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One of the main aims in the theory of matrices is to find necessary and sufficient conditionsfor theelements
of any matrix so that the corresponding matrix operator maps continuously from one normed spaeedinto
another one. Thus, it is very important to find the norm of the matrix operator, at leastg®o’ find upper and
lower estimates of it. This problem in Lebesgue spaces of sequences in the general case issstilh open. This
paper deals with the problem of boundedness of matrix operators from I, into lq, for I'< ¢ <p < oo, and
we obtain necessary and sufficient conditions of this problem when matrix operators belong to the classes
02i satisfying weaker conditions than Oinarov’s condition.
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Introduction,

Let 1 < p,q 1 i L= 1. Let u = {u;},v =fu;} Be sequences of positive numbers, which will

be called the welght sequences Let l,, the space of allsequences f = {f;}5°; of real numbers such
1

that [[f]lp0 = (2 \w@\p) 1<p<oo

We consider the problem of boundedness for the following matrix operators

(AL f), Za”f], i>1, (1)
“f);= > aiifij>1 (2)
i=j

from I, into lg,gwhere a;> 0,7 > j > 1, i.e. the vaidity of the inequality

1A Fllqu < Cllf lpv, YV € Ly (3)

The matrix operators (1), (2) were studied in many papers in different sequence spaces. The almost
complete, colléction of these results is presented in the work by M. Stieglitz and H. Tietz [1|. There the
mappings of matrix operators are considered in 11 sequence spaces except its mapping from I, into
lqu- The remaining case is still an open problem.

When a;; = 1,7 > j > 1 operators (1), (2) coincide with the discrete Hardy operators, which have
been studied by many researchers, and main results were obtained in [2-7].

In the general case, the question is open on conditions on the entries of a matrix (a;;) that giving
boundedness of operators (1) and (2). For several classes of matrices, criteria for boundedness of the
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operators (1), (2) are known. One of the first studied classes was the class of operators matrices of
which satisfy the following discrete Oinarov’s condition: there exists d > 1 such that

1
p (aik + ak;) < aij < d(aip + ak;)

forall i > k> j > 1 (see [8], |9]).

In 2012 in paper [10] the wide classes O, O,;, n > 0 of matrices were presented, which defined by
conditions on a matrix (a;;) that are weaker than Oinarov’s condition, and the necessary and sufficient
conditions for boundedness of these operators for 1 < p < ¢ < co were obtained, where their matrices
belonged to these classes. However, the problem of boundedness of operators (1) and (2) with matrix
from the classes O;F, O, , n > 1 for the case 1 < ¢ < p < oo is still open. But the first results for this
case - the criteria of boundedness for matrix operators from OF are found in [11]4]12];

In the present paper, we find criteria of boundedness for operators (1), (2) from 4, inte ly,, where
their matrices belong to the class O;E when 1 < g < p < o0.

Convention: The symbol M << K means that M < cK, where ¢ > 0 is a_constant depending only
on unessential parameters. If M << K << M, then we write M ~ K.

We assume g; = 0 when i <1 and A~ g; = g; — gi—1, AT gi = gi — iz

1 Preliminaries

Let’s give the definition of classes Of, O;L.
Definition 1. Let (a;;) be a matrix which is non-negative andynon-decreasing in the first index for

all i > j > 1. A matrix (a;;) belongs to the classpO; 4if there exist a non-negative matrix (al-lj’-o), a
number r; > 1 such that the estimates

L /10 1,0
- (au; + akj) i =4 (au; + ak:j)
hold for all : > k > 5 > 1.

