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Syntactic similarity of definable closures of Jonsson sets

In the framework of the classification of the Jonsson theories concept of interpretability and admissibility in
the language of the semantic triple of the Jonsson theory was considered. A description of the syntactic and
semantic similarity of perfect fragments of Jonsson subsets of the semantic model of the existential-prime
convex Jonsson theory was obtained. Some model-theoretic properties for Jonsson’s theories are considered.
Such theories, as group theory, the theory of Abelian groups, the theory of Boolean algebraj the theory of
ordered sets, the theory of polygons, and many others satisfies Jonsson’s properties.
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The study of Jonsson theories is one of the interesting problems of the classical model theory. In the works
[1, 2] you can find the main aspects of this type of research. One of the important concepts of model theory
is the concept of definability (interpretability) of one algebraic systemin another: It is said that the algebraic
system B =< B, R;, i € I > is definable on A =< A, P;, j € J >, if exists such formular relations ®; i € 1
in language 2 that < A; ®;, i € I > is an isomorphic < B; R;, i € I >. In the course of the development
of model theory, this notion was generalized, and the most general (at-present) definition can be formulated
as follows. If 2 algebraic system, n < w, B C A™, X is the cardinal then B is called 7)-subset if exists such
n-type p(z1, ..., ) over () of language of system 2, sueh:|p(@y, .., z,)| < A and B consists of all n of A",
realising p(z1, ..., x,) in A. Obviously, 7)-subsets aredinvariant relatively automorphisms. Therefore, 7 it can
be considered as a way of isolating a certain class of invariant subsets of algebraic systems. If 2, 5 - algebraic
systems G = Aut( A), then we say that B is ) # interpreted in 2, if 95, is ), — interpreted in pure pair (A4, G).
If A = w then usually instead of 7\ — interpretability says formally (or elementarily) interpreted (definable).
The problem of interpretability can be considered through other similar concepts, for example, syntactic and
semantic similarity.

Definition 1. A theory T is called'Jonsson if:

1) the theory T has an infinite‘model;

2) the theory T is inductive;

3) the theory T has the joint embedding property JEP;

4) the theory T has the amalgamation property AP.

Definition 2. The set X is said to be Jonsson in theory T, if it satisfied to following properties:

1) X is definable subset of €', where C' is semantic model of theory T

2) dcl(X) is support of some existentially closed submodel C, where dcl(X) is definable closure of X.

Definition 8. We say/that all V3 consequences of an arbitrary theory form the Jonsson fragment if the
deductive closure of these V3 consequences is the Jonsson theory.

Let T is an arbitrary Jonsson theory, then E(T') = U<, E,(T), where E,, (T) is a lattice of 3 formulas with
n free yariables, T is a center of Jonsson theory T, i.e. T* = Th(C) , where C is semantic model of Jonsson
theory ZTin the sense of [3].

Definition 4 [4]. Let T} and T are Jonsson theories. We say, that 77 and T, are Jonsson’s syntactically
similar, if exists a bijection f : E(Ty) — E(T») such that:

1) restriction f to E,(T1) is an isomorphism of lattices E,,(T1) and E,(T2), n < w;

2) f(ElvTLJrl(p) = Ekpnlef((p)’ P e Fn+1(T)7 n < w;

3) f(’l)l = ’1)2) = (Ul = ’UQ).

We would like to give some examples of syntactic similarity of certain algebraic examples. For this, we recall
the basic definitions associated with these examples following denotions from B. Poizat [5].

A Boolean ring is an associative ring with identity, in which 2? = x for any x is called a Boolean ring;
then, we have also (x + y)2 = 22 +ay +yr + Y% = v + 2y + yx + y and besides (x + y)2 = x + y; therefore
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zy + yx = 0 for an arbitrary z, y; 22 + 22 = 0 means,  + = = 0, for any = or £ = —z; hence the Boolean ring
has characteristic 2 and, since xy = —yx = yz, it is commutative.

To axiomatize this concept, we introduce a language containing two symbols of constants 0 and 1, two
symbols of binary relations + and -

We write down some universal axioms, expressing, that A is the Boolean ring, without forgetting thus 0 # 1.
In the Boolean ring we will define two binary operations A and V, and unary operation — as follows: t Ay = x-y;
rVy=c+y+azy;, v=1+4+=z.

