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Well-posedness of the initial-boundary value problems for t
time-fractional degenerate diffusion equatior‘s

This paper deals with the solving of initial-boundary value problems for the one-dimensionaliline e
fractional diffusion equations with time-degenerate diffusive coefficients ¢® with 8 > olutions
to initial-boundary value problems for the one-dimensional time-fractional degenerat equations
with Riemann-Liouville fractional integral I&;‘f of order a € (0,1) and with Rie fractional
derivative Dg, ; of order a € (0,1) in the variable, are shown. The solutions to e fractional diffusive

by the method of separation of variables, through finding two problems wit fiable. Rather, through
Dirichlet or Neumann
boundary conditions. The solution to the Sturm-Liouville proble
initial fractional-integral Riemann-Liouville condition. The exis e iqueness of the solution to the
problem are confirmed. The convergence of the solution was evid d using the estimate for the Kilbas-
Saigo function Fq m,(z) from and by Parseval’s identity.

Keywords: time-fractional diffusion equation, metho e tion variables, Kilbas-Saigo function.

Int cti

Many mathematicians have attracted most interest to the fractional diffusion equations. Inverse
source problems for degenerate time-fraéti PDE were studied in [1]. In [2, 3|, Al-Refai and Luchko
analyzed the initial-boundary valugfproblems for the linear and non-linear fractional diffusion equations
i al derivative. Various types of fractional derivatives and
their properties were investi fhe monograph [4-8|. Fractional calculus can be applied in
mechanics, physics, mat iCs, . |8-12]. Note that degenerate fractional evolutionary equations
were investigated in [13, [15], maximum and minimum principles for time-fractional diffusion

ivatives were proposed. Luchko studied initial-boundary value problems
uation with a distributed order [16].

[17], we studied the Cauchy-Dirichlet and Cauchy-Neumann problems for

equations involvi
for a generalized

1 Dirichlet problem

Let us consider the one-dimensional case of the time-fractional diffusion equation

D§, qu(t, z) — tPug,(t,z) =0, (t,2) € (0,00) x (0, 1), (1)
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with the Dirichlet boundary condition
u(t,0) =wu(t,1) =0, t >0, z€[0,1], (2)
and the Cauchy initial condition
I +tu(0,a:) = ¢(x), = €]0,1], (3)

where 8 > 1 — «a, Dg, ; is the Riemann-Liouville fractional derivative of order o € (0,1) defined by
[5; 79]

1 d t d
Db () = Grlovi ) = p a)E/o (f(s) >

t—s)
Here I&;g‘ is the Riemann-Liouville fractional integral given by [5; 80| * \\

L [ff(s)ds
B0 = 77 ), =y

Let H?(0,1) is a Hilbert space, defined by
H?*(0,1) = {u: ue L*0,1); uz, € L% 0,@

where the norm is

‘UHH?(Ol ZA

Definition 1 The solution to problem (1)7(
tl—o- 5D0+t 1=y, € C((0,00); L2(0,1)).

Theorem 1. Let ¢(z) € H*(0,1), then there
has the form

[e.9]

Z(bk 51 —m2k2 ) sinwka, (t,x) € (0,00) x (0,1),

where ¢ = 2 fol ¢(x)sink and Egm(2) is the Kilbas-Saigo function defined as
[8, Remark 5.1]

tal

F(a(jm+1) +1)

m ; =1, ¢=0I"_} > 4
?) lzoc’z’ =5 I=OT(a(jm+1+1)+1) ' = @
For the function ¥ 1 (=AgtPT9) the following estimate holds [4, Proposition 3.6|
o 1 +a
mm—1 (= MptPTe) < — =f3a . t>0. (5)
I'(l14+am o "

Proof Theorem 1.

Ezistence of solution. Since the Sturm—Liouville operator has eigenvalues {\y > 0, &k € N} on
L?(0,1) and the corresponding orthonormal eigenfunctions {Xx(x), k € N} in L?(0,1) and ¢(z) €
H?2(0,1), then we can write the solution to problem (1)—(3) as follows

=) " Tu(t)Xi(x), (t,x) € (0,00) x (0,1), (6)
k=1
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d(x) =Y opXp(x), =€ (0,1),
k=1

where )
o =2 [ 9()Xula)da.
0
Substituting (6) to diffusion equation (1)—(3), we gain the next problem

DG, Tr(t) + At Ti(t) = 0, ¢ >0, (7)