Definition 2. Let (a;;) be a matrix®which is non-negative and non-increasing in the second index

for all ¢ > j > 1. A matrix (a;;) belongs, to the class O; , if there exist a non-negative matrix (a?]’-l), a
number 71 > 1 such that theyestimates

1
N (aik + 0271

_ 0,1
T1 j)§a¢j§n<aik+ak>

J
hold for all ¢ > k> j 2 1\

Definition 3. Let (a45) be a matrix which is non-negative and non-decreasing in the first index for
all i > j > 1. Aymatrix (a;;) belongs to the class OF , if there exist a non-negative matrices (a?]’-o),
(a2, (agl.)), a number ro > 1 such that (agl-)) € o7,

tj ) 1)
L o0, 21 (1 20 , 21 (1
g (ai,; + a;, a](Cj) + akj) <a;; <719 <ai,;, + aj, a](i‘j) + akj)
foralli >k>j > 1.
Definition 4. Let (a;;) be a matrix which is non-negative and non-increasing in the second index

for all ¢ > j > 1. A matrix (a;;) belongs to the class O, , if there exist non-negative matrices (agj’?),
(ailj’?), (agjl-)) , a number 71 > 1 such that (az(jl-)) €0y,

1

— (aik + agi)a}c’f + ag’f) <a;; < T2 <a,~k + agi)a,ﬁ’f + agf)

2
foralli >k >j>1.
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Let us consider some examples of matrices that belong to the classes 01i and OQi.

Example 1. Let o > 0. Let {a;}32, be a non-decreasing positive sequence and {b;}°, be an arbitrary
(0%
positive sequence, such that a; > b;, i > j > 1. Then a;; = agjl-) = (ln Z—;) S Of, when ¢ > 5 > 1.
Indeed, foralli > k>j>1

(0% (0% (07
1 @i ak\ @ ak\  _ 10 (1)
i = <ln ar b; ) - <ln ak) " <ln b; > = e T Gy

6
where aill’go = <ln %) .
Example 2. Let {a;}°, and {b;}3°, satisfy the conditions from Example 1. Moregver, wetassume
that {w;}9°, is a non-negative sequence. Then a;; = a : Z Ws <ln > € 02 , 1>y >

Indeed, for all i > k > j > 1 we have
(2) s “ ! Qs 5
ws | In = Ws — ] + ) wdlln— )=
Z ( ) Z ( j) ; < bj)

i p o
a a
a,(;) + E Ws <ln aZ) + <ln bf) E Ws =
s=k s=k

_ 20 2,1 (1) (2)
=a;. +a;; Apj —l—akj ,

1 @ 2,0 d N o2k
where a,gj) = <an—J’?> € Of, a; = kas (an—Z) , Qi = Z ws, 1>k >75>1.
s=
In the same way, one can show that aft) = (In% OCEO nd a/? = ZZ: In ¢ aEO_
Vs w that a; = b 1 oand a5 = 30w b 2
i>j>1,if {a;}3°, is an arbitrary/positive sequence and {b; }5°, is a non-decreasing positive sequence,
such that a; > bj, i > j > 1.
Remark 1. As it is showm,in [10],the matrices (a?jo), (a?jl), (az(jl»)), (agj’.z), (agj’.z) can be considered
non-decreasing in ¢ and non;increasing in j.

Lemma A. |9aLety > Ople< n < N < oo and let {hi} be a non-negative sequence. Then

k=n \i=n
N Y N N v—1
(Z hk> ~) <Z hi> hi. (5)
k=n k=n \i=k

Let us state the necessary assertions from [5], [11] in a convenient form.
Theorem A. Let 1 < q < p < co. The inequality

q L 1
p

<C <Z ’fkvkz|p) 7vf € lpv (6)

k=1

00 k
> f

k=1|j=1
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holds if and only if

Moreover, F =~ C, where C is the best constant in (6).

Theorem B. Let 1 < q < p < oo and the matriz (a;;) belongs to the class OF . Then inequality (3)
for operator (1) holds if and only if B = max{By, B1} < 0o, where

pP—q
_p_ p(g—1) “pq
) ) P—aq k p—q e
_ 1,0Ng, @ —p’ —p/
Bo= | > | D_(aji)uf > Uk )
k=1 \ j=k i=1
p=9q
. a(p—1)
00 00 P—q k p—q o
_ q p —p q
Bi= (> |4 > ab; uf
k=1 \j=k i=1

Moreover, B =~ C', where C' is the best constant in (3).

2  Main results

Our main results read.

