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The Ginzburg-Landau equation with rapidly oscillating terms in the equation and b6undary conditions in a
perforated domain was considered. Proof was given that the trajectory attractor§yot this equation converge
weakly to the trajectory attractors of the homogenized Ginzburg-Landau equ@ation®Jo do this, we use the
approach from the articles and monographs of V.V. Chepyzhov and M.I. Vishikabout trajectory attractors
of evolutionary equations, and we also use homogenization methods that‘appéared at the end of the 20th
century. First, we use asymptotic methods to construct asymptotics formallypand then we justify the form
of the main terms of the asymptotic series using functional analysi§,and infegral estimates. By defining the
corresponding auxiliary function spaces with weak topologygwesderiye a limit (homogenized) equation and
prove the existence of a trajectory attractor for this equation’¥henj’we formulate the main theorems and
prove them by using auxiliary lemmas. We prove that th@trajectory attractors of this equation tend in a
weak sense to the trajectory attractors of the homogenized Ginzburg-Landau equation in the subcritical
case, and they disappear in the supercritical cases

Keywords: attractors, homogenization, Ginzburg-Landau’equations, nonlinear equations, weak convergence,
perforated domain, porous medium.
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Introduction

This work is devoted toNnwestigating boundary value initial problems in the perforated domain.
Assuming Robin (Fourier) typeyof boundary conditions to be set on the boundary of holes, we write
down the homogenized, (Ilfmit) problem and prove the Hausdorff convergence of attractors (Fig.) as the
small parameter tends'tojzero. Thus, we define the homogenized attractor and prove the convergence
of the initial attractousgto the attractor of the homogenized problem. The asymptotic behaviour of
attractors to an initial boundary value problem for complex Ginzburg-Landau equations in perforated
domains for the critical case (appearance of additional potential in the homogenized equation) is studied
in [1]. In this paper, we investigate subcritical and supercritical cases. For the asymptotic analysis of
problems in perforated domains, see, for instance, [2,3| and [4-7].
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Figure. Attractor of the Ginzburg-Landau eq

About attractors, see, for example, monographs [8-10] and the
of attractors were studied in [9,11-16] (see also [17,18]).

In the paper, we prove that the trajectory attractor Ql inzburg-Landau equation in the
perforated domain converges in a weak sense as g — 0 to ctory attractor A of the homogenized

equation in an appropriate functional space. Here, 0 erizes the diameter of cavities and the

re es therein. Homogenization

distance between them in the perforated medium.
The results are announced in [19].

1 State ent of the problem

First, we define a perforated do ai@ Q c R4 d > 2 be a smooth bounded domain. Denote

1 1
Y= {jezt: ai @Y= i} 0= {e:j<g < g i=1a)

Given a 1-periodic in & gmoeth*function F(x,&) such that F(x,é)’g )
€

VgF#Oasée t

o > const > 0, F(z,0) = —1,

Dt ={een©+i) |F@ 2 <o}

and introduce the perforated domain as follows:

.=\ (J D
JETL
Denote by w the set {£ eR? | F(x,&) <0}, and by S the set {5 e R? | F(x,) =0
Afterwards, we will often interprete 1-periodic in £ functions as functions defined on d-dimensional
torus T¢ = {g Lt ]Rd/Zd}

According to the above construction, the boundary 0f2,, consists of 92 and the boundary of the
cavities S, C Q, S, = (0€,) N Q.
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We study the asymptotic behaviour of attractors to the problem

(0
% = (1+ od)Auy, + R(z, %) Uy — (1 + B(z, z)l> ]uHPu# +g(x), ze€Q,,
0
(1+ ai)% + 12q(x, %)“u =0, resS,,t>0, (1)
uy, =0, x € 09,
u, = Ulx), xeQ,t=0,

where 6 > 1 (subcritical case) and 0 < @ < 1 (supercritical case). Here « is a real constant, v is the
outward unit vector to the boundary, u = uy + iug € C, g(z) € CY(Q;C), q(x,&) € CHQ;RY) and
q(x, &) is a nonnegative 1-periodic in & function. We assume that

— Ry < R(x,§) < Ry, —f1 < B(x,€) < B2 (Ro, Ri, B, B2 > 0), (2)

for x € , ¢ € R? and the functions R (x, &) and 3 (x, &) have the averages R(z) and B(z) in Lo wuw(92)
respectively, i.e.,

