m(u1, . . . um)du1 . . . dum = sup
em:mes(em)=tm

∫
em

. . . sup
e1:mes(e1)=t1

∫
e1

|g(x1, . . . , xm)|dx1 . . . dxm

we have

1

t1 . . . tm

tm∫
0

. . .

t1∫
0

( ∑
l̄≤k̄≤n̄

Φk̄(f)
)∗1,...,∗m

(ȳ)dy1 . . . dym ≤
∑

l̄≤k̄≤n̄

1

t1 . . . tm

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄

(f, ȳ)dy1 . . . dym.

Therefore, it follows from (1.1) that

Iθ1 ≤
∥∥∥∥ ∑
l̄≤k̄≤n̄

1

t1 . . . tm

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄

(f, ȳ)dy1 . . . dym

∥∥∥∥
∗θ

p̄,θ
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=

2π∫
0

. . .

2π∫
0

[ ∑
l̄≤k̄≤n̄

1

t1 . . . tm

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄

(f, ȳ)dy1 . . . dym

] θ
s
s

m∏
j=1

t
θ
pj

−1

j dt1 . . . dtm. (1.2)

Further, we apply Jensen’s inequality [2, p. 125] θ/s < 1 to the sum in (1.2) and Hölder’s

inequality for several factors with exponents s > 1 [11] to the integral. We obtain

Iθ1 ≤
2π∫
0

. . .

2π∫
0

{ ∑
l̄≤k̄≤n̄

[ 1

tm

tm∫
0

. . .
1

t1

t1∫
0

Φ∗1,...,∗m
k̄

(f, ȳ)dy1 . . . dym

] θ
s

}s m∏
j=1

t
θ
pj

−1

j dt1 . . . dtm

≤
∑

l̄≤k̄(1)≤n̄

. . .
∑

l̄≤k̄(s)≤n̄

s∏
j=1

{ 2π∫
0

. . .

2π∫
0

[ 1

t1 . . . tm

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄(j)

(f, ȳ)dy1 . . . dym

]θ m∏
j=1

t
θ
pj

−1

j dt1 . . . dtm

} 1
s

.

(1.3)

Define

δk̄(j)(f, t̄) =

{ m∏
j=1

t
1
pj

j

[ m∏
j=1

1

tj

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄(j)

(f, ȳ)dy1 . . . dym

]} θ
s

.

Then, using the equality
s∏

j=1

δνj =
[ ∏
1≤i<j≤s

δνiδνj

] 1
s−1

(1.4)

and Hölder’s inequality with exponents τ =
s(s− 1)

2
and then with exponent β > 1,

1

β
+

1

β′ = 1,

we obtain

I2 =

2π∫
0

. . .

2π∫
0

s∏
j=1

[ 1

t1 . . . tm

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
k̄(j)

(f, ȳ)dy1 . . . dym

] θ
s

m∏
j=1

t
θ
pj

−1

j dt1 . . . dtm

=

2π∫
0

. . .

2π∫
0

s∏
j=1

δk̄(j)(f, t̄)
dt1 . . . dtm
t1 . . . tm

=

2π∫
0

. . .

2π∫
0

[ ∏
1≤i<j≤s

δk̄(i)(f, t̄)δk̄(j)(f, t̄)
] 1

s−1 dt1 . . . dtm
t1 . . . tm

≤
∏

1≤i<j≤s

[ 2π∫
0

. . .

2π∫
0

(
δk̄(i)(f, t̄)δk̄(j)(f, t̄)

) s
2
dt1 . . . dtm
t1 . . . tm

] 1
τ
.

Therefore, from inequality (1.3), we obtain

Iθ1 ≤
∑

l̄≤k̄(1)≤n̄

. . .
∑

l̄≤k̄(s)≤n̄

∏
1≤i<j≤s

[ 2π∫
0

. . .

2π∫
0

(
δk̄(i)(f, t̄)δk̄(j)(f, t̄)

) s
2
dt1 . . . dtm
t1 . . . tm

] 1
τ
. (1.5)

Define ρμ̄,ν̄ =

∫ 2π

0
. . .

∫ 2π

0

(
δμ̄(f, t̄)δν̄(f, t̄)

) s
2
dt1 . . . dtm
t1 . . . tm

and αj =
θ + qj

θ
. Then α′

j =
αj

αj − 1
=

θ + qj
qj

,
αjθ

2
=

θ + qj
2

< qj, and
α′
jθ

2
< qj, j = 1, 2, . . . ,m. Applying to this integral Hölder’s
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inequality
( 1

αj
+

1

α′
j

= 1, j = 1, . . . ,m
)
and then the inequality of different metrics for trigonometric

polynomials (see [12, Lemma B; 13, Theorem 10]), we get

ρμ̄,ν̄ =

2π∫
0

. . .