Theorem 1. Let 1 < ¢ < p < oo and (a;;)' €05 . Then operator (1) is bounded from I, into g, if
and only if M = max{ M., M;l,M;'Q}, where

, plg—1) B
o0 [e'e] —q 7 P—q
= E § 2.08q,,9 -7’ —p'
My = (ag; )Tl U Yy )
i=1\s=i j=1
» p(g—1) %
= (o A AN o SO
+ 201 q 1 —p _ 1 -
MQ’1 = E E (asi ) ul g a;; v; A g a;; v; ,
=1 S=1i j=1 j=1
» p(g—1) %
00 oo —q % P—q %
+ L q p —p - AP, P
M= g E ul g a;;v; A (aj) v;
i=1 \s=i j=1 j=1

Moreover AT ||py—squ = M, where | AT ||py—qu is the norm of operator AT from I, into ly,.

Our corresponding result for operator (2) reads as follows.

Theorem 2. Let 1 < g < p < oo and (a;j) € O, . Then operator (2) is bounded from I, into Iy, if
and only if M~ = max{ Mg, M7y, My,}, where

» p(g—1) Pq
p—q 00 p—q

00 ) P
- _ 0,2\q, q —p’ —p’
MO,2 - Z Z(ais ) Ug Zvj U; )
j=1

i=1 \s=1
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p p(g—1) %
o) ) q p—q 00 o p—q fe’e) o
- _ 1,2 q 1) —p’ + (1) —p'
M1,2_ E E <ais) ul (aﬂ v; A g aj; v; ,
i=1 \s=1 j=i j=i
» pla=1) T
e.¢] 7 pP—q pP—q 00
- _ q + V4
My =D (D ul Z%u AT D (agi)"v;
i=1 \s=1 j=i

Moreover, || A~ ||py—squ = M ™, where ||A™||py—qu is the norm of operator A~ from [, into l.

Using the conjugacy of operators (1) and (2) from Theorem 1 and Theorem 2 we obgaindhe following
results.

Theorem 3. Let 1 < ¢ < p < oo and (a;;) € OF . Then operator (2) is bounded ffom Iy, into/ly, if
and only if M~ = max{MiO, My, Mi2}’ where

a(p—1) £ L
% [ % ma [ P Q
- 2,0Np’, —p’ q q
My = E , E :(asi )P g E “J u; )
i=1 \s=i j=1
P—aq
a(p—1) — pq
— [+ B W) N\ z Dy
- E:E:llp/fp’ E 4,4 E
M2,1 - (asi ) Us (az] ) u )
=1 \s=i 7=1 7j=1
p—q
1 9 Da
o) o] ) Q(:_q) % p—a pa
- —p
M2,2_ Z sz Zaw uj Zaw U
i=1 \s=i

Moreover, || A~ ||py—squ = M, where || ATpysqu is the norm of operator A~ from I, into ly,.
Theorem 4. Let 1 < ¢ < p < og’andy(a;;) € O, . Then operator (1) is bounded from [y, into Iy, if
and only if Mt = max{./\/lgg, ./\/lfQ, M;:Q}, where

p—gq
» p(g—1) Pq

20 % P—q oo P—q
/
—p q q
M2 | 2 2 )
j=i

=1

» p(g—1) %
Zw ZZ H S (@t o ZOO 1)
+ 1,2 —p/ q + q
Ml,? - (azs ) Vg P (a]z )qu] A (a]z )qu] )
i=1 \s=1 Jj=i Jj=t
» p(g—1) %
00 % p—q P—q
+ —p’ +
MZ? - Z sz Zaﬂ U A Zaﬂ U
i=1 \s=1

Moreover, ||AT||pp—qu = M™, where ||AT||,y—qu is the norm of operator A™ from I, into lg,.
Since the proof of Theorem 2 is completely analogous to the proof of Theorem 1, we introduce the
proof of Theorem 1.
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Proof. Necessary. Let operator (1) be bounded from I, into lgy, [|AT||py—qu < 00, i.e. the following

inequality holds:
1
q q

i~ 5
3 Zawfj ) < A (z ) |

i=1 = =1

for all non-negative sequences f € lpy, in particular, for non-negative finite sequences f € [p,.