/Q(wé)wl dw—>/ z)e1(x dw/ﬂwﬁwl dm—>/ﬁ Jer(z)dz

as it — 0+ for any function ¢;(x) € L1(€2), where { = z

We denote the spaces H := Lo(€;C), H,, := Lo(Q,; Q)" Ns= H}(Q;C), V, = 1(QM;(C;aQ) -
set of functions from H'(,;C) with zero trace on dQymand\L,, := L,(%;C), L, , := L,(Q,; C). The
norms in these spaces are denoted, respectively, by

ol? = / jo(z) 2d, Jo]2 / o) Pda, [[o]]2 = / Vo) d,
Q Q Q

n

ol i= [ IVo@)Pdo gt [ fo(a)Pdz, ol , = [ o)
Q Q Q

Recall that V' := H~1(£); C) anddigarésthe dual spaces of V and L, respectively, where ¢ = p/(p—1),
moreover, VL and L, , aregthefdugl spaces for V, and Ly ,.
As in [9], we study weak Sglutions of the initial boundary value problem (1), that is, the functions

u e 8) € L (R Hy) 0 LY(R15 V) N LY (Ry; Ly )

which satisfy the problesi (1) in the distributional sense, i.e.

—/OOO/QHuH?;f dxdt + (1 + ai) /Ooo/m Vu, Vi dxdt—
[ L)oo
+u /+Oo/s ( >uuwd0dt / / 2 dedt (3)

for any function ¥ € Cg°(R1;V, MLy ,).
If uy(x,t) € Ly(0,M;Ly,,), then it follows that

R (x u) waz,t) - (1 3 <x Z’) i) (s 8) P (1) € Laja(0, M Ls,).
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At the same time, if u,(2,t) € L2(0, M; V), then (1+ai)Aw,(z,t)+g (x) € L2(0, M;V},). Therefore,
for an arbitrary weak solution wu,(z, s) of the problem (1) we have
Ouy(x,t)
ot
The Sobolev embedding theorem implies that

€ Ly3(0, M;Ly3,,) + La(0, M; V),).

Lys3(0, M;Lyy3,,) + La(0, M;V),) C Lyys (0, M;H,T)

where the space H," := H~"(Q,;C) and r = max{1,d/4}. Hence, for any weak solution w,(z,t) of
(1) we have M“T(f’t) € Ly (0,M; H;’")

Remark 1.1. The existence of weak solution u(x, s) to the problem (1) for every U € H,, and fixed
w, such that u(x,0) = U(z) can be proved by standard approach (see for instance [8]).

The following key Lemma can be proved similar to Proposition 3 from [17].

Lemma 1.1. Let u,(z,t) € LY(R4;V,) N LP¢(Ry; Ly ) be a weak sglutionjto the problem (1).
Then
(i) uwe C(Ry; Hy);

(ii) the function |ju,(-,t)|?

%, 1s absolutely continuous on R4 and, mereéver,

1d 2 2 4 / T 2
(-t Lt ot - - t)|%d
3o O+ 19 O + O, = [ RARG) ld )Pt

+ ue/ q <x f) (2, )*do = / Re (g(2)a,(z,t)) dz,
Iz H Qu
for almost every ¢t € Ry.

Let us fix p. In further analysis, we shall omit“h€é index p in the notation of the spaces, where it
is natural. We now apply the scheme describeéd in [1; Section 2| to construct the trajectory attractor
for the problem (1), which has the formgfrgni*the scheme, if we set £y =L, NV, Eg=H™", E=H
and A(u) = (1 4+ ad)Au+ R(-) u — @A) |ul?u + g(-).

To describe the trajectory spage IC;r for the problem (1), we follow the general framework of [1;
Section 2| and define the Banachlspages for every [t1,2] € R

ov _
Fir o = La(t1, to; Ty )R La(t1,t2; V) N Lo (t1, t2; H) N {'U ‘ o € Lysz (t1,to; H T)}
with norm
ov
HUH}—tl,tQ = ”UHL4(t1,t2;L4) + HvHLQ(tl,tQ;V) + ||UHLOO(O,M;H) + E . (4)
Lysz(t1t;HT)

According to the scheme, we use the norm (4); in this case, the translation semigroup {S(h)} satisfies
the conditions from the scheme.

Setting Dy, 4, = Lo (t1,t2; V) we have that F, 1, C Dy, 1, and if u(s) € Fy, +,, then A(u(s)) € Dy, 1.
We can consider a weak solutions of the problem (1) as a solution of an equation in the general scheme
from [1; Section 2].

