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On the time-optimal control problem for a heat equatio

In previous works, we have considered some control problems for parabolic type equations, n
problems for parabolic type equations were studied as boundary value problems of the tt
weight function was expanded into a Fourier series by sines. In this paper, we consider bo

problem for a heat equation on the interval. In the part of the bound of the given d

value of a solution and it is required to find a control to get the average value of By the
mathematical-physics methods it is proved that like this control exists and the esti imal time
for achieving the given average temperature over some domain is found.
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Introduction
L 2

Consider the heat equation

augct‘,t) _ 3275&"2’ D e Q <z <l t>0} (1)

with boundary value conditions

uz(0,1)

and an initial condition

(3)
Definition 1. A function @ issible control if this function is piecewise smooth on ¢ > 0
and satisfies the conditions

0, |u(t) < M, where M = const > 0.

Consider the fanction € WZ[0,1] satisfying the conditions
1 l
Y@ 0. P @20 [plrdr=1 (4)
0
L
s krx
p(z) =) prcos——, x€(0,1),
k=1
where l
2 k
PE=7 /p(x) cos%x dr, k=1,2, (5)
0
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Problem H. Let 8 > 0 be a given constant. Problem H consists in looking for the minimal value
of T > 0 so that for t > 0 the solution u(x,t) of problem (1)—(3) with a control function u(t) exists
and for some Ty > T satisfies the equation

l
/p(x)u(:c,t) de = 0, T <t<T. (6)
0

We recall that the time-optimal control for parabolic type equations was first investigated in [1]
and [2]. Recent results concerned with this problem were established in [3-12]. Some boundary, control
problems for hyperbolic type equations are studied in [13]. The same result as in thig,artiele was seen
in detail in [5] case. Detailed information on the problems of optimal control for digtributed parameter
systems is given in [14| and in the monographs [15,16] and [17]|. Close to this work,“boundary control
problems for the pseudo-parabolic equation were studied in works [18, 19].

Overall numerical optimization and optimal control have been studied in a greatmumber of publications
such as [20]. The practical approaches to the optimal control of the heat@equatiom®are described in
publications such as [21].

Theorem 1. Let
P1 l2 M

w2

12 0>
To= - In(a— T N
’ W2n<1 ﬁhpﬂ4>

Then a solution T},;, of the Problem H exXists and the estimate T,;, < Ty is valid.

0<b<

Set

1 Main integral equation

Let T > 0 and B be a Banach spaéegpSet by C([0,7] — B) the Banach space of all continuous
mappings u : [0,7] — B with the gorm

= t)||-
Jull = ma flu(®)]

Now by symbol ng (Q)fwe denote the subspace of the Sobolev space W3 () formed by functions
trace of which is equal to ¢ zero. Note that since Wi () is closed and the sum of a series of functions
from W4 (Q) confrerging in metric Wi (Q2) also in W2 (Q) (see, [10]).

Definitionn2. By, the solution of the problem (1) - (3) we mean function u(z,t), expressed the form

(1 — =)
2

u(a,t) = p(t) — (1),

where the function v(z, t) is a generalized solution from C([0,T] — W2(€2)) of the problem

vp(2, 1) = vga (2, 1) = p'(t)
with initial and boundary conditions

v:(0,t) = v, (1,t) =0, wv(z,0)=0, 0<z<L

Mathematics series. No.3(111)/2023 29



F.N. Dekhkonov

Consequently, we get (see, [22,23])

t t
l 1 21 o cos e e /D2 (t—s
v(z,t) = E’M(t)_f /u(s)ds+—2 kzl /e (kr/DZ(E=2) 1/ (5) ds.
0 0

Note that the class C([0,T] — W%(Q)) is a subset of the class W3 (£2) considered in the monograph
[24] in order to define a problem with homogeneous boundary conditions. So, the generalized solution
given above is also a generalized solution in the sense of monograph [24].

Proposition 1. Let p € Wi (Ry) and 1(0) = 0. Then the function

1 / R e /D)2 (£ kmx ¢ \
=7 / (1 +2 Ze*( (=) cos T) w(s)ds \ (7)
0 < :

k=1

is a solution of problem (1)—(3).