(7)

By

applying (4), a relation a;; >> a?jo,i > j > k > 1 from Definition 3 and using the Abel transform, we

obtain 1
Z az]fj u ~ Zzaz]fj (Z azsfs) u? >>
=1 =1 1
o 1 qjl oo q-1 oo
o> 3 W, (z fs> -y (z fs> S a2y
i=1 j=1 s=1 j=1 s=1 =j
o0 J
S (z w(50)7) St
j=1 n=1 =1
0o J n q—1 00 N q—1 00
- (% (z fs) (S + g {3 (z 1)) S et
7j=1 \n=1 s=1 =7 n=1 s=1 i=N+1
0o N n q—1 oo
2, . a2
Due to the finiteness of f and afj’-o is non-increasing,indy, we have
_1 00
i (Saf) ) 3 wtar-o
i=N+1
Then
g 00 i q 00
Za”fj ul >> Z (Z f3> AT Z(afjo)émg
i=1 \g=1 j=1 \s=1 i=j

Hence and from (7),it follows that

S

0 J q 00 0 %
>) (Z fs) AT (ad) << [[A* [lpo—squ <Z(fwi)p) :

j=1 \s=1 i=j i=1

Then aceording to Theorem A, we get

00 pa k p—q
2,0\q ' '
00 > [| A lpy—squ >> E, E AT E a;;)uf <§ :Usp> ve" =

k=1 \j=k =7

p p(g—1) Pq
q

00 00 P—q k p—
2,0 - —p
- z(zwm mz) (z) wr | =,

k=1 \i=k
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Inequality (7) holds if and only if the following dual inequality

L

o o o

P’ p L
/ . ’ 7
Z Z a;;9i U;p << ||A+Hpv—>qu (Z(‘gzuz 1)Q> (9)

j=1 \i=j =1

holds for all non-negative sequences g € ly ,-1, in particular, for non-negative finite sequences g €
ly 1. Using (5), a relation a;; << ayj, k > i from Definition 3 and applying the Abel transform, we

obtain

4 ’

oo oo SN oo p'—1

/ /

- o —-p

g ;53 vy = § Qi;9; E Qsj9s v; >>
7j=1 =7 7=1 1=j ]

-1 oo 00 p—
== Zzawgz (Z%) 0" =3 0 (ng) Z“w )
=1 iy i=1 s=i

/

DS zgn(zgs) zm /

00 00 00 p-1 00 0o - N ) )
= Z Zgn (Z gs> Zam v; + A}gnoo Z In (Z gs> Zla?vjvj_p ~
j=

n=N-+1 s=n

n=N+1 s=n j=1

0 ) 4 9 00 p'-1 N
S+ (£ | N (] N0

Due to the finiteness of g we have, that

/

fe'e) 00 - N , ,
N pH <ng> ;aéjvj”j_p =0

n=N-+1 s=n
/ / / i
. _ 7
Since A~ (Z; L fj ;) 2 Offwe assume w; = (A_ (> ajvy” )) ¥ . Then
/
0o 0o P 0o 0o 4
} : } : -7’ } : P
Qij9i v >> Z Js w; -
j=1 \i=j i=1 \s=i

Henee and from (9) it follows

L 1

> (ng) G| << 1A Ipoosqu (Z(gmﬁ)q’)q - (10)

i=1 s=i =1

S}
~

We pass to dual inequality (10), i.e

Q|
SE

0o 7 q oo
Z <Z fs) u? << HA+||pv%qu <Z (fiwil)p> , 0Z f € lpv-
=1

j=1 \s=1
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Then by applying Theorem A, we obtain

p—q
P p(g—1) pq
) ) P—q k p—q pa
+ q p’ p’ _
00 > [ At lposgu >> [ D[ D ul > Wk wh =
k=1 \j=k s=1
P p(g—1) %
00 00 P—q k 7 P—q k
_ q - p —p - ' —p _
=2 2 2.4 AT D al; =
k=1 \j=k i=1 j=1 j=1
P p(g—1) %
o0 o0 rP—q k; pP—q k
= E E u? E a7 A~ E al v ? 4V (11)
o J kji~3 kj~3 T 2,28
k=1 \j=k j=1 j=1

From Definition 3 it follows, that a;; >> afklaéj), i >k>7>1. Then fors. >k>j>1

1
aij >> afkla,gj) afkla,gj)9k, (12)

where

1, 5 <k <,
0, =
0, k>1, k<j.