Define the spaces

0
Floc — LQ"C(R ;L) N I/ZQOC(R V)N l/l:":c(]R ;H)N {v } —1; € Lﬁf/cg(R ; H_T)} ,
0
J L?Jrc = LZOC(RJH L47u) N Léoc(R+§ -Vu) N Lloooc(]RJr; Hu) n {U 9: € Lilo/cs(RJr; H/L_T)} .
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We denote by IC:[ the set of all weak solutions of the problem (1). Recall that for any U € H there
exist at least one trajectory u(-) € K} such that u(0) = U(x). Therefore, the trajectory space K of
the problem (1) is not empty and is sufficiently large.

It is clear that ICI C ]:_lfc and the trajectory space IC;LIr is translation invariant, that is, if u(s) € /C;f,
then u(h 4 s) € K} for all h > 0. Therefore,

S(MK) CKf, Vh>o.

We now define metrics py, 4, (-, ) on the spaces Fy, 4, using the norms of the spaces La(t1, to; H):

1/2

partu) = ( [ " uts) - vollfds) L VU)ol € Fou

These metrics generate the topology @l_ﬁc in ]-"_lfc (respectively @iﬁi in ]-"ffﬁ_) Recall that a sequence
{vr} C Fo¢ converges to v € F° as k — oo in O if [Jug(-) — v(-)ll 1,0, 19.—R0 (k — o0) for each
M > 0. The topology @lfc is metrizable. We consider this topology in tHe trajectory space IC:[ of (1).
The translation semigroup {S(¢)} acting on IC:[ is continuous in the topelogy @l_fc.

Following the general scheme of [1; Section 2|, we define boundedwsets in IC: using the Banach
space ]:j’_’ .- We clearly have

ov _y
FU = L3Ry Lyy,) N LS (R4 V) N Lo (Ry s HAR {v ' o7 € L} 5(Rys H, )} :

In an analogous way, we have

v

FL = Li(Ry;Lg) N LE(R+; V) () Loo Rt H) N {U ‘ En

€ Li/g(M;H—T)};

]:j’_ and fi,u are subspaces of }"j_oc and, ]:'_lfi, respectively.

Consider the translation semigroup §S(#)} on K, S(t) : Kf — Kf, ¢ > 0.

Let K, be the kernel of the preblemg(1) that consists of all weak complete solutions u(s), € R, of
the system bounded in the space

v

.7:3 = LZ(R; Liy) N LS(R;V“) N Lo (R;H,) N {’U ‘ T € LZ/3(R; H;T)} )

In analogous way wéidefine F°.
The definition of trajectory attractor was given in [1] (see also [9]).

Proposition 1.1. The problem (1) has the trajectory attractors 2, in the topological space @l_fc.
The set 2, is uniformly (w.r.t. 4 € (0,1)) bounded in F¢ and compact in ©'¢. Moreover,

Qlu - H+]CM,

the kernel £, is non-empty and uniformly (w.r.t. u € (0,1)) bounded in Fb. Recall that the spaces ]-'S’_
and @lfr’c depend on pu.

The proof of this proposition almost coincides with the proof given in [9] for a particular case. The
existence of an absorbing set that is bounded in ]:3 and compact in @lfr’c is proved using Lemma 1.1
similar to [9].

We note that

A, C Bo(R), Ve (0,1),
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where By(R) is a ball in F% with a sufficiently large radius R. The Aubin-Lions-Simon Lemma from
[1; Section 2| implies that

By(R) € LY*(R;H'™), (5)
Bo(R) € C"“(R;H™®), 0<d<1. (6)

Using compact inclusions (5) and (6), we strengthen the attraction to the constructed trajectory
attractor.

Corollary 1.1. For any set B C /C/J[ bounded in .7-"3_ we have

diStLg(O,M;Hl—‘S) (H()’MS(t)B,H()’MICM) — 0 (t — o),
diStC([(),M];Hf&) (H()’MS(t)B,HO’M’Cu) —0 (t — OO),

2 Homogenized (limit) problem 6\

where M is an arbitrary positive number.

Let M; be 1-periodic solution to a problem

8M
Ag(Mi—f-fi):OinD\w (7)
having zero mean values over the cell of periodicit @ ) the integral over the set 0N w.
The case § > 1. The homogenized (limit) pgoblemyha$ the form
aU() d 8u0
01 i
g~ 32 (o @r
R D) |uol®wo = [T N wlg(a), = e, ®)

ug =0, x € 00,t>0,
ug = U(z), @ x e t=0.

We consider weak solut E the problem (8), i.e. the function ug = ug(z,t), z € Q, t > 0,
loc loc v loc —r
up € L Ly) N LY(R,; V) N LR H) N Lo ‘ o € LR HT) 1,

satisfying the integral identity

uo—dtda:—i— 1—|—a1/ /
L N>

£)> dug Ov

' 9V ltda—

= 1< it agj Ox; Ox;j

/ / 2)ug — (1 + B(z ))|u0|2u0)vdtdazz/ /|Dﬂw|g(z)vdtdaf
R, R, JQ

for any function v € C§°(R4; V N Ly).