2π∫
0

(
δμ̄(f, t̄)

) s
2

m∏
j=1

t
− 1

α
j

(
δν̄(f, t̄)

) s
2

m∏
j=1

t
− 1

α′
j dt1...dtm

�
[ 2π∫
0

. . .

2π∫
0

(
δμ̄(f, t̄)

) sα1
2 dt1

t1
. . .

dtm
tm

] 1
α
[ 2π∫
0

. . .

2π∫
0

(
δν̄(f, t̄)

) sα′
2 dt1

t1
. . .

dtm
tm

] 1
α′

=
[ 2π∫
0

. . .

2π∫
0

( m∏
j=1

t−1
j

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
μ̄ (f, ȳ)dy1 . . . dym

) θα
2
t

θα
2p1

−1

1 dt1 . . . t
θα

2pm
−1

m dtm

] 1
α

×
[ 2π∫
0

. . .

2π∫
0

( m∏
j=1

t−1
j

tm∫
0

. . .

t1∫
0

Φ∗1,...,∗m
ν̄ (f, ȳ)dy1...dym

) θα′
2
t
θα′
2pj

−1

1 dt1 . . . t
θα′
2pm

−1
m dtm

] 1
α′

� C
[ m∏
j=1

2
μj (

2
θα

− 1
qj

)‖Φμ̄(f)‖∗p̄,q̄
] θ

2
[ m∏
j=1

2
νj(

2
θα′− 1

qj
)‖Φν̄(f)‖∗p̄,q̄

] θ
2

= C

m∏
j=1

2−|νj−μj |( 12−
1
α
)
[ m∏
j=1

2
μj(

1
θ
− 1

qj
)θ
(‖Φμ̄(f)‖∗p̄,q̄)θ

m∏
j=1

2
νj(

1
θ
− 1

qj
)θ
(‖Φν̄(f)‖∗p̄,q̄)θ

] 1
2
. (1.6)

It follows from (1.5) and (1.6) that

Iθ1 <<
∑

l̄≤k̄(1)≤n̄

. . .
∑

l̄≤k̄(s)≤n̄

∏
1≤i<j≤s

{[ m∏
ν=1

2
kν(i)(

1
θ
− 1

qν
)θ
(‖Φk̄(i)(f)‖∗p̄,q̄)θ

m∏
ν=1

2
kν(j)(

1
θ
− 1

qν
)θ
(‖Φk̄(j)(f)‖∗p̄,q̄)θ

] 1
2

×
m∏
ν=1

2−|kν(i)−kν(j)|( 12−
1
αν

)

} 1
τ

. (1.7)

Now, using formula (1.4), we obtain

∏
1≤i<j≤s

{[ m∏
ν=1

2kν(i)(
1
θ
− 1

qν
)θ(‖Φk̄(i)(f)‖∗p̄,q̄)θ

m∏
ν=1

2kν(j)(
1
θ
− 1

qν
)θ(‖Φk̄(j)(f)‖∗p̄,q̄)θ

] 1
2

×
m∏
ν=1

2−|kν(i)−kν(j)|( 12−
1
αν

)

} 1
τ

=
s∏

i=1

[ m∏
ν=1

2kν(i)(
1
θ
− 1

qν
)θ(‖Φk̄(i)(f)‖∗p̄,q̄)θ

] 1
s

s∏
j=1

m∏
ν=1

2−|kν(i)−kν(j)|( 12−
1
αν

) 1
2τ .

Therefore, applying Hölder’s inequality with exponent s > 1, we find from (1.7) that

Iθ1 <<
∑

l̄≤k̄(1)≤n̄

. . .
∑

l̄≤k̄(s)≤n̄

s∏
i=1

[ m∏
ν=1

2kν(i)(
1
θ
− 1

qν
)θ(‖Φk̄(i)(f)‖∗p̄,q̄)θ

] 1
s
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S16 AKISHEV

×
s∏

j=1

m∏
ν=1

2−|kν(i)−kν(j)|( 12−
1
αν

) 1
2τ ≤ C(p, q, θ)

×
s∏

i=1

[ ∑
l̄≤k̄(1)≤n̄

. . .
∑

l̄≤k̄(s)≤n̄

m∏
ν=1

2
kν(i)(

1
θ
− 1

qν
)θ
(‖Φk̄(i)(f)‖∗p̄,q)θ

s∏
j=1

m∏
ν=1

2−|kν(i)−kν(j)|( 12−
1
αν

) 1
s−1

] 1
s

<<
[ +∞∑
k1=−∞

. . .
+∞∑

km=−∞

m∏
ν=1

2−|kν |( 12−
1
αν

)
] 1

s−1
∑

l̄≤k̄≤n̄

m∏
ν=1

2kν(
1
θ
− 1

qν
)θ(‖Φk̄(f)‖∗p̄,q̄)θ

= C
∑

l̄≤k̄≤n̄

m∏
ν=1

2kν(
1
θ
− 1

qν
)θ(‖Φk̄(f)‖∗p̄,q̄)θ.