Let ¢ = {¢i}5°, be a sequence of non-negativémumbersguch that > -2, ¢; = 1. Multiplying both parts
of (12) to ¢ and summing up by k € N, we have

aj; >> Zalk ak] Ok- (13)

Then using (13) and changing, the erder of summation twice, we have

q

[e’) 7 q—1
Sl Y ity | = Z Z aij fj (Z azsfs) >
i=1 J=1

=1 =

o0 7 7 i q—1
Zu Za?klaéj)wk /i (Z ( a2 la(1)¢7> fs) -

=1 Jj=1 s=1 \7=s
i

iukasoa Z% (Z%a Zam )q_lz

=1 1

o) i q—1
> Z(pk Za Zufafkl (Z Pra; Za(l) ) >>
k=1 =k

j=1

[e'S) k a—1
3 (e, zusaf; (z ) .
k=1

j=1 =k
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= Za,%)fj R, (14)

0 i q-1
where hy = u?a?,;l (Z goTa?f) k. From (7) and (14) it follows
i=k 7=k
0\

0 k
S|

k=1 \j=1

1
o0 P
<< HA+HPU—>QU (Z (fi’Ui)p> , 0< f € lpy.

i=1

By applying Theorem B and taking into account (4), we get

—q_ a(p—1)
o0 o0 P—q k p—q Pe
Dy —p
W= |3 (o) (S} o
k=1 \j=k i=1
N N
Using that By < oo and Y~ (ay; )P v; © is increasing in k, we have
i=1
0o 0o ﬁ k q(pp:ql)
_ 1 ) (1)\ph, —1’
o— g 3om (S]]
k=N i=k 1=1
- ~ ﬁ b a(p—1)
p—q
> i - (Dyp'y,—p'
= 3 e (SN
k=N j=k =1
Further, using this relation to the Abeltransform in By, (5) and the following elementary estimate
W —a’ =~ b1 b—-a), (15)
where b > a > 0,7 > 0, we obtain
pP—g
oo 00 00 ﬁ k Q(;—_ql) b
Dy —p
[A* |lpo—sqi>> B1 = ZA+ Z hj Z hs (Z(al(ci))p Y; p) =
k=1 j=k s=j i=1
) ) ) ﬁ k q(pp:ql) b
Dy —p
= Z Z hj Z hs A (Z(al(%))P v, p i~
k=1 \ j=k s=j i=1

!
—
NE
NE
Qb‘
Tk
I
>
N
M»
N
=
&@
<.
2
if
3|
AV

vV
[~
[~

>

o

S

i

_
VR
]~

D
e
\%\
&

<
~__—
]
&

o
VY
]~

=

T
N

’.B\

S@

hd\
~__—
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where

.
[
e
k)
w
.
Il
<.
I
<.
<
[
e
<
[
ol
3
I
<

o0

Therefore, due to Vo : > ¢ = 1, we have
k=1

AT lp—qu >>

p—q
' o = p(g—1) Pq
i P—q k pP—q k
2,1 Dy —pf _ Dt oy
o |33t (Tt ) | (Selrar) o ()
? \ k=1 j=k s=1 s=1
Assume, that ¢; = §;(m), m > 1, where
1, j=m,
d;(m) = :
0, j#m.
Then taking into account that a?j’-l is non-increasingyin 7
AT lpo—gu >>
PrP—q
. . q p?%q ) p(pq:ql) k Pq
1 4 _ 1 r_
>> sup Z Zuf’ Za2 15 (Z(a,(cs)) ’Usp> A (Z(al(%))p vsp) =
m2l\ k=1 \i=k s=1 s=1
p(g—1) =
WL (1)\p o SN :
(S (e g SNSA ) A (e ) | e
k=1 s=1 s=1
Thus, from (8), (11) and (16)4it follows
M = max{ My, M3, My} << [|AT[|py—qu < 0. (17)

n
Suffidiency. Let Mt < co and 0 < f € I, Z is the set of integer numbers. Let’s assume > = 0 when

k> nand a;j/= 0 when ¢ < j. =
For alb#> 1 we define the following set of integer numbers:
T,={k€Z:(ra+1)F <(ATF)i},
where ro is the constant from Definition 3 and we assume that k; = maxT;. Then
(ro + DF < (ATf); < (ro + 1) Vi e N (18)

