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In this article, we study the spectrum, fine spectrum and boundedness property of second order,quantum
difference operator Ag (0 < g < 1) over the class of sequence I, (1 < p < 00), the p!" sumndable sequence
space. The second order quantum difference operator Ag is a lower triangular triple band matrix AZ (1,=(1+
q),q). We also determine the approximate point spectrum, defect spectrum, compregsion spectrum, and
Goldberg classification of the operator on the class of sequence. We obtained thé'results by solving an
infinite system of linear equations and computing the inverse of a lower triangular infinitedmatrix. We also
provide appropriate examples along with graphical representations where necessary.
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Introduction

Spectral theory of bounded linear operators on Banach,or Hilbert spaces holds a significant place
in different branches of Mathematics due todits manyhapplications. The fundamental principle of
the modern spectral theorem is that certain linear operators on infinite dimensional spaces can be
represented in a “diagonal” matrix form. From this‘diagonal form, we can determine the spectrum of
the operator. The spectrum of an operator can be classified into three parts: the point spectrum, the
continuous spectrum, and the residual‘spectrum. These three disjoint parts together are referred to as
the “fine spectrum”.

In operator theory, one of the most important linear operators is the difference operator. The
spectrum of this operator and its different forms on various sequence spaces have been studied by
many researchers. In recemt“timesyaesearchers have started analyzing the spectrum of the quantum
version of some well-known eperators, one of which is the difference operator. In our study, we analyze
the spectrum of¢a second erder quantum difference operator. The g—analog of the second order
difference operator is defined as (Agu)k =ur — (1 + q)ug—1 + qui—2, for all £ € N and any term with
negative indices are zero. The matrix representation of this operator is given below

1 0 0 0
—(14¢) 1 0 0

A2 = q —(1+4q) 1 0
0 q —(1+q) 1

i

The nt" order g—difference operator is defined as (Afu)y = Z?:O(—l)i(?)qq(2)un+k_i, which was
introduced by Bustoz and Gordillo [1].
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The initial study of the spectrum of the difference operator A, (Ayx = yr — yr+1) was conducted
by Altay and Basar [2], Kayaduman and Furkan [3|, and Akhmedov and Basar [4,5] in the spaces
Co, €, 311, bv and [,, bv, respectively. The spectrum of the second-order difference operator A? was
studied by Dutta and Baliarsingh [6] over the space cyg. After this the operator A was generalized
to B(r,s), B(r,s)(yx) = (ryrx + syx—1). The spectrum of this operator was studied by Altay and
Basar [7], Kayaduman et al. [8], Bilgic and Furkan [9], Dutta and Tripathy [10] over the spaces
co, ¢ U1, buy Iy, bu, (1 < p < 00) and cs respectively. B(r,s) was further generalized to B(r, s,t),
B(r,s,t)(yx) = (ryx + Syk—1 + tyr—2). The spectrum of this operator was studied by Bilgic and
Furkan [11]; Furkan et al. [12,13] over the spaces l1, bv, ¢, ¢ and [,, bv, respectively. Srivastava
and Kumar [14, 15]; Akhmedov and El-Shabrawy [16] studied the spectrum of the generalised dif-
ference operator A,, where Ay, (yx) = (vkyr — Vk—1Yr—1) over the sequence spacesicy, lmand c, [,
respectively. Akhmedov and El-Shabrawy [17,18]; Dutta and Baliarsingh [19]"obtained the spec-
trum of the operator Agp, where Agp(yr) = (aryr + bg—1yx—1) over the sequence spacesiéy, € and
l,, buy, respectively. Panigrahi and Srivastava [20, 21| also analyzed the spéctrum of A2 . where
A2 (k) = (uryr — vk—1Yk—1 + uk—2yr—2) and A% where AZ  (yr) = (upy™ Oh—1Yk-1 + Wr—2Yk—2)
over the sequence spaces ¢y and [y respectively. Then, Altundag and Abay,[22|“Studied on the fine
spectrum of generalized upper triangular triple-band matrices (A2, )iwhere the transpose of matrix
operator A2~ over the sequence space [;. Patra and Srivastava 23] donsidered a new generalized
difference operator A(pi,p2; qi,q2; r1,72) and determined its spectrummover the sequence space I,
(1 < p < 00). The operators mentioned above can be expressed using a lower triangular band matrix.
Spectral analysis of the quantum versions of some well-known ‘operators has been conducted in recent
years. The spectrum of g—Cesaro matrix was studied by Yildirim [24], Durna and Turkay [25] over
the sequence space ¢y and ¢ respectively. Yaying ethal. 26, 27]"studied the spectrum of second order
g—difference operator over the sequence space cg, 1 respectively. Spectrum of weighted g—difference
operator was studied by Yaying et al. [28] overthe sequence space cg.