Proof. We write the function u(x,t) again in the form @
| —x)?
u(z,t) = p(t) ( ©_

2

t t
1 21 . cos b \
W)+ 7 / n(s)ds — 2 M /2(0-5) 4(5) ds.
0

s C([0,T] — W%(Q)) For this, it is enough
to prove that the gradient of this function, take Q, continuously depends on ¢ € [0,7] in the
norm of the space Lo(f2). According to Pagseval’s equality, the norm of this gradient is

t

1 /D2 (s 2

||vx(.,t)||%2(¢® = (/e (em/12-5) 1 5) ds) <
\ e

o0

1
<CllP Y < Ollwl.

k=1
Propos1t10n
From (7) an ion (6), we can write

l
0(t) = /p(a:) u(z,t)de =
0

¢
/(%/p )dx + — Z — (/D (¢~ s)/ ) cos —dx) w(s)ds.
0

Then according to (4) and (5), we have
t
/ (1 + Zpke (ke /1% (= s)) u(s)ds.
0
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Set

[e.e]
B(t)=1+Y pre ®m/0% ¢ >0, (8)
k=1
Then we get the main integral equation

/B(t —s)u(s)ds =0(t), t>0.
0

Lemma 1. [6] Let g(y) > 0 and ¢'(y) < 0. Then the inequality holds

/g(y) sinydy >0, ye€[0,00), n=12,.. ’\\

0
Proposition 2. For the coefficients {p }ren defined by (5) the estimate &

C
0= p =43 k=12 @
is valid.

Proof. From (5), we write

Proposition 8. A function B(t) defined by (8) is continuous on the half-line ¢ > 0.

Proof. Indeed, from (8) and Proposition 2 we obtain
1
1 < B(t) < 1+const Z = o~ (km /%t

k=1

Proposition 3 is proved.
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2 Estimate for the Minimal Time

Consider the Volterra integral equation

t
/B(t—s),u(s)ds =0, t>T,
0

where

B(t) = 1+ pp e /0%t (10)

k=1
Proposition 4. For the function defined by Eq. (10) the following estimate L 4 \
B(t) > ple—(rr/l)2t

is valid.

Proof. Proof of the proposition comes from functional series define 10)his non-negative.
Proposition 4 is proved.

We introduce a function as follows

Q) = [ Bt s)ds - N
0

It is clear that physical meaning of this fumction als the average temperature of 2 in case
where the heater is acting unit load (see, [3,10[)aWe k that Q(0) =0 and Q'(t) = B(t) > 0. Set

Q= Q(t) = [ B(s)ds.
/

Proposition 5. Let 0 < 04 @ hat case there is T' > 0 and a real measurable function p(t)
and the equality

B(T — s)u(s)ds =6 (11)

Q

is valid.

Proof. Obyiouslypif we set p(t) = M then we obtain

/B(t —s)u(s)ds = M/B(t —s)ds = MQ(t),
0 0

and since from (11) there exists 7' > 0 so that MQ(T') = 6.
Proposition 5 is proved.

Remark 1. We know that the value T' found in Proposition 5 gives a solution to the problem.
Clearly, T is a root of the following equation

Q) = - (12)
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Proposition 6. Let
p1 M

0 .
0<<7T2

(13)
Then there exists T" > 0 and
2 p2M)’
and the Eq. (12) is fulfilled.

Proof. Now we use Proposition 4. As result, we can write

t t 1 —(7\'/[)2t
— e
Q= [ Bz [ st i \ v

Consider the equation for the defining of Tj:

1 — e~ (@/2 Ty
pl-c™? 0 _ 6 (15)

Then we have

From (14) and (15), we can write

Obviously, there exists T, 0 < T < Ty, w
Proposition 6 is proved.

Proposition 7. Let T' > 0 satisfies Eq.¢12) and condition (13). Then there exist 73 > T" and the
measurable function p(t) so that |u(t)[.< Miand the equality

(a:,t)dac =0, T<t<T
is valid. Q
Proof. According to th wing

s

/B(t —s)u(s)ds =46,
0

it is prove that there exists a solution of the equation

t
/B(t ~Suls)ds = f(t), 0<t<Ti, (16)
0

where
MQt), if0<t<T,
fy = MW,
9, fT <t<Ty.

Solution (17) is piecewise smooth and, according to Eq. (12), is continuous.
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Set

M, if0<t<T,
p(t) = . (18)
,U,l( ), 1fT<t§T1,

where 11 (t) is a solution of the following integral equation

T t
/B(t—s)Mds—i—/B(t—s)ul(s)ds:H, T<t<T. (19)
0 T

Then differentiating this equation we obtain
0"\'

B(O)ui () + /B’(t — $)un(s)ds = M [B(t — T) — B(t)).
T

B(O):1+§:pk<oo. @
k=1

< .

We know that the function B(t) is convergence function onggiv
has a unique solution p1(t) for ¢ > T, which is continuou

According to Proposition 2,

rval. Therefore, equation (20)
on t > T. Besides,

and there exists T3 > T so that
(<M, T <t<T.