Let my = 1 and My = {i € N : k; = k1 = kp, }. Suppose that mg is such that sup M7 + 1 = ma.
Obviously me > mq and if the set M; is upper bounded, then mo < 0o and ms—1 = max M; = sup M;.
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Suppose that we have found numbers 1 = m; < mo < ... < mg < 00, s > 1, then we define msy1 by
msy1 = sup Mg + 1, where My ={i e N: k; = ky,, }.

Let Ny = {s € N: my < oco}. Further, we assume that k,,, = ns, s € Ny. From the definition of m
and from (18) it follows that, for s € Ny

(r2 + 1) < (AT f)i < (r2 + )™ my i <mgyn — 1 (19)

and N = (J ¢y [ms, msy1 — 1], where [ms, msi1) 0 [my, myy1) # 0.
By using (19), Definition 3 and ns_2+1 < ns — 1, which follows from the inequality ns_o < ns—1 <
ns, we can estimate the value (rg 4+ 1)™s 1

(ro + 1)”5_1 = (rg+1)" —ro(re + 1)"5_1 < (ro+ 1) —ro(re + 1)”8—2+1 <

mg—1—1

<A my = r2(AT ey 1 =D amgifi =12 Y Oy ifir=
=1

ms m5,1—1
= E Amgifi + E [mgi — T20m, _—1i]fi €<
i=mMs_1 =1
ms ms—1—1 ( )
2,0 2,1 1
<< g . ifi + g [7"2amsms,1—1+T2amsms,1—1ams_171i]fi <<
i=ms_1 i=1
ms—1—1 ms—1—1
<< g amszfz+7°2amsms 1 E fz‘i‘T'QCLmSmS 1 g ams _1ifi- (20)

stl

Then taking into account (20), we get

Ms41— 1 msy1—1
||A+f||3 Z Z 1(ATf)1 Z (ro + 1)(ns+1)q Z ul <
seNy i=ms s€Ny i=ms
ms ms—1—1 mg—1—1 ms+1 1
1
<oA1 Y | D @i raal), Z fitraall, > afnz_l,ufi > ul<<
SENg \t=ms 1 =1 1=Mms
ms ms+1 1 ms—1—1 qms+1_1
<K Z Z amsifi Z u + Z ( MsMs—1— 1) ( Z fl) Z ’Ll,g—i-
sENp.Nt=ms_1 1=mg sENy =1 1=mg
ms—1—1 qms+1_1
S (@)’ ( 5 mf) S
s€Ng i=1 i=ms
= S52+ S20 + Sa1. (21)
By applying Hélder’s inequality twice and (5), we estimate Sa 2.
q a
ms ms+1 1 ms p ms » msri1—1
’ )
Soo = Z Z amsifww{l Z ul < Z Z (fivi)? Z afnsz‘vi P Z uf <
s€Ng \i=ms_1 1=mg s€Ng \i=ms_1 1=Ms—1 1=mg
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q a(p—1) P P

me P ms ) ) p—q msi1—1 p—q
<[z S uwr) |23 aer) (324

s€ENg i=ms_1 s€Ny 1=Ms—1

IN

D
a(p—1) 9\ p
Mms ) P=4 mgy1—1 ms4+1—1 P—q

IN

9 / i
< 27| f[g, Sodb Yool D
| =

s€Ny 1=Ms_1

4 . ap=1H)\ p

fe'e) 00 p—q 7 , p—q
_/ "~
<A | Do ud [ D <Z> = |I£117, 05,
i=1 j=i

n=1

where
pq oo o0 q 7 , , P—q
TP—q __ q q P —p
M2,2 = E u, g u; E @, Uy,
i=1 j=i

Using the Abel transform, (5) and (15), we have

Therefore
S22 << (M) || f1F,- (22)
To estimate Sgy, we assume
> (o )qmsi_l ‘ 1
a’ _ u, T=mg_1— 1,
milms_1 — 1) = { Gy, \ et S ’