qg—Analog: A g—analog of a number, a theorem, an identity or an expression is a generalization
that involves a new parameter ¢ and it teduced to the original number, theorem, identity as the
limit ¢ — 17. In the 19** century, the basic hypergeometric series became the first g—analog to be
extensively studied. In recent research,of many areas of Mathematics like combinatorics, approximation
theory, difference and integral equations,\etc., g—calculus have been used extensively.

The g—analog [m], of m for ¢ €0, 1) can be determined as

{ mlgk m=1,2,3,...,
[m]q =
0, m=0.
One might obserye that [m], = m whenever ¢ — 17. The g—analog (T,?)q of binomial coefficient (')
can be determined as

[m}q!
S L UL >k
(m) =gy "
1/4 0, k> m,

where the g—analog of the factorial, i.e., g—factorial, is defined as

mlg! = [Tt [klg, m=1,23,...,
! 1> m = 0.

The g—analog of some specific binomials such as (g) = (Tg) = (z) =1, also (mrfk)q = (Tg)q. For an
in-depth study of quantum calculus, we refer to the book [29].
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1 Some Definitions and Preliminaries

Consider M : U — V be a bounded linear operator, in which U and V are Banach spaces, the
following collections

RM)={veV:v=Mu, ueU}
and B(U,V)={M :U — V : M is continuous and linear}

are termed as the range of the operator M and the set of all bounded linear operators from U to V'
respectively. The adjoint operator M* of M is defined from V* to U*, where V* and U* represent the
dual space of V' and U respectively. Again, it is defined as (M*f)(u) = f(Mu), for allff,e V* and
ueU.

Let M : D(M) — U, where D(M) denotes the domain of M. From M we can get anjeperator,

M, =M — ul,

where i € C and [ is the identity operator. A regular value 1 € C of M.is such that M), is invertible,
and its inverse (M, 1) is bounded and defined on a set A and call it thé resolvent operator of M, where
A is dense in U. The collections of such p is called the resolvent setfandis denoted by p(M,U). In the
complex plane C, the compliment of p(M,U) is denoted by (M, U); and is called the spectrum of M.

Further, o(M,U) is classified into three disjoint subsetsfinamely, the point spectrum o,(M,U),
the continuous spectrum o.(M,U), and the residual speetrum g, (M,U). In point spectrum, Mu_l
does not exist for any p € 0,(M,U), while in contindous spectrum, M n I exist but unbounded for
every p € o.(M,U), and also defined on a set that isidense in U. On the other hand, in the residual
spectrum, M, I exists but may or may not bébounded for /1 € o,.(M,U) and is not dense in U.

There are more subdivisions of the spectrum of.a bounded operator such as approximate point spec-
trum o4, (M, U), defect spectrum o5(M,U) and compression spectrum og,(M,U), which are defined
as follows:

o 0upp(M,U) ={pneC: (M — pl)“i8mot bounded below};

e 05(M,U) ={ueC: (M- pud) i®not surjective};

e 0co(M,U)={peC:RWM =pl)#U}.

2 “Goldberyg’s classification of spectrum

A detailed classificatiomyofbhe spectrum of an operator was given by Goldberg [30]. This classifi-
cation is based on the mature of the set R(M),) and the inverse M, L
If M € B(U,U), then there are three possibilities for R(M,,):
(P) R(M, )& U,
(QR(L,). —Ushbut R(M,) # U,
(R)SR@,) #U
and three possibilities for M " 1.
(1) Exist and continuous,
(2) Exist but discontinuous,
(3) Does not exist.
Combination of the possibilities P, ¢, R and 1, 2, 3 leads to nine different states. They are
identified as Pl, PQ, Pg, Ql, QQ, Qg, Rl, RQ, and Rg.
If M, € Py or M,, € Q1, then p € p(M, X). If M,, € Ry, then M;l exists and is unbounded, and
R(M,) # X and we can write y € Rpo(M, X). We can summarize this classification in the following
Table 1.
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Goldberg’s classification of spectrum of linear operator