I57Tx(0) = ok, ()
X7 (x) + M Xp(z) = 0, ’\\' 9)

X4(0) = Xi(1) = 0. (10)
The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet problem (9)—(10)
are X(z) = sinmkr and )\, = (7wk)?, respectively. It is known that a_umigue solution to problem

(7)-(8) is [5; 227]
ta_l 9.9
Tk(t) = m‘bkEa,Hg,H%(’_ﬂ k7t (11)
Substituting (11) and the orthonormal eigenfunctions Xy (z) =jsin to (6), we can get the solution
to problem (1)—(3) in the next form

ta—l 0

U(t,l‘) = F(Oé) ;gbkEa,l—i-g,l_i_ﬁ

Y)sinkx, (t,x) € (0,00) x (0,1). (12)

Convergence of solution. Applying (5) o (11),

By Parseval’s identity, it (12) that

[e.9]

1 2
=Sup ————5
o0 =3 Tra) 2

2

Boargaran (0

- 1 > |on|?
<SP ) 2 )
t>0 k=1 (4 I'(l1+am) 2L2¢B+a "
+ FTratmim ™t

1 o o
< sup s Lol < Y el =160y (13

ID(e)? (1 + -r(lfcf&"i)1>>”2t5+°‘> = =

Solving Dg, yu and ug, we get

1 o)
Dg pult, x) = m Z¢kD8+,tta_1Ea,1+§,1+%(—W2k2tﬁ+a) sinmkz =
k=1
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totp—1 =
T I'(«) 7r2k2¢kEa,1+ﬁ,1+@(_7T2k2tﬁ+a) sin Tk, (14)
@ k=1 “ @
and
ta Ry 21.2 N/
U (t, 7) Z¢kEa 148 1481 L (2K sin” wha =
ta—l o0
= _F(a) F2k2¢kEa,1+§’1+E(_7T2k2t/8+a) sin Tk, (15)
k=1 @ @

Applying (13)—(15) we get

iggl!tl_a_ﬁw ult, )20,y < Zﬂ4k4l¢ 2 = lloOr201) < 05 \
and 6

1— 474y 12 2
sup [z (1) [F2(0,1) < Zw ko = [ (-)]]
Uniqueness of the solution. Suppose that u; and ug are solution t@ ) and we choose
u = u1 — ug in such a way, that u satisfies the diffusion equati d boundanes 1n1tlal conditions
(2), (3). Define
1
Ti(t) = / u(t, z) sin rhadd, ot > 0. (16)
0
Applying Dg, , to left-side (16) equation by usin obtain

,x) sin tkxdx

Uy (t, ) sin Thxdx
0

1
O tﬁ/ u(t, z) sin” mkxdx
0
1
@ —tPn 2k2/ u(t, x) sin tkxdx
0
= —tPn%k* Ty (t), k€ N, t > 0.
I5Ti(0) = 0,

whi at u(t,z) = 0. Hence ui(t,x) = ug(t, ), therefore the problem (1)—(3) has a unique
soluti

From (2), (3)

2 Cauchy-Neumann problem
Let us consider time-fractional diffusion equation
D, yu(t,z) — tﬁum(t,x) =0, (t,x) € (0,00) x (0,1), (17)
with the Neumann boundary condition

Up(t,0) = ug(t,1) =0, t >0, z€0,1], (18)
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and the Cauchy initial condition
Ly 5u(0,2) = ¢(x). (19)
Definition 2. The solution to problem (17)-(19) is t'~%u € C((0,00); L?(0,1)), which satisfies
tl_a_BD8‘+7tu, ti= v, 1%y, € C((0,00); L2(0,1)).
Theorem 2. Let ¢(z) € H?(0,1). The unique solution to problem (17)-(19) is the function u, which
has form

o0

o~ 1
ZgbkEa 148 14821 | (=22t cos mha, (¢, x) €

u(t,x) = (o)

where ¢g = fo x)dz and ¢ = 2 fo Jcosmkadz, k€ N and E, , (2) is a K‘ba tion,
which is defined by the formula (4) and ( ).