0, 1#Emg_1 — 1.

and we use Theorem A.

q mg—1—1 Imerr1—1 00 n q
TSI N 5 SN SIED 91 oy RS

s€Ng

]
| [
Q
3
k]
|
Q

<< f;(

n=1 \1

> /
77;’) v ? " 1150 (23)
=N
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o0
Taking into account Remark 1, we estimate > n;:
i=n
00 msy1—1 msy1—1 o)
o 2,0 K q_ 2,0 08 << 2,09 4
i = amsm5,1—1 ui - amsmsfl—l ui ain uz
=n smg_1—1>n 1=mg sms—_1—1>n i=mg i=n
Hence and from (23), we have
. p(a—1) el
o0 o0 q H n , p—q
2,0 q —p —p' q _ +\a|| £1|4
Sr0<< | (X (@) ) Dy o | Il = OB g | (24)
n=1 \i=n j=1

s€Ng

00 k q
— Z (Z aﬁ.)fi> O < (max{éo,31})q IFIIE, - (25)
k=1 \i=1

msy1—1

where 0, = > > (a12{71715,1—1)qu% when k= ms_1/— 1 and 6 = 0 when k # ms_1 — 1,

s€Ng n=ms

p=q
00 00 p’%‘? k p(z:z—_ql) P
~ _ 10 _p/ _p/
Bo = Z Z( Jk) 0 (sz ) Vg ;
k=1 \(g=k i=1
Py
') 30 Pg‘l k q(;f:ql) e
s (15(Se) ()] e
k=1 \ j=k i=1
’ . 1,0
Let’s evaluate thepexpression Z (a ik ) 0; in Bo.
o0 m5+1—1
S 0= X () S (k) -
ajk J ams_l—lkz anms,lfl Up =
j=k sms_1—1>k n=msg

ms41—1

— 1 1,0 1 q
- Z Z nms 1—1 amsfl—lk Unp,-

sims_1—1>k n=msg

In [10] it is shown that ai’,lns_l_lal 0 ok << a’ ke O when n > m,_; —1> k> 1. Then

> q > q

1,0 4 20\? 4
Z (ajk) 0; << Z (ank> ug .
j n=~k

Jj=k
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Thus
p p(g—1) %
~ 0 [e%) q P—q k , p—q
By << Z (Z (ai’,g) u%) (Z vi_p> vkp = My < cc. (26)
k=1 \n=k i=1
By using the Abel transform, (5) and (15) we estimate the value Bj.
_q_ a(p=1)
pq o) o) o) P—q k o “p—q
~ -PL 1 o
i -sar () ] (S ) ) -
k=1 ok \ =i i=1
4 a(p—1)
e8] e8] o r—q B 1) p L P—q
= (e Xe] A (X () v ~
k=1 \ i=k j=t i=1
P A p(g—1) A
0o 00 P—q , p—q ;
D\P . DNP
(o) (@) ) A (@) e
k=1 \i=k i=1 =1
Since
00 ms+1—1 %) q
SR SIS SR CTRIR N o (FH L
i=k simg_1—1>k n=ms n==k
hence and from (27), it follows
b pla=1) =
~ 00 00 P—q k p—q
Biec |3 (Z( 1y’ g) (Z @) o ) (Z (o) ) .
k=1 i=1 i=1

Thus, from (25), (26) and (28), we obtain
Sago<< (mac{ Mo, M 1) I£1E
Hence and from (21),((22), (24) we have
AT fllqu << max{Mylo, M3y, Mo} flli,, = MFI| £l

L.e. theoperator, AT 1s bounded from I, into I, and takes place for the norm [[AT||py—qu << MT,
whi€h with™17) gives us || A" || pp—qu = M.
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KPUTEepHiii