Remark 2.1. It should be noted that M;(z, ) are not defined in the whole Q. Applying the technique
of the symmetric extension allows to extend M;(x,€) into the interior of the “holes” retaining the
regularity of these functions. We keep the same notation for the extended functions.
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3 Auaxiliaries
3.1 General reasoning

We investigate the asymptotic behavior of the solution w,(x) as u — 0 of the following boundary-
value problem in the domain 2,

— (14 od) Auy, = g(x) in Q,

. 8u'u, 0 x
(1+a1)a—yﬂ+u q x,p u, =0 on S, 9)
uy, =0 on 01},

where n, is the internal normal to the boundary of "holes” ¢(x,&) is a suffici smooth 1-periodic
in & function. *

Definition 3.1. Function u, € H'(£2,,09) is a solution of pro , if the following integral

identity
(1+ad) YV, (z) Vo(z) de + p — &Aﬂi: g(z)v(z)dz
QH 0 Qu

holds true for any function v € H( (Qu,090).

Here, we use the standard notation H'(Q*,0Q) for the closure of the set of C*(Q")-functions
vanishing in a neighborhood of 912, by #) norm.

In [1] we showed that § = 1 1s value for problem (9); in what follows we prove that the
dissipation dominates if # < 1 a @ ectable if 8 > 1.

S

This section deal h problem (9) in the case 6 > 1. Substituting the expression

3.2  Subcritical case 6 > 1

a X X
uy () = ug(z )+Me lul,—l (fc, ﬁ) + o4 puo (37, ;) +M6u1,o <9€, ;) +

x X
+ u2u072(x, ;) + M9+1U171(.’L’, ;) +-+ uk9+luk l(l’, ,I_L) + ... (10)

in equation (9) and taking into account an evident relation

0 x 0 10
5 () = (e o+ pge0) |
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we obtain, after simple transformations, the following formal equality

_ g(z) ~ 0-1 0—2
e = (@) = Aato(w) + ! (B a(w €|+ 207 (Va Vewa( ) |+

7 B 1 (@) | _, 4 (Do (@.6)) |, +2(Va, Veuoa(@,6) | _,

w w T

1
o Bewna(@ ) | +a’ Bawnolw ) 2" (Ve Veuow. )] _,

m w T

F (Bguno@ )|, + 1 (Asuoa(e.§) |, +12(Ve, Veuoa(e. ) \g_;
© n Iz
+ (Beuoa(e, )| _, + 4" (Ao (2,) 15: 2’ (Vi Ve (2,6)) | _
© n
+ 7 (Agur 1 (2, €)) ‘6*3 + o P (A (a, 5)) PN (Y, Yeug (a

©w

k9+l 2 % (11)
Similarly, on S,, we get

8uu 0q<f1}', %) - o1
0= v, 1 T = (Voo ) + (me,—‘,% el CR R

6—2 204y 7
+u Vgul,—1|§:£, vy | +p ; uy,—1 + p (Vauo1,vy) +
w

q (x ﬁ)
+ V§U0,1’ _a, +M9+1 Py (quLo,Vu)Jrﬂa_l Vgul,o\ o)+
&=L 1+ £==
29‘](5[), ,%/) 2 D 0+2q($5 /%)
M 14+ ad uLo + u (\ ) (V£UO,2’§:§7 Vu) +p muomL

@ q (fv z)
0+1 0 20+1 ®
+p (waﬂt (VEULI‘g_i?VM) + p Thoi taatot

z
(k-+1)6+1 q <x’ #)
1+«

Note that the normal vector v, depends on z and £ in €2,. Considering, as usually, x and { = ﬁ as
independent variables, we represent v, in {2, in the following form:

(Vg g, v) + pkoHt ( z,Vu) +p ugg + ... (12)

X

vula, 1) =P, 0| + @0,

m

L.
where 7 is a normal to S(z) = {¢| F(z,§) = 0},
v, =V +O0(n).

Collecting all the terms with like powers of p in (11) and (12), we arrive at the following auxiliary
problems:

Aguy 1 ((:1:, 5)) = 0 in w, 13)
Ouy —1(z,§) 13
£ = 0 on S(z),
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Agurg (7,€) = —2(Ve,Vour—1(2,8) in w,
Mlgw = —(Veur,a(2,8),7)  on S(z), (14)
v
and problem
Agup (7,§) =0 in w,
({W = — (Va(uo(x)),7) on S, (15)

to be solved in the space of 1-periodic in £ functions; here x is a parameter, w := {{ e T¢ | F(x,&) > O}.