It can be easily proven by the idea of Theorem 1.
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2

AT Cmanuesa

Oa-Dapabu amvndaev, Kasax yammok yHusepcumemi, Aamamo, KCMAH;
Mamemamura sHcoHne MAMEMAMUKGADLE, MOOEALOEY UHCTNUMYMIbL, v, B asaxcman
Bemmmnek peTrTi TYbIHABLIBI ©3TelIe/IeHTeH [ g TeHaeyJepi
YIIiH O0acTallKbl MIETTIiK eCcerTi HJTbLJTBIFbI

Makanana t°, 8 > 1 — a quddysusnbik kosdduimenTre ip@JIIIeM Il ChI3BIKTHIK, OOJIIIEK PeTTi

GOMBIHINA OOJIIIEK PETTI TYBIHLLIIBI ©3rellle-
pain memimzaepi kepcerisren. Besrek perti

Puman-JInysumie tysmapicer DGy, 6ap 6ip e
snenren auddy3us TeHaeynaepi yimia 6acTamKb

nici apKbLIbl, 6ip affHbIMaIBICH 6ap €Ki ecenTi Taby apKbLIbI
H IIIEKaPAJIBIK MIAPTTAPbIMEH t MapaMeTpine Toyesii OeImexK
yvenai Hltypm-JInyBuir ecebine KoibIFraH 6acTalKbl map-
PKBLITBI OEPiIreH ecenTiH, MmenriMin Tady apKbLIbl. KcenTiH,

TepAiH menriMi affHbIMaJIbIIapAbl a2KbIPaT
anbikTataael. lemek, [lupuxie anemece Heit
peTTi ecebiniy mIenriMin KoHe T mapa i

TeI Gestrek perti Puman-Jlnysus

Kiam ceadep: Gemmex i LIbl e3remreseHreH auddy3ust TeHaeyi, alflHbIMAIbIIAPBIH aXKbIPaTy
opici, Kunbac-Caiiro

A.T'. Cmanuesa

axeRUT HAUUOHAALHOIG YHusepcumem umeru Aav-Papabu, Aamamo, Kasaxcmar;
HC Ym MAMEMAMUKY U MAMEMAMUYECKO20 Mmodeauposarus, Aamamo, Kazaxcman

OPPEKTHOCTh HaYaJIbHO-KPAaEeBbIX 3314 JIJisl JIPOOHBIX
BBIPOXKJIEHHBIX AP PYy3MOHHBIX ypPaBHEHMI

CraTbsl TIOCBSIIIEHA PENTEHNI0 HAIATbHO-KPAEBBIX 3a71a4 JJIsi O[THOMEDHBIX JIPOOHBIX BBIPOXKIEHHBIX JTUHET-
HBIX TudPy3nOHHBIX ypaBHEeHNN Kodbdurmentamu 1uddy3un t% pu B > 1 — @, HAYATBLHO-KPAEBBIX 33144
JIJIsT OJTHOMEPHBIX yPaBHEHUI BhIpOXKJaoleiics nuddysun ¢ 1pobHBIM BpeMEHeM € JAPOOHBIM UHTEIPAJIOM
Pumana-JInysunas Ié;g‘ nopsizka « € (0,1) u ¢ npobuoit npoussoguoit Pumana-JInysuns DGy , mopsaka
a € (0,1) no nepemennoit. Pemmenns stux ApobHbIX 1udDy3HOHHBIX yPABHEHUI [IPEICTABIECHDI C TOMOIIBIO
dyuxun Kunbaca-Caitro Fq, m,i(2), IX DOIYYUIN METOIOM Pa3/Ie/IeHus IePEMEHHBIX, IIyTeM HAXOXKICHs

IBYX 3aJa9 C OJHOU TepeMeHHO. BepHee, myTeM HAXOXKJIEHUsI PEIIEHUsT APOOHON 3a1a49M, 3aBUCHIIEH OT
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napamMerpa t, ¢ rpanudHbIME ycnoBuamu Jupuxne wim Heitmana, n pemenue 3agaun Hltypma—JInysumis,
3aBUCHIIEN OT HEPEMEHHOM T C HA49aJIbHBIM JIPOOHO-MHTErPAIbHBIM ycsioBueM Pumana-JInysuss. Jokasa-
HBI CyIIECTBOBAHNE U €IUHCTBEHHOCTD peleHnst 3a1adu. CXOIMMOCTD B PEIIeHNs IOATBEPXKAEHA C IIOMOIILIO
ounenkn ynkunn Knnbaca-Caiiro Eq m,i(z) u Toxxaecrsa Ilapcesassi.

Karoueewie crosa: pobHO-BBIPOXK TeHHoe nuddy3MoHHOE ypaBHEHUE, METO, Pa3Ie/IeHNs] [IEPEMEHHBIX, (DYHK-
muga Kunbaca-Caiiro.
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