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The talk is based on a recently published joint work [2] with F. Sukochev and D. Zanin where
weobtained a weak (1, 1) type estimate for a higher dimensional Hilbert operator answering an
openquestion by A. Osekowski [1]. This result together results in [3] allow us to investigate
boundednessof the Hilbert operator in rearrangement invariant quasi-Banach spaces.
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Let M,, be the von Neumann, algebraof m x n complex matrices, and let M} = {4 €
M: A=>0} and Mi* ={AeM: A>0}. In [3], Carlen and Lieb proved the following trace
function on M;::

a 1 1
Ey(Ay, Az ey Am) = [Tr((ZRL: AP =11 (R AP llg (1)
is jointly concave in (A4, - 3dy) € M X M ---x M, for 0 <p <q <1. Bekjan [1]
obtained that for 0 < p < 1,

1
B(@1, g, .., A) = Tr((Ziey A7) P) )
is jointly concave if (A4, A3+, A,) € MET x M+ .- x MIE*. In [4], Hiai extended these results
as following: if @,: Ml = MG is a strictly positive linear map (k = 1,2,---,m), either 0 <p <1

andO<sS%,or—1Sp<0and%§s<0,then

By (A, Az Ap) = ||y (A,
issjointly_coneave in (A;, Az, -, Ap) € M x My -~ x M, where [|.||, is a symmetric anti-
normson M-

Let M be a finite von Neumann algebra with a normal faithful finite trace = and L,(M) be
the set of all measurable operators with respect to (M, 7). The topology of L,(M) is determined by
the convergence in measure. Set Lo(M)* = {x: x € Ly(M), x =0}, M* ={x: x e M, x = 0}
and M** ={x: xeM, x>0}={x: xEM, x>0 and x is invertible }. The aim of this
talk is to prove that [(i)]

1. if f:[0,) = [0,) is an operator concave function, 0 <p <1,0<s < % and @; is a

continuous positive linear map from Ly (M) to Lo(M) with &;(M;) < M, where M; is finite von
Neumann algebra, j = 1,2,--,n, then for 0 < t < (1)

[0 (B SNy and 7 (S &4 () )dv

are jointly concave in (xq, x5, ,xp) € Lo(M7)" X Lo(M)* X -+ X Lo(M,)*,
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2. if f:(0,) - (0,) is an operator concave function, @; is a strictly positive linear map
from finite von Neumann algebra M; to M, j = 1,2,--,n,0<p<land 0 <s < %, then for 0 <
t <7(1),

® - - ® —pNy—
55 (@ 2F 0T ™Ay and [ (B B5(F(x)7P)) )dv
are jointly concave in (xq, x5, -+, X,) € M7t X MF+ X .- x MFT,
where u,(z) is the generalized singular number of z € L,(M).
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Yepes Ly, 00o3Hauaercs nmpocTpancTBO JIOpEHIa BCEX BENIECTBEHHO3HAUHBIX H3MEPUMBIX 110 Jlebery

GyHKIUH f, KOTOpBIE UIMEIOT 2TT-TIEPUOJ IO Ka)I0W epEeMEHHOM | JUIsT KOTOPBIX
1

T (L T, )T
Iflly: = Ef (f (t)) tr dty <+0,1<p<o0,1<71<00,
0

f (t) — HeBo3pacratomias nepecranoka dynkuun |f (2mx)], x € [0,1)™. ITycts 7 = (14, ..., 1), 75 >
0,j=1,..,m u Fz(x) “m=meproe supo Bepuymmu (cm. [2], [3]). PaccMoTpuM (hyHKIMOHAIBHBINA KiIace
Wi ={fif=¢xENpll,, €1}, e 1 <p<,1<7 <00,

(@ * FOG = G fpm (@& — D) @d, T™ = [0,2m)™,

B ciayuae m=p xnacc W), pacemorpen B [1], [2]. ey(f),, — Hawiydmee  -uneHHOE
TPUTOHOMETPUICCKOe npuomkenue Gyukuun f € L, -,M € N.

B ‘mokxnane 0ymyT mpeacTaBieHbl TOYHBIE 1O TMOPSAKY OICHKHA HAMIYYIIMX -YJICHHBIX MPUOIMKSHUN
dynKuuit “kmaccaW; B mpoctpaHcTBe Lp., TpPH pPasiMYHBIX COOTHONIEHHSX MEKITY HapamMeTpamu
p,q, 71, Ty. B yactHocty,

Teopema. Ilyctb 0 <1y = =7, <1y Sy, 1<q<2<p<o0,1<t1<1,<0 u bER.
Ecmml<g<Z2un >$,T0
1 1

1 1 — —_
eM(VVq?,Tl)p,Tz == M_(rl"'i_g)(logzM)(” 1)(r1 q+7’1).

1
ECJ‘II/Iq=ZI/IT1>E,TO

1 1 1 1
(v—-1) (Tl —E+Z)+E—a

em (szl)p,rz < CM " (log,M)

B ciyuae 74 = q, T, = p U3 NOIXY4YEHHBIX PE3YIbTATOB CIEAYIOT Teopema 3 B [1] u Teopemsbl 2.1 u 2.2 B
[2], a Takke Teopema 1.2 B [3].
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