The problem (15) is the standard “cell” problem appearing in the case of Neumann conditions on the
boundary of holes. The solvability condition

/ (Vatip(2), 7(€)) do =0
S(x)

for problem (15) is clearly satisfied, and its solution forms the first “integnal? corrector in (10).

It follows from (13) that w; —; does not depend on &. In fact, for ourpurpeses, it suffices to put
u1,—1 = 0. Then u; 9 = 0 solves (14).

In the next step, we collect all the terms of order p° in (11) andNef oeder p! in (12). This yields

Agugp (x,€) = —fj_x(li — Aguo(z) — 2 (Ve, Vgug 1 (&, &) n o w, »
8110’2(5375) = —(Vaupa(x,8),0) — (Veuo 1 )W) — (Vauo(z), V') on S(z).

If we represent ug1(z,&) = (Vauo(z), M(2%)) , where M(z,§) = (Mi(x,§),..., My(z,§)) solves
problem (7), then (16) takes the form

N

DR 6?3;2? -
‘9“07;(55’5) _ _Z;% ;lalg;l aM; 9,

_WZ‘: @?x(i : aMagf N j Z aig‘;l v on  S(z).

Writing down the compatibility condition in the last problem, we get the following equation:

g9(z) &ug(x) OM;(x, &) dug(z) 02M;(,€) _
/me<1—i—a +A“()+22 om0z, 0 22 0z;  0F; 0z, >d§

ij=
d
82u0(x) Qup(z 8M (2,8) _
= )7; + 7+
/Q <”Z:1 o0x; 8:13] J le 67:13Z Ox;j Yi
e: aM (« 5) ;= Q)
zjzl axl I/j + ; 8551 Vi dU
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In the same way, as in [1] we find the homogenized problem:

9 (<5ij + 8Mé-(§w.,f)> &gix)) +0Nwlg(z) =0 in Q,
j i

d

g=1""

(17)

]

up(x) =0 on ON.

The integral identity for problem (17) reads

(1+ai)/Q zdj <5l-j+ 8Mi(”’§)> duo(w) v(z) :/Qlﬂﬂw|g(:r)v(z‘)dx

0¢; or; x;
ij=1 & c

for any function v € H! ().

Theorem 8.1. Suppose that g(x) € C1(R%) and that ¢(z, ¢) is smooth enoughhonnegative function.
Then, for any sufficiently small x problem (9) has the unique solution agd wing convergence

luo — wull () — 0 @

takes place, where ug is a solution of the problem (17).
8.2.1 Auziliary progzosQ@
Lemma 3.1. Under the conditions of Theorem 3.1 t Nua ity

/ |Vv|2d$+,u9/
Qw S

©w

holds for any v € H'(,,,0Q). A
Lemma 3.2. For any v € Hl(Qu&O

@7) v(x) ds
Proof of the Theoren@
in [20].

e proof of this assertion is based on this lemma, and it can be found
We omit their pro

z, =4} v¥ds > 013””“%5{1(9#)

< Crap ol g [0l o, -

8.8  Supercritical case 6 < 1

This section deals with problem (9) in the case § < 1. The following assertion is valid.

Theorem 3.2. Suppose that g(x) € C'(R?) and that g(x, £) is smooth enough nonnegative function.
Then, for any sufficiently small p problem (9) has the unique solution and the following convergence

1wl 0,y — 0

takes place as p — 0.

Proof. Keeping in mind Lemma 5 from [21], we get from the integral identity the estimate

w10,y < C.
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Acting in the same way as in [21], we deduce

€T
[ e < (i [fa(e Yuas + i)

W Su

On the other hand,

< 1 g (@)l ooyl rag,) + OW').

',u/q(:z:, %)uids
S

Combining these estimates, bearing in mind the uniform boundedness of u, in H 1(Qu)v we complete
the proof.

4 The main assertion
4.1 The case 6 > 1

Theorem 4.1. The following limit holds in the topological space @{ﬁc
A, > A asp—0+. (18)

Moreover,
Ky — K as p— 0 fmiNO™. (19)

Remark 4.1. Recall that the functions from the set§2(jand £, are defined in the perforated domains
1,,. However, all these functions can be prolongediinsidgs the holes in such a way that their norms in the
spaces H, V, and L, (without perforation) remain almost the same (are equivalent with the constants
independent of the small parameter) as ingthe perforated spaces H,, V,, and Ly, (the prolongation
of functions defined in perforated domaifiSysee; for instance, in [5; Ch.VIII|). So, in Theorem 4.1, we
measure all the distances in the spaeés without perforation.