Maxpuuanap TeopHusIChIHBIH, HEri3ri MiHgeTTepinig 6ipi MATPUIAJIBIK, OIIEPATOPLIH Oip HOPMaJIbl KEHICTIK-
TeH 6aCKa HOPMAJIbI KEHICTIKKe Y3LIicCi3 Ty VINiH MaTpHUIaIap JeMEeHTTEepiHe KAXKeTTI KoHe YKeTKUTIKTI
maprTapbid aHbiKTay. COHBIMEH KATap MATPUIIAJIBIK, OIIEPATOP/IbIH, HOPMACHIH HEMECE OHBIH, JIJ1 YKOFapFbl
JKoHe TOMeHTi barasiayblH Taby MaHbI3IbI. By ecemn xkaJnbl xKaraaiina Jleber TizbekTep KeHICTIriH/IE albIK,
ecern. Bepinren makaraza MaTpUNAJIBIK, OLEPATOPBIHDIH [py-1aH lgy-Fa 1 < ¢ < p < 0o 6osranma IIeHeJINeH-
Jiri KapacTBIPBLIFAH »KoHEe OYJI €CEeNTiH KAaXKeTTi »KoHe YKETKITIKTI MapTTapbl aJblHIbl, MyHIaFbl MaTPHUIA
OQi nmuckperti OfHapOB KJaChblHA THICTI.

Kiam ce3dep: MaTpuIAJIbIK OIepaTop, TYHIHIEC oleparop, CaJMakTbl Ti30eK, IIEHEJIeHIIK, CAJIMaKThI
TeHci3aikTep, Jleber camMakThl KeHicriri, OHapOB MmapThi, Xap/Inu OnepaTopbl, Xapau TeHCI3Iiri, MaTpuIia.
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A.M. Temupxanosa, A.T. Becxkanosa

Espasutickuti wayuorarvhol yHusepcumem umenu JI.H. lymunsesa, Acmana, Kasaxcman

Kpurepunii orpaHN4eHHOCTH HEKOTOPOI'o KJlacCca MaTPUYHBIX
OIIepaTopoB U3 ly, B ly,

OHOI M3 OCHOBHBIX 33/1a9 TEOPUU MATPWI] SIBJISETCS HAXOXKICHNE HEOOXOIUMBIX M JOCTATOYHBIX YCJIOBUI
JJIs 9JIEMEHTOB MATPUIILI, IIPU KOTOPBIX MATPUYHBIA ONepaTop HEIPEPBIBHO JEHCTBYET U3 0JIHONO HOPMUPO-
BaHHOI'O IPOCTPAHCTBA B JIpyroe. [Ipu 3TOM OYeHb BaXKHO HANTH 3HAYEHUE HOPMBI MATPUIHOTO OIIEPATOPA,
B KpaifHeM ciIydae, 3adUKCHUPOBATh TOYHBIE BEPXHHUE W HIKHUE OIEHKH. JTa 33/a49a B JIEOETOBBIX IPO-
CTPaHCTBaX IOCJIEI0BATEILHOCTEH B ODIIEM CJIydae OCTAeTCs OTKPBLITON. B crarbe paccMorpeHapobiiema
OrPAHUYEHHOCTH MATPUYHBIX OIEPATOPOB M3 lpy, B lg, pu 1 < ¢ < p < 00 U MOJIy4YEHBbI HEOOXOEUMbIE 1
JOCTATOYHBIE YCJIOBHS STOM 3a/1a9M, KOTJa MATPUIHBIE OTIEPATOPHI IIPUHAIEXKAT KIACCAM 02:‘:7 Y/IOBJIETBO~
psitormuM 60s1ee caabbiM yciaoBusM, dem ycsoBue OifHapoBa.

Karouweswie ca06a: MATPUIHBIA OIEpaTOp, COIPSI?)KEHHBIN OIEPATOD, BeCOBas IOCJEI0BATEILHOCTD, Orpa-
HUYE€HHOCTH, BECOBbIE HEPABEHCTBA, BecoBoe mpocrpaHcTBo JlebGera, yciosue Oiinaposa, omepaTop Xapu,
HEpPaBEHCTBO Xap/Iy, MATPUIIA.
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