Lemma 2 is proved. �
Lemma 3. Suppose that p̄ = (p1, . . . , pm), q̄ = (q1, . . . , qm), and 1 ≤ pj < +∞ and 1 ≤ θ <

qj < +∞ for j = 1, . . . ,m. Then, for any f ∈ L∗
p̄,q̄(I

m) and a subset e ⊂ em, we have the inequality

I1 =
∥∥∥ ∑
l̄e≤k̄e≤n̄e

Φk̄e(f)
∥∥∥∗

p̄,θ
<<

[ ∑
l̄e≤k̄e≤n̄e

∏
j∈e

2
kej θ(

1
θ
− 1

qj
)
(‖Φk̄e(f)‖

∗
p̄,q̄)

θ
] 1

θ
.

To prove this lemma, one should repeat the argument given in the proof of Lemma 2 for the

sum
∑

l̄e≤k̄e≤n̄e Φk̄e(f, x̄) and use the fact that Φk̄e(f, x̄) is a trigonometric polynomial of order 1

in the variables xj for which j /∈ e. �

2. MAIN RESULTS

Theorem 1. Let 1 ≤ θ < p < +∞. If f ∈ Lp(I
m) and

∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)(
Y
22

k1−1,...,22km−1
(f)p

)θ
< +∞,

then f ∈ L∗
p,θ(I

m) and

‖f‖∗p,θ <<
[ ∞∑
km=0

. . .
∞∑

k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)(
Y
22

k1−1,...,22km−1
(f)p

)θ] 1
θ
.

Proof. Consider the series
∞∑

ν̄∈Zm

ϕν̄(x̄), (2.1)

where ϕ̄ν̄(x̄) = −Δν̄(f, x̄). Using the equality W0,0(f, x̄) = 0 and Lemma 5 from [10], we get

∥∥∥f −
nm∑

νm=0

. . .

n1∑
ν1=0

ϕν̄(x̄)
∥∥∥
p
≤ C(p, q,m)

m∑
j=1

Y
2n1−1−1,...,2nj−1−1−1,0,2nj+1−1,...,2nm−1

(f)p → 0

as nj → +∞, j = 1, . . . ,m. Thus, series (2.1) converges in Lp(I
m) to the function f ∈ Lp(I

m).
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APPROXIMATION ORDERS OF FUNCTIONS S17

By the conditions of Theorem 1,

∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)
(Y

22
k1−1,...,22km−1

(f)p)
θ < +∞. (2.2)

By Lemma 2 for pj = qj = p, j = 1, . . . ,m, we obtain

∥∥∥ n1∑
k1=l1

. . .

nm∑
km=lm

Φk̄(f)
∥∥∥∗

p,θ
<<

[ nm∑
km=lm

. . .

n1∑
k1=l1

m∏
j=1

2
kjθ(

1
θ
− 1

qj
) ‖Φk̄(f)‖

θ
p

] 1
θ
. (2.3)

By the definition of the function ϕν̄(x̄), the property of the norm, and the monotonicity of the

best approximation,

‖Φk̄(f)‖p ≤
m∑
j=1

∥∥f −W
22

k1−1,...,22
kj −1,22

kj+1+1
−1,...,22km+1−1

∥∥
p
<< Y

22
k1−1,...,22km−1

(f)p. (2.4)

Thus, (2.2) and (2.3) imply that series (2.1) converges in the metric of the space L∗
p,θ(I

m).

Hence, f ∈ L∗
p,θ(I

m). Setting l1 = . . . = lm = 0 in (2.3) and using (2.4), we get

∥∥∥ n1∑
k1=0

. . .

nm∑
km=0

Φk̄(f)
∥∥∥∗

p,θ
<<

[ nm∑
km=0

. . .

n1∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)
(Y

22
k1−1,...,22km−1

(f)p)
θ
] 1

θ
. (2.5)

By the property of the norm, Lemma 3, and inequality (2.5), we obtain

∥∥∥ 2nm+1−1∑
ν2=0

. . .

2n1+1−1∑
ν1=0

ϕν̄

∥∥∥∗

p,θ
≤

∥∥∥ 2nm+1−1∑
ν2=1

. . .