Proof. Tt is clear that (19) iDles @8). Therefore it is sufficient to prove (19), that is, for every
neighbourhood O(K) in ©'¢ therelexists p1 = u1(O) > 0 such that

K, C O(K) for pn < piq. (20)

Suppose that (20)s a6tytrlie. Then, there exists a neighbourhood O'(K) in ©/¢, a sequence pj, —
0+ (k — 00), and a'segfience u,, (-) = uy, (s) € Ky, such that

uy, ¢ O'(K) for all k € N. (21)

The function u,, (s),s € R is the solutions to the problem

( Ou . x T\ .
W“k = (1+ai)Auy,, + R <m, Mk) Uy, — <1 + 8 (w, Mk) 1) |Uuk|2uuk +g(x), =€,
(1+ i) ggk +uzq<x,£)uuk:0, x € Sy,,t>0,
Upy, = 0, S 8Q,

| up, = U(x), x €8y, ,t=0.

(22)
on the entire time axis ¢ € R. To obtain the uniform in p estimate of the solution, we use the following
Lemmata (see [22; Ch. III, §5] and [23| respectively).
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We obtain the estimate using the integral identity (3), by means of Lemma 1.1. More precise the
sequence {uy, (z,s)} is bounded in F?, that is,

[ | 72 = sup [Juge, (B)]1+
teR

1/2 1/4

t+1 9 t+1 4
T sup < / ||uuk<s>|rlds> + sup ( / Huuk<s>||L4ds) ;
teR t teR t

t+1 a 4/3 3/4
+sup (/ (==0] ds) <C forallkeN. (23)
teR ot H-"

The constant C' must not depend on .
Hence there exists a subsequence {u,, (z,s)} C {uy,(x,s)} which we label the same such that

Uy, (2,8) — u(s) as k — oo in O

where u(z, s) € F? and u(s) satisfies (23) with the same constant C. Dug t6,(28) we have u,, (z,s) —

u(z, 5) (k — o00) weakly in LI(R; V), weakly in LI (R; Ly), s-weakly 8T (R ,; H) and 245\%%)

w (k — o0) weakly in Lio/cg » (R;H™). We claim that u(z, s)ag K. We have already proved that
|lul]| 7» < C. So we have to establish that u(z,s) is a weak solugion of (8).

According to the auxiliary problem in the case 6 > 19 weshave

1+ ai / / Vuy, Vipdrdt + uk/ / uukwdadt + / / x)pdxdt —

8M (x, &)\ Jug(z,t) O M
(1+ ai) / / Z < i+ % > oz, ax]d dt+/_M/Q]Dﬂw|g(3:)wd:cdt

3,7=1

as k — oo.
Let us prove that

R (x ;) up, (z,5) = R(z)u(z, s) (24)

and

(1 X5 <x ;) i) (2, 8) Py (2, 8) = (14 B(@)i) |u(z, s)Pulz, s) (25)

as k — oo weakly in LI | (RiLyys).

We fix an arbitrary number A > 0. The sequence {uy, (x,s)} is bounded in Ly (=M, M;Ly) (see
(23)). Then the sequence {|uy, (,s)|*uy, (z,s)} is bounded in Ly 5 (=M, M;Ly3). Since {uy, (2, s)} is
bounded in Ly(—M, M; V) and W
Uy, (,s) = u(x,s) as k — oo strongly in Lo (—M, M;Ly) and therefore

is bounded in L3 (—M, M;H™") we can assume that

up, (2,8) = u(x,s) a.e. in (z,5) € Q x (=M, M).
It follows that

|y (7, 8) P, (2, 8) = |u(z, s)[*u(z, s) ae. in (z,8) € Q x (=M, M). (26)
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We have
(1+/3 (x %) ) g (2, 8) [Py (2, 8) — (14 B(@)i) |ulz, 5)[Pu(z, s) =
_ (1 8 <w /%) i) (It (2. )Pt (. 5) — (i, ) P, 5)) +

(148 (2 2)1) - 0+ 500 ) e )Putes). (21)

Let us show that both summand in the right-hand side of (27) converges to zero as k — oo weakly in
L4/3 (—M, M; L4/3)-
The sequence

<1 +8 <x %) 1) (Jty (2, )Pty (2, 5) — [ua, )

,S)
tends to zero as k — oo almost everywhere in (z,s) € Q x (— éx& nd is bounded in

Lyy3 (=M, M; Ly/3) (see (2)). Therefore Lemma 1.3 from [24] 1mphes

<1+5 (1: %) > (Jty (2, )Pt (2, 5) ﬁ@% 0 as k- oo

weakly in Ly/3 (—M, M; L4/3).