We know that this function is the u lution of equation (19). Hence, function (18) is piecewise

continuous and satisfies equation nsequently, this function p(¢), which has a jump at the point
t =T, is the required soluti

Proposition 7 is proved.

Proof of Theorem 1 f@fr ropositions 6 and 7.
Conclusions

Note that in case re the temperature 6 is small enough, the value of Ty can be replaced by the
followi ne:

0

Ty = —.
p1M

Hence, 1n this case the estimate of optimal time given by Theorem 1 is proportional to required
temperature 6 and inversely proportional to size of the rod [ and to the maximum output of heat

source M.
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®.H. exkoHoB

Hamanzan memaexemmix ynusepcumemi, Hamanean, O36excmar
2Kana Osbexcman ynusepcumems, Tawxenm, O3bexcman

KbpL1yTeH/ieyi YIITiH OHTAMJIbI YaKbIT MOEETECI Wy pPaJIbl

AJLIBIHFBL 2KYMBICTAP/Ia TapaboJIajIblK TUIITI TEHJEYJIep YIIiH Kehbip OaACKapyneelrirepi KapacThIPbLIFAH.
Srau mapaboJsiasbK TUNTI TeHAEYIEPIiH Oackapy ecemTepi GipiHIME, TUIIT ITEKAPAJIBIK €CEeNTep pPeTiHe
3epTTeJin, cajaMak, YHKIMICH cuHycTtap Ooiibiaima Pypbe KaTdpbiHa KeHenTinai. Makamamna maTepBa-
JaFbl KBTIy TEHJEY1 VIIiH IMeKTi 6aKkblaay Moceseci 3epTTeres. Opie, rmekapachbiHbIH OyJl OeJlirinae 6aKkbi-
JIayIbIH MoHI GepijireH >KoHe TeMIlepaTypaHbIH OpTallla MOHIH ajy, VINiH 0ackapy SJeMeHTiH Taby KarKeT.
MaTeMmaTuKaIbIK-DUUKAIBIK, 9IICTEP/Ii KOIAaHa OTHIPHII, MyHIal OaKbLIayIbIH 6ap eKeHIIT] JoeaeH i
2KoHe Oesiriyii 6ip aymakTa OepiiireH oprala TeMIepaTypPaga *KELY YIIiH eH a3 YaKbITTBIH 6arachl TaObLI/IbI.

Kiam ceadep: XKblly TeHjieyl, eH a3 yakbIT, pyKEaT eTiIrelH Oakbliay, MHTErPajblK TeHJey, OacTalKbi-
IIeKapaJiblK, ecell.

@.H. /lexxoHos

Hamaneanckud, 20eydapcmsertoii ynusepcumem, Hamanean, Ysbexucman;
Viueepeumenudosoiii Vabexucman, Tawkenwm, Ysbexucman

O 3agade OBICTPOAEIICTBUSA JIJIsI YPABHEHUS TEMJIOIMTPOBOIHOCTHU

B npenpraymuxipaforax Mbl pacCCMOTPENIM HEKOTOPBIE 33/a1 YIIPABJICHUS 1151 yPaBHEHUH apaboInIecKo-
ro TWIA, a WMEHHQ: 3a/1a9u yIPABJIEHUs )i YPABHEHMI TapaboInIecKOro TUMMA U3YYaJNCh KAK KPAeBbIe
3a/1a4M [IepBORO, THNA, a BecoBas (DYHKIMs pasiaranach B psi Pypbe no cunycam. B Hacrosiueit pabore
paccMOTpeHa 3aJasia TPDAHUTHOIO YIIPABJIEHWS [JIsi YPABHEHUS TEIUIOIPOBOJHOCTH Ha oTpe3ke. B wacrm
TDaHUITbl JAHHON 00/IACTH 3aJaHO 3HAYEHME PEIleHusl U TpeOyeTcs HaiTh ympaBiieHne, ITOObI MOJIYIUTh
cpeafiee @HadeHue perteHusi. MerojaMmu MaTeMaTHIecKol (U3UMKHU JOKA3aHO, UTO IOJO0HOE yIIpaBJICHHE
CYINECTBYET, M HAXOMUTCS OIEHKA MUHUMAJBHOTO BPEMEHM JOCTHKEHWS 3aJaHHOU CpeJHell TeMIeparypbl
10 ‘HEKOTOPOit 001acTH.

Karoueswie cnosa: ypaBHEHHE TEIIOMPOBOMIHOCTHA, MUHUMAJbHOE BPEMs, TOIIYCTUMOE YIpPaBJIEHUE, WHTE-
rpajbHble YpaBHEHUs, HadaJIbHO-KpaeBasd 3a1a4a.
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