1 2 3

M, T M, T M, T
exist and bounded | exist and unbounded | does not exist
R(My)=U we€ p(M,U) - w € op(M,U)
B E gap(M,U)
R(My)=U w € p(M,U) wE oc(M,U) w € op(M,U)
weos(M,U) w e os(M,U)
uE aap(M,U) uE oap(M,U)
R(M,) #U p € or(M,U) pe or(M,U) w € op(M,U)
weos(M,U) weos(M,U) weos(M,U)
U E oeo(M,U) U E oeo(M,U) € oeo(M,U)
B E oap(M,U) p € oap(M,U)

Table 1

Proposition 1. ([31], p. 28) Spectral and sub-spectral relationships of an operatér M and its adjoint
operator M* are provided below.

(a) o(M*,Y™*) =0c(M,Y),

(b) Oap(M*,Y*) = 05(M,Y),

(¢) o5(M*,Y") = 04p(M,Y),

(d) op(M*,Y*) = 00o(M,Y),

(e) o(M,Y) = 04p(M,Y) | Jop(MEBY ) = 0, (M, V) | ] 00p(M*,Y).

Lemma 1. (|30], p. 60) The adjoint operater M* of M is onto if and only if M has a bounded
inverse.

Lemma 2. ([30], p. 59) The bounded linear operator M : U — V has dense range if and only if
M* is one to one.

Throughout this work, the aférementioned spaces co, ¢, l1, l,, bv, bu,, cs and Il represent the
spaces of all null, convergent habsolutely summable, p—absolutely summable, bounded variation, p—
bounded variation, convergent series, and bounded sequences, respectively.

Before going to the m@in results we state a remark, “if z is a complex number, then y/z means the
square root of z with mon=negative real part. If Rey/z = 0, then /2 means the square root of z with
Im(z) > 0"

3 Spectrum of AZ(1,—(1+q),q) on l,
Theotem 1) A2 € B(l,) with (14 (1+q)? +¢")"/? < ||A2|], < 2(q+1) for 0 < ¢ < 1, where
1 <p <oeo.

Proof. The linearity of Ag is straightforward to prove, so it is omitted. @ Now, consider

e® = (1,0,0,...) in l,. Then, (A2)e® = (1,—(1+q),q,0,0,...) and it is obtained that

1(A9)e ],

O =1+ 1+qg"+¢)r
ez,

From this we get, (14 (1 + ¢)F 4 ¢?)'/? < ||(A3)e(0)||. Again for any u = (ug) € l, and using the
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Minkowaski inequality, we get
1/p
HAgqup = (Z lqug—1 + (= (1 + q))ug + Uk+1!p>
k

1/p 1/p 1/p
< (Z\qukl\p> + (Z (1 +Q)uk\p> + <Z ’uk+1’p>
k k k
1/p /p
- (qu mmp) - ((1 +q>p2\uk\p) + (Z uk+lrp>
k k

=(¢+ (1 +q)+1)|lully,
=2(1 4 q)|[ully,-

As a result, we get (1+ (14 q)? +¢7)"? < |AZ]];, <2(q+1).

Theorem 2. The point spectrum Up(AZ, l,) = ¢ (the empty set).

Proof. We prove this theorem by the method of contradiction. Consider o,(C1(q),[,) # ¢. Then
for any 0 # u € [, with (Ag)u = \u, we get the following equalities:

uy =N,

(1 + q)uet up=>Auq,

quo — (T q)uy+ up =Aug,
qua — (1 +q)uz + us =Aus,

QUM —2— (1 + Q)Um—l + um :)\uma

If u,, is the first non zero entyy of the sequence u = (u,,), then from the above equations we get
A = 1. Putting the value'of A .= 1 in the proceeding equation, we get u,, = 0, which contradicts our
assumption. Thus, ap(AZ,lp) = o.

Lemana 35([32]; p. 126) The matrix A = (a,) defines a bounded linear operator T' € B(ly),
mapping [j to itself, if and only if the supremum of /; norms of the columns of A is bounded.

Lemina 44 ([32], p. 126) The matrix A = (a,k) defines a bounded linear operator T' € B(l),
mapping g to itself, if and only if the supremum of /; norms of the rows of A is bounded.

Lemma 5. (33|, p. 174, Theorem 9) If 1 < p < oo and A € (I1,11) N (lso; loo). Then A € (1,,,1,).

Theorem 3. o(A2,1,) = {u eC: |21 - p)| < ((1 )+ /Ot q2—4(1— M)q’}.