The sequence
((1—1—5 :c— @.’El ]ums\ums)

also approaches zero as k — oo weakly in —M M;Ly /3 because by the assumption g (x E) -
7

B(r) as k — oo *-weakly in Leg . ( @ o) and |u(z, s)[*u(x, s) € Lyjs (—M, M;Ly;3).

We have proved (25). The conve 4) is proved similarly. Using (24) and (25), we pass to the
limit in the equation (22) as k in the space D' (R;; H™") and obtain that the function u(z,s)
satisfies the equation (8).

Consequently, v € K. ave proved above that u,, — u as k — oo B ©loc. Assumption
Uy, ¢ O'(K) (see u ¢ O'(K), and, hence, u ¢ K. We arrive at the contradiction that
completes the pro 6 eorem.

4.2 The case 6 < 1

Considering the convergence in Theorem 3.2, we get the following assertion.

Theorem 4.2. The following limit holds in the topological space @lfc
A, =0 aspu—0+.

Moreover,
Ky—+0 asp— 0+ in o',
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TeHJIeyJIePiHIH aTTPAKTOPJIapbIHBIH OpTAIlIaJay: CyO- »K9He
CYyNepKPUTUKAJIBIK, XKaF/aijapbl
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Tenneyne xkoHe MmeKapaJbIK, MApTTAPBIHIa Te3 Tepbeameri mytresrepi 6ap ['uucbypr-Jlangay Termaeyi Tecik
00JIBICTA KAPACTBIPBLIFAH. Byl TeHIEYIiH TPACKTOPUSIBIK, ATTPAKTOPJIAPBI 9JICI3 MAarbIHA/Ia «OFAIl MYIIIe-
ci» (omeyeri) 6ap opramasnanran 'nacOypr-Jlannay TeHmeyiHis TPaeKTOPHUAIBIK ATTPAKTOPIAPBIHA XKYBIK-
Taitreiabl mostenaeri. Ou ymia B.B. Yensrkosreiy, xkoHe M.V, BUmuKTiH 9BOTIONUSIIBIK, TEHIEYTEPIIH
TPAEKTOPUSIJIBIK ATTPAKTOPJIapbl TypaJbl MaKajajJapbl MeH MOHOIpPadUsIapPBIHBIH, 9JiCTeMeCi KOJIIaHbI-
sran. Conpaii—ak, XX FachIpJIbIH COHBIHJIA Taiiga GOFaH opTallaiay dIiCTeP] MalgaJaHbLIFaH. AJIBIMEH
ACHUMITTOTHKAJIBIK, 9/IICTEPIl AaCUMITOTHKAHBI (POPMAJIBIBI KYPY VIIIH KOJIaHAMBI3, COJIaH KEeHiH aCUMITOTH-
KaJIbIK, KaTapJiap/IblH Heri3ri Mytresepin (OyHKIMOHAJIbI TaJIIay KOHE HHTEerPaJIIbl barajay 9JiCTepiH KOoJI-
JIaHa, OTBIPBIN TaH alMbI3. CollKeciHIe, KOMEKII 9JICi3 TOTOJIOTUSIIBI (DYHKITMOHAJIBI KEHICTIKTI aHBIKTAM
OTBIPBIN, MEKTI (OPTAIIAIAHFAH) TEHICYIH AJAMBI3 YKOHE OCHI TEHJEY YIIH TPACKTOPHUSJIBIK, ATTPAKTOPBI
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Gap ekenin mpuesgeiimiz. Coflan KeiiiH Herisri TeopeMaJiapibl TYKBIPBIMJIAII, OHbI KOMEKIII JIEMMAaJIap/IblH
KeMeriMeH JpJiesiieliMis. Bysl TeHiey 1iH, TpaeKTOPUSIIBIK, ATTPAKTOPJIaphl CyOKPUTUKAJIBIK, XKaFaaiiia op-
tamaJsianran ['nacOypr-Jlanmay TeHmeyiHiH TPACKTOPHUSIBIK, ATTPAKTOPBIHA 9JICI3 TYP/le KIMHAKTATIATHIHBIH
2KoHe CYyNEePKPHUTHKAJIBIK KaFJlaii/ia KOFaJIbIll KeTeTiHIH JaJs1esaeiiMis.

Kiam ceadep: arrpakropiap, opraraiay, [ 'uucbypr-Jlannay Tenjeysiepi, CbI3bIKTBIK, €MeC TeHIIEYIIED, dJICi3
JKUHAKTBLIBIK, TECIK 0OJIBIC, KEYEKTI OPTa.