2n1+1−1∑
ν1=1

ϕν̄

∥∥∥∗

p,θ
+

∑
e⊂em

∥∥∥ ∑
1̄e≤ν̄e≤2n̄e+1

ϕν̄e

∥∥∥∗

p,θ

=
∥∥∥ n1∑
k1=0

. . .

nm∑
km=0

Φk̄(f)
∥∥∥∗

p̄,θ
+

∑
e⊂em

∥∥∥ ∑
0̄≤k̄e≤n̄e

Φk̄e(f)
∥∥∥∗

p,θ

<<

{[ nm∑
km=0

. . .

n1∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)
(Y

22
k1−1,...,22km−1

(f)p)
θ
] 1

θ

+
[ ∑
e⊂em

∑
0̄≤k̄e≤n̄e

∏
j∈e

2
kjθ(

1
θ
− 1

qj
)(‖Φk̄e(f)‖p

)θ] 1
θ

}
. (2.6)

By the property the best “angle” approximation, we have the inequalities

‖Φk̄e(f)‖p =
∥∥∥ ∑
2k̄e≤ν̄e≤2k̄e+1

ϕν̄e

∥∥∥
p
<< Y

(
¯

22
k1−1)e

(f)p. (2.7)

Combining (2.7) and (2.6), we obtain

∥∥∥ 2nm+1−1∑
ν2=0

. . .
2n1+1−1∑
ν1=0

ϕν̄

∥∥∥∗

p,θ
<<

[ nm∑
km=0

. . .

n1∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)
(Y

22
k1−1,...,22km−1

(f)p)
θ
] 1

θ

+
[ ∑
e⊂em

∑
0̄≤k̄e≤n̄e

∏
j∈e

2
kjθ(

1
θ
− 1

qj
)
(Y

(
¯

22
k1−1)e

(f)p̄,q̄)
θ
] 1

θ
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<<
[ ∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)(
Y
22

k1−1,...,22km−1
(f)p

)θ] 1
θ
. (2.8)

Since series (2.1) converges to f in the metric of the space L∗
p̄,θ(I

m), we pass to the limit in (2.8)

as n1 → +∞, . . ., nm → +∞ and get

‖f‖∗p,θ <<
[ ∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

qj
)(
Y
22

k1−1,...,22km−1
(f)p

)θ] 1
θ
.

Theorem 1 is proved. �
Theorem 2. Suppose that 1 ≤ θ ≤ min{2, p} and 1 < p < +∞. If f ∈ Lp(I

m) and

∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
1− θ

p

j

(
‖δs̄(f)‖∗p

)θ
< +∞,

then f ∈ L∗
p,θ(I

m) and

‖f‖∗p,θ <<
[ ∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
1− θ

p

j

(∥∥δs̄(f)∥∥p

)θ] 1
θ
.

Proof. By the definition of the best “angle” approximation and the property of the norm,

Y
22

k1−1,...,22km−1
(f)p ≤ ‖f − U

22
k1−1,...,22km−1

‖p ≤
∞∑

νm=km

. . .
∞∑

ν1=k1

∥∥∥ 2νm+1∑
sm=2νm+1

. . .
2ν1+1∑

s1=2ν1+1

δs̄(f)
∥∥∥
p
.

Hence, applying Lemma 2.2 from [14], we obtain

∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

p
)
(Y

22
k1−1,...,22km−1

(f)p)
θ

<<
∞∑

km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)
(∥∥∥ 2km+1∑

sm=2km+1

. . .
2k1+1∑

s1=2k1+1

δs̄(f)
∥∥∥
p

)θ
. (2.9)

By the Littlewood–Paley theorem (see [2, p. 55]), for 1 < p < +∞, we have

∥∥∥ 2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

δs̄(f)
∥∥∥
p
�

∥∥∥( 2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

|δs̄(f)|2
) 1

2
∥∥∥
p
.

Therefore, if 1 < p ≤ 2, by Jensen’s inequality (see [2, p. 125]), we have

∥∥∥ 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

δs̄(f)
∥∥∥
p
<<

( 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

‖δs̄(f)‖pp
) 1

p
.

Consequently,
∞∑

km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

p
)
∥∥∥ 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

δs̄(f)
∥∥∥θ

p
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<<

∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)
( 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

∥∥δs̄(f)∥∥p

p

) θ
p
.

By the hypothesis of the theorem, we have θ < p. Then, by Jensen’s inequality (see [2, p. 125]),

∞∑
km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)
( 2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

∥∥∥δs̄(f)∥∥∥p

p

) θ
p

≤
∞∑

km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)

2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

‖δs̄(f)‖θp ≤
∞∑

sm=1

. . .
∞∑

s1=1

m∏
j=1

s
θ( 1

θ
− 1

p
)

j ‖δs̄(f)‖θp .

Thus, for 1 < p ≤ 2,

∞∑
km=0

. . .

∞∑
k1=0

m∏
j=1

2
kjθ(

1
θ
− 1

p
)
∥∥∥ 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

δs̄(f)
∥∥∥θ

p
<<

∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
θ( 1

θ
− 1

p
)

j ‖δs̄(f)‖θp .