Proof. We consider

s={neC:20-p <|0+aq+ I+ 40~ |}
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and let pu ¢ S. So, we get pu # 1, and this implies that (Ag — pI) has an inverse. Now,

1—p 0 0 0 0
~(14+q) 1-pn 0 0 0
q ~(14+q) 1-pn 0 0
2 _
(A7 —nl) = 0 q ~(14q) 1-p 0
0 0 q —(1+q) 1-p

Since (Ag — ul) is a lower triangular matrix, its inverse can be obtained easily and has been given
below:

mp O 0 0
mo Ma 0 0
(A2 —pl)™' = | ms mz my 0 :

mg M3 Mz My

where
1
m = —
1 1—,[,67
m q+1
2= 757 9
(1 — )2
+1)? —g(1 =
ms = (1) ﬂ3 "
(1 — p)

here the sequence (my) satisfies the following recurrence relation

(g + )ymp_1 — qmy_2
L—pn

my'= , for k> 3.

From this recurrence relation! we get the characteristic equation as
(1-pw? —(1+quw+q=0,

whose solutions are:

(1+q)+ /(1 +q?%—4(1 - p)g

o 2(1—p) ’
o~ 1+ 0) = V(1 +9)” — 41— p)g
‘T 2(1 — p) '

From elementary calculations on recurrence sequence, we get
wh — wh
L+ a2 41 pyg

Now, we can proceed to the proof in two cases.

mp =
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Case 1: If (1 + )% = 4q(1 — p), then we get

e (12+kq> [z(é*—ﬂ
(A+q)
2(1 = p)

Case 2: If (1 + q)? # 4q(1 — p). Since pu ¢ S, we have |w1| < 1. Again, using the inequality
11— /2| < |14 +/z]| for any z € C, we get

It can be easily proved that (my) € [, if

’ < 1. So, u ¢ S implies that (my) € I,

(I+q) VO+a?-40-pag| _

2(1 = p) 2(1 = p)
— |w2| < |w1| < 1.

(I+q) V1 +07 -4l <
2(1 = p) 2(1 = p)

Using this in equation (1), it is obtained that (my) — 0 as & — oco. Now

o0 o0
(AT = 1) ™Ml = sup > fmal =D |m
keN k i—1

1 S JC .
S\\/(1+q)2—4(1—u)q| (leﬂJr;I 2|>< .

=1

Since |wi] < 1 and |we| < 1, it follows that (A2 —wl)=h € (I1,l1). Again, since (my) € Iy, the
supremum of /1 norms of the rows of (AZ — uI)*% is finite. This results in (A2 — uI)™! € (loo, loo)-
Now, using Lemma 5, we get (Ag —ul)7t e (I, )00, lo) = (Ag —p)~t € (1y,1,). It proves
that o(AZ,1,) € S.

Now consider p € S. If =1, then, we get

i 0 0 0 0 0 i
~(I+q 0 0 0 0
) ) q —(1+4q) 0 0 0
(Aqilu’l):(Aq_I): 0 q —(1—|—q) 0 0
0 0 ¢ —(1+q) 0

Now (A2 — Lu = @y=> u = 0. So, we get (A2 —1): 1, —> I, is one-one but not onto. This implies

(A2 —I)s notiinvertible.

(1+49)
2(1 = p)
(A2 — u)g* ¢ B(ly). Again, from Case 2, it is obtained that |w;| > 1 and the inequality |w| > [wa],
which directly implies (wy) - 0, and so > ;2 |w;|P diverges. Consider v = (1,0,0,...) € l,. Then
(A2 — puI)~'v = (m1,ma,ms,...), which doesn’t belong to I,. Therefore, (A2 — uI)~* ¢ B(l,) and
this proves that S C U(Ag, l). Finally, it is obtained O‘(Ag, l,)=S5.

[f'we'take p from S other than 1, then it is obtained from Case I that

> 1. It implies

Lemma 6. ([34], p. 215) For any A € B(l,) (1 < p < o0), the adjoint operator A* € B(l,), where

+ 2 =1 and can be represented by the transpose of A matrix.

1
q

Theorem 4. op((A2)*, 15 = 1,) = {u eC: 201 —p)| < ’(1 +q)+V/(1+q9)%?—4(1 - ,u)q‘}.