Ycpeanenne aTTpaKTopoB ypaBHeHuii I'ma30ypra-J/lanmay B cpegax c
JIOKAJIBHO TI€PUOANYECKNMU IIPEeNATCTBUSIMU: CyO- 1
CyIepKPUTHUYECKNE CJIyvan

K.A. Bexmaran6eros'?, I'A. Yeuknn?3*, B.B. Yensnxos?>®, A A. Tomenmc?7
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Acmana, Kaszaxcman;
2 Mnemumym Mamemamuky U MamemMamuieckozo Moleauposanus, Adamamon, Kadazeman;
3 Mocxosckuti zocydapemeennit yrusepcumem umenu M.B. Jlomondcos@yMocksa, Poccus;
4 Mnemumym MmMamemamury, ¢ KoOMNoomeprsM UeHmpom — nodpasdeiehue ddumckozo pedepanvrozo
uceaedosamenvekozo uenmpa Poccutickoti axademuu gaagys, W ¢a, Poccus;
5 Unemumym npobaem nepedavu ungopmavuy umeny A.A. Xapwéeua PAH, Mockea, Poccua;
8 Hayuonasvroud uccaedosamenvcrkuts ynusepcumem «Bucwas WikoteSkonomurus, Mocksa, Poccus;
" Espasutickutl HOuuonaibruill yrusepcumem umenu J HEymunesa, Acmana, Kazazeman

Paccmorpeno ypasuenne ['muzbypra-Jlanmay ¢ ObICERO OCHMTAUPYIONIMMY YI€eHAMA B YPAaBHEHUU U T'pa-
HUYHBIX YCJIOBUSX B mepdopupoBannoit obmactu. [IpuBeaeHe 10Ka3aTeIbCTBO TOTO, YTO TPACKTOPHBIE aT-
TPAKTOPBI 3TOI0 YPABHEHHS B CJ1aOOM CMBICIIE CXOMSITCA K| TPAEKTOPHBIM aTTPAKTOPaM yCPEIHEHHOI'O yPaB-
wenus ['ma36ypra-Jlanmay. st 9T0r0 Mbl MCHONB3YeMMMOIX0M U3 cTaTelt u MoHorpadwuit B.B. Yenwrkosa
u M.U. Bummka 0 TpaeKTOPHBIX aTTPAKTOPaX) IBOJIOIMOHHBIX YPABHEHH, a TaKKe MPUMEHSEM MeTOIbI
yCpeJlHeH s, osiBUBIIeCs B KoHIle XX BeRa, CHauasia ucrosnb3yeM acMMITOTHYECKHE METOJIBI JJIst pop-
MaJIbHOTO TTOCTPOEHMSI ACUMIITOTUK, JaJfee@O0CHOBBIBAEM BHUJ[ IVIABHBIX WJIEHOB aCUMIITOTHYIECKUX PSIIOB
C MOMOIIBI0 METOJOB (DYHKIMOHAMBHORO aHAJN3Aa M WHTErPAJbHBIX OleHOK. Oupesesisis COOTBETCTBYIO-
(e BCIIOMOTraTesIbHbIe (PYHKIIMOHAJIBHbBIE IIDOCTPAHCTBA CO €Jj1aboil TOIOJIOrnel, Mbl BBIBOJUM IID€/IEIbHOE
(ycpemnenHoe) ypaBHEHUE U JOKASBIBACM CYIIECTBOBAHUE TPAEKTOPHOIO ATTPAKTOPA JJIsl 3TOTO YPABHEHUS.
Barem dopmynupyemM OCHOBHBIE WEOPEMBI U JTOKA3BIBAEM HMX C HOMOIIBIO BCIOMOTATE/ILHBIX JieMM. Kpome
TOr'0, JOKA3bIBa€M, YTO TPAEKTOPHbIE ATTPAKTOPHI STOI0 YPABHEHUS CXONATCS B CJIa0OM CMBICJIE K TPAeK-
TOPHBIM aTTPAKTOPaM yCpeaHEHHOro ypaBHenus: [ mu3bypra-Jlanmay B CyOKpUTHIECKOM CITydae U UCIE3AI0T
— B CYyIEPKPUTHICEKON

Kmouesvie cro8@:@TTDAKTODHI, yCpeaHeHne, ypaBHeHus | nn3dypra-Jlannay, Hennneiinble ypaBHeHUs, Cla-
Gasi cx0IMMOCTb, TepdopupoBaHHasi 06JIaCTh, IIOPUCTAs] CPEA.
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