(2.10)

Now, if 2 < p < +∞, we find by the property of the norm that

∥∥∥( 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

|δs̄(f)|2
) 1

2
∥∥∥
p
≤

( 2km+1∑
sm=2km+1

. . .

2k1+1∑
s1=2k1+1

‖δs̄(f)‖2p
) 1

2
.

Therefore, if θ ≤ 2, using Jensen’s inequality (see [2, p. 125]), we obtain

∞∑
km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)
(∥∥∥ 2km+1∑

sm=2km+1

. . .
2k1+1∑

s1=2k1+1

δs̄(f)
∥∥∥
p

)θ

<<
∞∑

km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)
( 2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

‖δs̄(f)‖2p
) θ

2

<<
∞∑

km=0

. . .
∞∑

k1=0

m∏
j=1

2kjθ(
1
θ
− 1

p
)

2km+1∑
sm=2km+1

. . .
2k1+1∑

s1=2k1+1

‖δs̄(f)‖θp <<
∞∑

sm=1

. . .
∞∑

s1=1

m∏
j=1

s
θ( 1

θ
− 1

p
)

j ‖δs̄(f)‖θp .

(2.11)

The assertion of Theorem 2 follows from inequalities (2.9)–(2.11) and Theorem 1. �
Corollary. Assume that 1 < θ ≤ min{2, p} and p ≤ qj for j = 1, . . . ,m. If f ∈ L∗

p,q̄(I
m) and

∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
θ( 1

θ
− 1

qj
)

j

(
‖δs̄(f)‖∗p,q̄

)θ
< ∞,

then f ∈ L∗
p,θ(I

m) and

‖f‖∗p,θ <<
[ ∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
θ( 1

θ
− 1

qj
)

j

(
‖δs̄(f)‖∗p,q̄

)θ] 1
θ
.
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Proof. Since p ≤ qj for j = 1, . . . ,m, we have L∗
p,p(I

m) = Lp(I
m) ⊂ L∗

p,q̄(I
m). Using the

inequality of different metrics for trigonometric polynomials (see [12, Lemma B; 13, Theorem 10]),

we get
∞∑

sm=1

. . .
∞∑

s1=1

m∏
j=1

s
θ( 1

θ
− 1

p
)

j ‖δs̄(f)‖θp <<
∞∑

sm=1

. . .
∞∑

s1=1

m∏
j=1

s
θ( 1

θ
− 1

qj
)

j

(
‖δs̄(f)‖∗p,q̄

)θ
.

Hence, f ∈ Lp(I
m) and, applying Theorem 2 to this function, we obtain the assertion of the

corollary. �
Theorem 3. Suppose that λ̄ = (λ1, . . . , λm), 1 < λj < θ < +∞ for j = 1, . . . ,m, and

max{p, 2} ≤ θ < +∞. If f0 ∈ L∗
p̄,θ(I

m) and

f0(x̄) ∼
∑
s̄∈Zm

+

as̄
∑

k̄∈ρ(s̄)

m∏
j=1

(
nj − 2sj−1 + 1

) 1
p
−1

ei〈k̄,x̄〉,

then

‖f0‖∗p,θ >>
[ ∞∑
sm=1

. . .

∞∑
s1=1

m∏
j=1

s
( 1
θ
− 1

λj
)θ

j

(
‖δs̄(f0)‖∗p,λ̄

)θ] 1
θ
.

Proof. Blozinski [1] proved that

‖f‖∗p,θ >> sup
g∈L∗

p′,θ′
‖g‖∗

p′,θ′≤1

∣∣∣∣
∫
Im

f(x̄)g(x̄)dx̄

∣∣∣∣, (2.12)

where p−1 + (p′)−1 = 1, θ−1 + (θ′)−1 = 1, and 1 < p, θ < +∞.

Consider the function gν(x̄) =
ν−1∑
sm=1

. . .
ν−1∑
s1=1

bs̄,ν
∑

k̄∈ρ(s̄)

(
nj − 2sj−1 + 1

) 1
p′−1

ei〈k̄,x̄〉, where

bs̄,ν =
∥∥∥{ m∏

j=1

s
1
θ
− 1

p

j ‖δs̄(f0)‖p,λ̄
}ν̄−1̄

s̄=1̄

∥∥∥− θ
θ′

lθ
|as̄|θ−1 sgn as̄.

By continuity, we have gν ∈ L∗
p′,θ′(I

m). Now, let us show that ‖gν‖∗p′,θ′ ≤ C0, where C0 is some

positive number. By the definition of gν , in view of the relation

∥∥∥ ∑
k̄∈ρ(s̄)

m∏
j=1

(
nj − 2sj−1 + 1

) 1
p
−1

ei〈k̄,x̄〉
∥∥∥
p,λ̄

�
m∏
j=1

s
1
λj

j (2.13)

for 1 < p, λj < +∞, j = 1, . . . ,m, we have

∥∥∥{ m∏
j=1

s

1
θ′−

1
λ′
j

j ‖δs̄(gν)‖∗p′,λ̄′

}ν̄−1̄

s̄=1̄

∥∥∥
lθ′

<<
∥∥∥{ m∏

j=1

s
1
θ
− 1

p

j ‖δs̄(f0)‖∗p,λ̄
}ν̄−1̄

s̄=1̄

∥∥∥− θ
θ′

lθ

×
[ ν−1∑
sm=1

. . .