S =
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Proof. Consider the set S; = {u eC: 20— <|1+q) +/(A+qg?—4(1— u)q’}, and let
i € S1. Now, solving (Ai)*u = pu, for 0 Fu €l =1y, ie.,

1 —(1+9q) q 0 0 0 ... ug UQ
0 1 —(1+q) q 0 0 ... ul ul
0 0 1 —(1+9q) q 0 ug| = U2,
0 0 0 1 —(14+¢q) ¢ us us3

we get the following linear equations

uo — (14 q)u1 + quo = pug,
ur — (14 q)ug + qus = puy,
ug — (14 q)us + quq = ping,

ur — (1 4 Qupint QU2 = pug,

Now, if we take u = 1, then we get @meigenvector (1,0,0,...) corresponding to 1 = 1. We consider
€ S7 other than 1. The above lin€ariequations can also be expressed in terms of u; and ug as

1 1—
(+q)u o

U9 = 1— UQ,
q q
~ (149 —q(1 —p) (1-p)(1+q)
U3 = 9 uy — 2 9
q q
1— k (1= k
u mk(qk_lﬂ) u mg ;(k_l 1) wo, k> 2, (2)

in which (my) comes from equation (1). Now, we can find the eigenvector (uy), for p # 1. Here we
2(1 — p)

(1+q)+/(A+q?% 491 —p)

Already, we have obtained that w; and ws are roots of the characteristic equation (1 — u)w? — (1+

1 2 _ —
C andwy -y = YO~ 4g(l =)
1—p 1—pu

can make a choice for ug and u;. Let ug = 1 and u; =

+ q)w + q = 0. So, we get wy - wy =
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It can also be seen that u; = w% Using these facts in the relation of the sequence (uy), we get

L€ 1) AT = Y€ 1) A
] ]
A
= (q) (1 — p)(=mp—1uo + myur)
1 1
- A== -
(w1w2)k_1 ( :u‘)( mp—1 +my wl)

1 —w’f_l + wlg_l w’f — w§ e,
= (716,1(1 — ) 5 + 5 wy
wiws) VA +a?—4q(0—p) V(1 +9)%—4¢(1 =1y

1 1—pu

= (—wf ™ wy T — wiuT)
wi bt /(T4 q)% — 4q(1 = p)

1 1 k—1 ( w2>
= w 1-—
wlf_lwg_l <w1 - w2) 2 wy

11
- T
1
wf
= uf.

Finally, we obtained that the sequence (uy) = u’f, for all & > 2. If we consider wy; = ws, i.e., for the case
(14 q)? = 4q(1 — i), we get the same result. Thuspit’is clearly seen that the sequence u = (ug) € Ly
since |u1| < 1. As a result, S; C 0,((A2)*,1y).

Now, we consider u ¢ Sy, i.e.,

200 |1+ 0) + V(1 +0)? — 41— g

Here, ave have to show that p ¢ ap((Ag)*, lg). From equation (2), it is obtained that

M1

—ug + U
uk+1:<1—ﬂ>< my; > O T
Ug q mrg—1 —Ug + Mk Ul

mg—1

Based on the roots wq and ws, we will consider three cases.

Case 1: |wa| < |un| < 1.
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For this case, we get (1 + ¢)? # 4q(1 — p) and

k+1 k+1
. k+1 w —w
lim =1 o L
k—o00 M1 k—oco My k—o0 wy — Wy

Again, from equation (2), we get
k—1
1—p
up = <q> (1 — p)(=mg—1uo + mrur). (3)

If —up+wiug = 0, then from equation (3), we find (uy) = (%), which doesn’t belong to [, as |w| < 1.
1

Otherwise,

. 1 1
= {=-—->1
o lwail W Tl

U1
Uk

lim

k—o0

Case 2: |wa| = |wy| < 1.
For this case, we get (1 + ¢)? = 4¢(1 — ) and, using the formula

2 1 i
Mg = ) +a ,forall k> 1,
2 )

l4q/) [2(1—p
we get that
. my, |7 l+q |
lim = || = ’ 1’q
k—o0 | Mp—1 2(1 - ,U,)
which, leads to
4 1 1
lim |25+ = lwi]! = —— >1
koo | U, w1 9| wa|? |wal?
This implies that (u;) doesn’t belong to [,.
Case 3: |wi| = |wa| = 1.
1
For this case, we get (1 + ¢)% = 4¢(1 — p) and ’;;]q‘ = 1. Assume that p € 0,((A2)* 1), then
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there exists 6 # u € ;. Now, rewriting equation (2), we get

my (1 — p)* my—1 (1 —p)F

b= e T 1 o
k k—1
2k 1+ k 2(k—1) 1+ k
(&) (55%) a-n (52 (%) a-w
= —1 ur — —1 Uo
q q
k—2
k(1 + )+ (k—1) (%) (1—p)
T gt M gkt 1o
k—2 2
1 1+
Rl (k-1(5e) T4
G g+ 0
k(1 + q)k_lu (k=1 + q)ku
2q)F-1 29F
1+q¢\"! 1+
() oty