It is easy to verify, that the following are true for all x,y and z:

— (de Morgan’s laws or duality): =(—z) =z, ~(x Ay) =z V -y—(z Vy) = -x A —y;

—zVr=x Nz =1

— (associativity A): (x Ay) Az =z A (yAz);

— (associativity V): (xVy)Vz=zV (yV z);

— (distributivity A over V):z A (yV z) = (z Ay)V (z A 2);

— (distributivity V over A): zV (yAz) = (xVy) A (zV 2);

— (commutativityA over V): x Ay =yAz,axVy=yVuz;

-z AN—-x=0,zV-z=1

—xzAN0=0,zV0=x2AN1=z,2V1=1;

-0#1,-0=1,-1=0.

A structure in language 0,1, -, A, V satisfying to these universal axioms'is called a Boolean algebra.

Fact 1 [5]. In each Boolean ring one can interpret a certain Boolean algebra.

Proof. With the Boolean ring A we have connected some Boolean.algebra b(A); the converse is also true:
r-y=xAy,x+y=(xVy) A(-zV-y), then we receive the Boolean ring a (B); and besides a (b(A4)) = A,
b(a(B)) = B. Thus we see, that up to a language, the Boolean ring and Boolean algebras have the same
structures, the Boolean ring canonically is transformed into a Boolean algebra and vice versa, transformations
in both directions are carried out using quantifier free formulas.

The following example connects Boolean algebras with Abelian groups. In work [6], conditions were found
for the cosemanticness of Abelian groups.

Fact 2 [7]. In each Boolean algebra one can interpret an Abelian group.

Proof. In Boolean algebra A we suppose a +b=1(a Ab)V (a’ AD).

[A, 4] is Abelian group, in which each not unit element has an order 2.

The element 0 is group unit in G, and each element x is reciprocal to itself: x + 2 = 0 for all x € A.

We state the obtained results.

Let’s denote through T4, Tsr, Tac accordingly theories in their signatures (they are different) of Boolean
algebras, Boolean rings and Abelian groups.

Lemma 1. Tpa, TR, Taq are examples of Jonsson theories.

Proof. Tga and Tggr from [4], Tag from [6].

Theorem 1. Theories Tp 4 and Tpr are syntactically similar, and mutually interpreted among themselves,
as for complete theories and for Jonsson theories.

Proof. Follows from the fact 1.

Theorem 2. Theory Ty 1s interpreted in theory Ty, as for complete theories and for the Jonsson theories.

Proof. Follows from Fact 2 and Theorem 1.

Let L be‘a countable first-order language and 7T is some inductive theory in this language, Fr and APy are
denoting correspondingly the following classes of this theory: class of all existentially closed models and class of
all algebraically prime models.

Definition 5. The inductive theory T called existential-prime (EP), if it has a algebraically prime model
and AP # (.

Definition 6. The theory T is called convex (C) if for any model 2 and any family {B;|i € I} of its
substructures, which are models of the theory T, the intersection (1,c; B; is a model theory 7T'. It is assumed
that this intersection is not empty. If this intersection is never empty, then the theory is called the strongly
convex (SC).

An inductive theory is called an existentially prime strongly convex theory if it satisfies the above definitions
simultaneously and is denoted by EPSC.

Let X be the Jonsson set in the theory 7" and M is existentially closed submodel semantic model €, where
dcl(X) = M. Then let Thys(M) = Fr(X), Fr(X) is Jonsson fragment of Jonsson set X. Let A; and A,
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are Jonsson subset of the semantic model the some of Jonsson EPSC-theory. Where F'r(A;) and Fr(As) are
fragments of Jonsson sets A; and As.

In the work [8] was obtained the result on syntactically similarity in the frame of EPPCJ theories in some
enrichment. The class of EPPCJ theories is the subclass of class of all Jonsson theories. Now we are considering
the following result for Jonsson theoreis without any enrichment. We have the following result.

Let T be 3 -complete perfect Jonsson theory and Fr(A;) and Fr(As) be fragments of A; and Ay correspon-
dingly, where A; and A5 are Jonsson subset of the semantic model for theory T

Even if given theory is 9 -complete perfect Jonsson theory, its fragments can be not perfect.So we will be
demand perfectness for fragments of the following theorem.

Theorem 3. Let Fr(A;) and Fr(As) are 3-complete perfect Jonsson theories. Then following conditions are
equivalent:

1) Fr(A;) and Fr(Asg) are J-syntactically similar as Jonsson theories [9];

2) (Fr(Ap))* and (Fr(Az))* are syntactically similar as the complete theories [9], where (Fr(A;))* and
(Fr(Az))* respectively be the centers of fragments of considered sets A, As.