ν−1∑
s1=1

m∏
j=1

s
1− θ

λj

j

(
‖δs̄(f0)‖∗p,λ̄

)θ] 1
θ′ ≤ C0,

where λ′
j = λj/(λj − 1) for j = 1, . . . ,m.
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Thus,
∥∥∥{ m∏

j=1

s

1
θ′−

1
λ′
j

j ‖δs̄(gν)‖p′,λ̄′

}ν̄−1̄

s̄=1̄

∥∥∥
lθ′

≤ C0. Hence, by the corollary of Theorem 2, we have

Gν(x̄) = C−1
0 gν(x̄) ∈ L∗

p′,θ′(I
m) and ‖Gν‖∗p′,θ′ ≤ 1.

By (2.12) and the orthogonality of the system {ei〈n̄,x̄〉},

‖f0‖∗p,θ >>
∫
Im

f0(x̄)gν(x̄)dx̄ =
∥∥∥{ m∏

j=1

s
1
θ
− 1

λj

j ‖δs̄(f0)‖∗p,τ̄
}ν̄−1̄

s̄=1̄

∥∥∥− θ
θ′

lθ
×

ν−1∑
sm=1

. . .
ν−1∑
s1=1

|as̄|θ
m∏
j=1

sj. (2.14)

Further, by (2.13), |as̄(f0)|θ
m∏
j=1

sj �
m∏
j=1

s
1− θ

λj

j

(∥∥δs̄(f)∥∥∗
p,λ̄

)θ
. Therefore, by (2.14),

‖f0‖∗p,θ >>
∥∥∥{ m∏

j=1

s
1
θ
− 1

λj

j ‖δs̄(f0)‖∗p,λ̄
}ν̄−1̄

s̄=1̄

∥∥∥− θ
θ′

lθ
×

ν−1∑
sm=1

. . .

ν−1∑
s1=1

m∏
j=1

s
1− θ

λj

j ‖δs̄(f)‖θp,λ̄ .

Passing to the limit as ν → +∞ in this inequality, we obtain

‖f0‖∗p,θ >>
∥∥∥{ m∏

j=1

s
1
θ
− 1

λj

j ‖δs̄(f0)‖∗p,λ̄
}
s̄∈Zm

+

∥∥∥
lθ
.

Theorem 3 is proved. �
Theorem 4. Suppose that 1 < p < +∞, 0 < r1 = r2 = . . . = rν < rν+1 ≤ . . . ≤ rm, and

γj = rj/r1 for j = 1, 2, . . . ,m.

1. Let θ ≤ τj for j = 1, . . . ,m. If 1 < θ ≤ min{p, 2} and p ≤ qj for j = 1, . . . ,m, then

E(γ)
n

(◦
S

r

p,q̄,τ̄B
)
p,θ

<< 2−nr1n

m∑

j=1
(1/θ−1/qj)+

m∑

j=2
(1/θ−1/τj )

.

If 1 < p ≤ qj < ∞ for j = 1, . . . ,m and max{p, 2} ≤ θ < ∞, then

E(γ̄)
n

(◦
S

r̄

p,q̄,τ̄B
)
p,θ

>> 2−nr1 n

m∑

j=1
(1/θ−1/qj )+

m∑

j=2
(1/θ−1/τj )

.

2. Let 1 ≤ τj ≤ θ for j = 1, . . . ,m. If 1 < θ ≤ min{p, 2} and p ≤ qj for j = 1, . . . ,m, then

E(γ)
n

(◦
S

r̄

p,q̄,τ̄B
)
p,θ

<< sup
s∈Y m(γ,n)

m∏
j=1

2−sjrjs
1
θ
− 1

qj

j .

If 1 < pj < ∞ and 1 < θj < qj < ∞ for j = 1, . . . ,m, then

E(γ̄)
n

(◦
S

r̄

p̄,q̄,τ̄B
)
p̄,θ̄

>> sup
s̄∈Y m(γ̄,n)

m∏
j=1

2−sjrjs
1
θj

− 1
qj

j .

Proof. Let θ < τj for j = 1, . . . ,m. Applying Hölder’s inequality, we see that the assumptions

of the corollary hold for f ∈
◦
S

r̄

p,q̄,τ̄B. Consequently, this function belongs to the space L∗
p,θ(I

m).