Since limg ,our = 0 = limp_ o [k:ul — (k- I)ITJ;quo} =_0, and we must have ug = u; = 0.

Consequently, it implies u = 6, a contradiction. So, we get u & ap((Ag)*, lg). Thus, Gp((AZ)*, ly) C Sy,
and hence o, ((A2)*,1,) = S1.

Theorem 5. The residual spectrum:

or(821y) = {ne C: 20— g1+ + VI + 07— 40— )al }.

Proof. From Lemma 2, we get 0,.(AZ, lp) = 0,((A7)*,14)\0p(AZ, I,). Now, applying the Theorems
2 and 4, we get the required result.

Theorem 6. The continuous speétrum:

oe(A2,1,) = {ie a2l — W] = (1 + @) + V(T + ) = 40— |}
Proof. We have o(AZ,) 0= op(A2,1,) U 0,(AZ,1,) U 0.(AZ,1,) and the corresponding sets are
pairwise disjoint. Now; applying Theorems 3, 4 and 5, we get the required result.
Theorem 7. P3o(Adsly),= Q30(A2,1,) = Rso(AZ,l,) = ¢.
Proof. From Tablell, we get 0,(A2,1,) = P3o(AZ,1,) U Q30(A2,1,) U R3o(A2,1,). Again, from

Theorems2, we, get O'p(Ag, l,) = ¢, and consequently we get the required result.

Theorem 8, The operator Ag satisfies the following relations:

@) Qo (a2,1) = {neC: 20— )| = |1+ + V1 + 97— 41— |},

(b) Roo(A2,0) 2 {n e T 201 = )| < |(L+a) + V(T + ) =40 = wa| } \ (1},
(0) Rio(AL1,) C {11,
Proof. We have from Table 1 that 0c(A2,1,) = Q20(AZ,1,). Now, using Theorem 6, we get the
result of (a).
Again, from Theorem 3, if for any p € 0(AZ2,1,)\{1} then the operator (A2 — ul)~! ¢ AZ(1,).
From this, we get 0,(A2,1,)\{1} C Ra0(AZ,¢,) and Rio(AZ,1,) € {1}.
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Theorem 9. For the operator Ag the following results hold.

(2) Gap(A2,15) 2 { € T 201 = )| < |(1 + q) + V(T + 0)? = 40T — | } \{1},
(b) oap(A2)* 1) = {m € T 201 = )] < |1+ @) + V(1 +0)? = 4(1 = w)al }
() os(A2 1) = {ue C: 20— )] < [(1+ ) + V(1 + )2 = 40— g}
(
(

d) 8uo(2,1,) = {me C: 1201 = w] < (1 + ) + V(T +0)? = 40— )} .
a) From Table 1, we get

Proof.

O-GP(A§7 lp) = U(Aga lp)\Rlo-(Agv ZP) ’ \
Now, applying the Theorems 3 and 8, we get the required result. \
(b) The result in (b) is obtained from the relation (e) in Proposition 1. 6

(c) The result in (c) is obtained from the relation (b) in Proposition 1.
(d) The result in (d) is obtained from the relation (d) in Propositio

4 Ezample
Taking particular values for ¢ € (0,1), we construct sg es of spectrum of Ag that are

given below. ]\
(i) If g = %, then the spectrum of A%/z is given by

9
O'(Ag,lp)Z{,ué(C: 1 2(1—,u)}.
(i) If g = }1, then the spectrum of A%/4 given by
5 25
2
D201 =) < |2 = _a- .
The graphical representa@ ectra for these examples is presented in Figures 1 and 2

Figure 1. Spectrum of A% /2
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Conclusion : @
e

g
In our study, we have determined the spectrum and ﬁn& of g—analog of second order
i

difference operator. This operator reduces to second or nce operator when ¢ — 1. Like a
i difference operator. Spectral analysis
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