Proof. We also need the following facts.

Fact 3 [10]. For any complete for the existential sentences Jonsson’s theory T' thefollowing conditions are
equivalent:

1) T is perfect;

2) T* model-complete.

Fact 4 [10]. For any complete for the existential sentences Jonsson’s theory T the. following conditions are
equivalent: are equivalent:

1) T* model-complete;

2) For each n < w, E,(T) is a Boolean algebra, where E,,(T) is a lattice of existential formulas with n free
variables.

We note that by the perfectness of Fr(A;) and Fr(As) implies that (£r(A4;))* and (Fr(Asz))* are J Jonsson’s
theory.

We will show 1) = 2). We have that for every n <wy E,(Fr(A1)) is an isomorphic to E, (Fr(Asz)). Let
this is an isomorphism of f1,,.By the hypothesis of the theorem and facts 3, 4 for every n < w, E,(Fr(4;)) and
E,(Fr(As)) are a Boolean algebras. But due to the perfection Fr(A;) and Fr(As;) follow that (Fr(A;))* and
(Fr(Ag))* are model-complete by virtue of fact 3, and so for each n < w, for any formula ¢(Z) of F,,((Fr(A1))*)
by Corollary 1 there is a formula ¢ (Z) of E,((Fr(A;1))*) so that in (Fr(A;1))* = ¢ < ¢. Because the theory of
Fr(A;) is complete for existential sentences and Epn(Fr(A1)) C E,((Fr(A1))*) (as Fr(A;) C (Fr(Ay))*), follow
that E,(Fr(A1)) = E,((Fr(A;7))*). Due to the fact that theory of Fr(As) is complete for existential proposals
and E, (Fr(Az2)) C E,((Fr(42))*) (as Fr(As) C (Fr(Az))*), follow that E, (Fr(Az2)) = E,((Fr(A4s2))*). For
each n < w, for each ¢1(Z) of F,,((Fr(A41))*), we define the following mapping between the F,((Fr(A1))*)
and F,,((Fr(A2))"): fan(p1(2)) = fin(Pn(T)), where (Fr(A1))" |= ¢1 > @1, 1 € En(Fr(Ar)). It is easy to
understand, that by virtue of properties.of fi,, and above what has been said, fs,, is a bijection, an isomorphism
between F,((Fr(A1))*) and F,((Fr(Az))*). Consequently, (F'r(A1))* and (Fr(Az))* are syntactically similar
(in the sense of [6]).

We show 2) = 1). Is trivial; since F,((Fr(A;1))*) an isomorphic to F, ((Fr(Asz))*) for each n < w, and by
the hypothesis of the theorem and the facts 3, 4 this an isomorphism extends to all subalgebras.

All concepts that arenot defined in this article can be extracted from [4].

Lemma 2. Any two cosemantic Jonsson’s theories are J — semantically similar.

Proof. Follows from the definitions.

Lemma 8. If two perfect 3 — complete of Jonsson’s theories are J — syntactically similar, then they are
J — semantically similar.

Proof.: It follows from [9, Prop. 1] and above what was said.

Definition 7. A property (or a notion) of theories (or models, or elements of models) is called semantic if
and if it is invariant relative to semantic similarity.

Let us recall the definition of polygon.

Definition 8. By polygon over monoid S we mean a structure with only unary functions (A; fo.aes) such
that:

(i) fe(a) = a,Va € A, where e is the unit of S;

(i) fas(a) = fa(f5(a)), Yo, B € S,Va € A,

And now we can formulate the main result of this job.
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Theorem 4. For each 3 - complete perfect Jonsson J theory there exists a J syntactically similar 3 - complete

perfect Jonsson’s J theory of polygons, such that its center is model complete.

Proof. It follows from theorems [11, Th.7, Th.8] and [9, Th.4, Th.5].
As we know from [9] the following Proposition 1 is true for any complete theory, so we will be intrested

such properties from this Proposition 1 in the frame of Jonsson theories and to research the notion of semantic
similarity of Jonsson’s theories. Recall the content of the Proposition 1.

Proposition 1 [9]. The following properties and notions are semantic:
1) type;

2) forking;

) A-stability;

) Lascar rank;

) Strong type;

) Morley sequence;

) Orthogonality, regularity of types;

(8) I(N4,T) — the spectrum function.