Therefore, applying the corollary of Theorem 1 to the function f − S
(γ)
n (f) ∈ L∗

p,θ(I
m), we obtain

∥∥f − S
¯(γ)

n (f)
∥∥∗
p,θ

<<
∥∥∥{ m∏

j=1

s
1
θ
− 1

p

j ‖δs (f)‖∗p,q̄
}
s∈Y m(γ,n)

∥∥∥
lθ
. (2.15)
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Further, applying Hölder’s inequality (βj = τj/θ, β
−1
j + (β′

j)
−1 = 1) and Lemma 1 from [12],

for βj = θ−1 − p−1L, we have

∥∥∥{m∏
j=1

s
1
θ
− 1

p

j

∥∥δs(f)∥∥∗
p,q̄

}
s∈Y m(γ,n)

∥∥∥
lθ
≤

∥∥∥{m∏
j=1

2sjrj
∥∥δs(f)∥∥∗

p,q̄

}
s∈Zm

+

∥∥∥
lτ
×

∥∥∥{m∏
j=1

2−sjrjs
1
θ
− 1

p

j

}
s∈Y m(γ,n)

∥∥∥
lε

<<
∥∥∥{ m∏

j=1

2sjrj
∥∥δs(f)∥∥∗

p,q̄

}
s∈Zm

+

∥∥∥
lτ
× 2−nr1 n

m∑

j=1
(1/θ−1/qj)+

m∑

j=2
1/εj

, (2.16)

where εj = θβ′
j and ε−1

j = β′
j/θ = θ−1 − τ−1

j for j = 1, . . . ,m.

Now, it follows from (2.15) and (2.16) that
∥∥f −S

(γ̄)
n (f)

∥∥∗
p,θ

<< 2−nr1 n

m∑

j=1
(1/θ−1/qj)+

m∑

j=2
(1/θ−1/τj )

in the case θ < τj , j = 1, 2, . . . ,m, for f ∈
◦
S

r̄

p,q̄,τ̄B. Hence, in the case θ < τj, j = 1, 2, . . . ,m,

E(γ̄)
n

(◦
S

r̄

p,q̄,τ̄B
)
p,θ

<< 2−nr1 n

m∑

j=1
(1/θ−1/qj )+

m∑

j=2
(1/θ−1/τj )

.

Let us prove the lower bound. Consider the function

f0(x̄) = n
−

m∑

j=2

1
τj

∑
s̄∈κ(n)

m∏
j=1

2−sjrjs
− 1

qj

j

∑
k̄∈ρ(s̄)

m∏
j=1

(
nj − 2sj−1 + 1

) 1
p
−1

ei〈k̄,x̄〉.

By continuity, f0 ∈ L∗
p,q̄(I

m). Further, in view of relation (2.13) and [8, Lemma 2],

∥∥{
2〈s,r〉 ‖δs̄(f0)‖∗p,q̄

}∥∥
lτ̄
<< n

−
m∑

j=2

1
τj

∥∥{
χκ(n)(s̄)

}
s̄∈κ(n)

∥∥
lτ̄
<< n

−
m∑

j=2
1/τj

n

m∑

j=2
1/τj

= C0.

Thus, F0 = C−1
0 f0 ∈

◦
S

r̄

p,q̄,τ̄B. By the definition of the function f0 and of the best approximation,

E
(γ̄)
n (f)p,θ = ‖f0‖∗p,θ. Choose numbers λj ∈ [1, θ) for j = 1, 2, . . . m. Now, applying Theorem 3 and

Lemma 1, we get

E(γ̄)
n (f0)p,θ = ‖f0‖∗p,θ >>

∥∥∥{ m∏
j=1

s
1
θ
− 1

λj

j ‖δs̄(f0)‖∗p,λ̄
}
s̄∈Zm

+

∥∥∥
lθ

>> n
−

m∑

j=2
1/τj∥∥∥{ m∏

j=1

2−sjrjs
1
θ
− 1

qj

j

}
s̄∈κ(n)

∥∥∥
lθ
>> 2−nr1 n

m∑

j=1
(1/θ−1/qj)+

m∑

j=2
(1/θ−1/τj )

.

This proves the lower bound in the case θ < τj, j = 1, 2, . . . ,m.