Finally we can note that all above properties from Proposition 1 will be semantic alserin the frame of Jonsson

(
(
(3
(4
(5
(6
(7

theory. The proof trivial follows from Proposition 1 using Jonsson analogues of Proposition’ main notions.

1
1
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["A. Ypken

HoncoHabIK >KUbIHAAP/AbIH, AHBIKTAJFaH TYNBIKTaMAaJIAPIbIH
CUHTAKCHUCTIK YKCACTBLIBIFBI

MOHCOHIBIK TEOPHSHBIH AsCHIHIA HHTEPIPETALNIAY KOHE PYKCATHUIBIK YFHIMBI HOHCOHIBIK, TEOPUSIHBIH
CEMaHTHKAJIBIK VIITIK TLTIH/IE KAPACTHIPBLIALI. JK3UCTEHIIMOHAIbI-2Kall TIOHEC HOHCOHIBIK, TEOPUSTHBIH, Ce-
MAHTHUKAJIBIK, MOJIEJIHIH KeMeJl HOHCOHIBIK iIMKi »KUBIHAAP (PparMeHTIHIH, CUHTAKCUCTIK >KOHE CEeMAaHTH-
KAJIbIK, YKCACTBLIBIK, CHIIATTAMACHI aJIbIHIbL. VIOHCOHIBIK TEOPUAHBIH, KEHBIp TeopHs-MONebIK KacHeTTep]
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zeprrenai. VIOHCOHBIK TEOPUSTHBIH KACHETTEP I TPYIIIaIap TeOPUIChl abesIiK rpyImaaap TEOPUSICHI, OYIb-
HiK ajaredpa TeOPHUsChl, PETTEITeH IPYIIAJIap TEOPUCHI, IIOJUTOHIAD TEOPUSICHI KOHE Tarbl 6aCKa TEOPHSI-
Jap KaHaraTTaHIbIPAIbI.

Kiam cesdep: MOHCOHIBIK, TEOPUSI, KEMEJ HOHCOHJIBIK, TEOPHSsI, CEMAHTUKAJIBIK MOJIE/Ib, HOHCOHIBIK, YKUBIH,
MOHCOH/IBIK, YKUBIHHBIH, (DPATMEHTI, CEMAHTUKAJIBIK, YKOHE CHHTAKCUCTIK YKCACTBLIBIK, 9K3UCTEHIIMOHAJIIbI-
Kall MOJieJb.

[A. Ypken

CuHTaKcudeckoe HO,ZLO6I/Ie o1ipeaeJinMbIX 3aMbIKaAHUMN
MOHCOHOBCKNX MHOXKECTB

B pamkax kmaccuduranum HOHCOHOBCKUX TEOPHII PACCMOTPEHO MOHSITHE WHTEPIPETHUPYEMOCTU H JOIY-
CTUMOCTH Ha SI3bIKE CEMAaHTUYECKOI TPOWKM HOHCOHOBCKOM Teopuu. [losyueno onncanne CHHTAKCUIECKOTO
U CEMAHTUYECKOrO I10/I00Mi COBEPIIEHHBIX (DPArMEHTOB HOHCOHOBCKHUX IIOJIMHOYKECTB CEMAHTUYIECKON MO-
JIeJIA 9K3UCTEHIMAJIBHO-IIPOCTON BBIIYKJION HOHCOHOBCKOM Teopuu. PaccMOTpEHBI HEKOTOPBIE TEOPETUKO-
MOJIeJIbHBIE CBOMCTBA 114 IOHCOHOBCKUAX TE€OPHUH. JIOHCOHOBCKIM CBOMCTBAM YAOBIIETBOPSIOT TaKUE TEOPUH,
KaK TeOpPHs I'DYIII, TeOpHUs a0eJIEBBIX IPYII, TeOpUs OyJIeBOil aIredphl, TEOPU YIOPATOIEHHBIX MHOXKECTB,
TeOopHUs IIOJUTOHOB U JApyTHe.

Kmouesvie ca06a: HOHCOHOBCKAsI TEOPHsl, COBEPIIIEHHAST HOHCOHOBCKAST TEOPWS, CEMAHTUIECKAs MOJIEJb, HOH-
COHOBCKOE MHOKECTBO, (pparMeHT HOHCOHOBCKOIO MHOYKECTBA, CEMAHTUIECKOE M CUHTAKCUIECKOe TI000ue,
9K3WUCTEHINAJIBHO-TIPOCTAS MOJEITh.
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