Let us prove the second assertion. Let τj < θ, j = 1, 2, . . . ,m. Then, by Jensen’s inequality,

∥∥∥{ m∏
j=1

s
1
θ
− 1

p

j ‖δs(f)‖∗p,q̄
}
s∈Y m(γ,n)

∥∥∥
lθ
≤

∥∥∥{ m∏
j=1

s
1
θ
− 1

qj

j ‖δs̄(f)‖p,q̄
}
s̄∈Y m(γ̄,n)

∥∥∥
lτ̄

≤
∥∥∥{ m∏

j=1

2sjrj‖δs(f)‖p,q̄
}
s̄∈Zm

+

∥∥∥
lτ̄

sup
s∈Y m(γ̄,n)

m∏
j=1

2−sjrjs
1
θ
− 1

qj

j .
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Therefore, it follows from inequality (2.16) that

E(γ̄)
n

(◦
S

r

p,q̄,τB
)
p,θ

<< sup
s∈Y m(γ̄,n)

m∏
j=1

2−sjrjs
1
θ
− 1

p

j

in the case τj ≤ θ, j = 1, 2, . . . ,m. The upper bound is proved.

Let us prove the lower bound. Let τj ≤ θ, j = 1, 2, . . . ,m, and ˜̄s ∈ Y m(γ, n). Define

f1(x̄) =
m∏
j=1

2−s̃jrj s̃j
−1
qj

∑
k̄∈ρ(˜̄s)

m∏
j=1

(
nj − 2s̃j−1 + 1

) 1
pj

−1
ei〈k̄,x̄〉.

By relation (2.13), we have
∥∥δs̃ (f1)∥∥∗

p,q
�

∏m
j=1 2

−s̃jrj . If s̄ �= ˜̄s, then ‖δs(f1)‖∗p,q = 0. Therefore,∥∥{
2〈s,r〉 ‖δs(f1)‖∗p,q

}
s̄∈Zm

+

∥∥
lτ
≤ C1 and C−1

1 f1 ∈ Sr
p,q,τB. Since 〈˜̄s, γ̄〉 ≥ n, E

(γ̄)
n (f1)p̄,θ = ‖f1‖∗p̄,θ.

Therefore, in view of relation (2.13),

E(γ̄)
n (f1)p̄,θ = ‖f1‖∗p̄,θ >>

m∏
j=1

2−s̃jrj s̃j
1
θ
− 1

qj ∀˜̄s ∈ Y m(γ, n).

Hence,

E(γ)
n

( ◦
S

r

p,q,τB
)
p̄,θ

>> sup
s∈Y m(γ,n)

m∏
j=1

2−sjrjs
1
θ
− 1

qj

j .

Theorem 4 is proved. �
Remark. If p = θ = 2, then min{p, 2} = max{p, 2} = 2 and L∗

p,θ(I
m) = L2(I

m). Therefore,

by the first assertion of Theorem 4,

E(γ)
n

( ◦
S

r

2,q,τB
)
2
� 2−nr1 n

m∑

j=1
(1/2−1/qj )+

m∑

j=2
(1/2−1/τj )

for 2 < qj < ∞ and 2 < τj ≤ ∞, j = 1, . . . ,m.

3. CONCLUSIONS

In [12, inequality (32)], the following relation was proved:

∞∑
k2=0

2
k2θ2(

1
θ2

− 1
q2

)
{ 2k2+1∑
s2=2k2+1

[ ∞∑
k1=0

2
k1θ1(

1
θ1

− 1
q1

)
( 2k1+1∑
s1=2k1+1

‖δs̄(f)‖∗p̄,q̄
)θ1] 1

θ1

}θ2

<<

∞∑
s2=2

s
1− θ2

q2
2

[ ∞∑
s1=2

s
1− θ1

q1
1

(
‖δs̄(f)‖∗p̄,q̄

)θ1] θ2
θ1 . (3.1)

As shown in [12], applying Hölder’s inequality to prove (3.1) with exponents θ−1
j + (θ′j)

−1 = 1,

j = 1, 2, we obtain

2
k1θ1(

1
θ1

− 1
q1

)
( 2k1+1∑
s1=2k1+1

‖δs̄(f)‖∗p̄,q̄
)θ1

<<

2k1+1∑
s1=2k1+1

s
θ1(

1
θ1

− 1
q1

)

1 (‖δs̄(f)‖∗p̄,q̄)θ1 .
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Unfortunately, there was an inaccuracy in the proof of this inequality. The correct relation is

2
k1θ1(

1
θ1

− 1
q1

)
( 2k1+1∑
s1=2k1+1

‖δs̄(f)‖∗p̄,q̄
)θ1

≤ 2
k1θ1(

1
θ1

− 1
q1

)
2k1(θ1−1)

2k1+1∑
s1=2k1+1

(‖δs̄(f)‖∗p̄,q̄)θ1 <<
2k1+1∑

s1=2k1+1

s
θ1(1− 1

q1
)

1 (‖δs̄(f)‖∗p̄,q̄)θ1 .

Theorem 2 rectifies this inaccuracy to some extent.

Note that, in the case θ̄ = q̄, there is no known estimate for the value

E(γ)
n

( ◦
S

r

p,q,τB
)
p,θ̄

= sup
{
E(γ)

n (f)p,θ̄ : f ∈
◦
S

r

p,q,τB
}
.
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