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Nonlinear evolution equations are widely used as models to describe complex physical
phenomena in various fields of sciences, especially in fluid mechanics, solid-state physics, plasma
physics and biology. In [1], D.J. Kaup proved that the nonlinear system of equations

n. = (Dxx +ﬂ2(Dxxx _5'(q)x77)x

1)
n==o, +%5~(1)i

is completely integrable.This system was first derived by Boussinesq in§the“theory Jof wave
propagation in shallow water [2] and therefore it is called the Kaup-Boussinesqsystem. One of the
basic physical problems for this model is to obtain their soliton solutions.in T3], multisoliton
solutions were found, and the asymptotic behavior of these solutionsewas inyestigated. In papers [4,
5], real finite-zone regular solutions of the Kaup-Boussinesq system are studied. In [6], the Kaup
system with self-consistent sources is studied by means of the inyerse problem for the quadratic
pencil of Sturm-Liouville equations.

In recent years, in connection with intensive research ofiproblems optimalmanagement of the
agroecosystem, for example, the problem of long-temmforeeasting and regulation of the level of
groundwater and soil moisture, therehas been a sigaificant, increase in interest in loaded equations.
Among the works devoted to loaded equatigns, @ne shQuld especially note the works of A. Kneser
[7], L. Lichtenstein [8], A. M. Nakhushev [9};, andyothers. It is known that the loaded differential
equations contain some of the traces ofgan unknown function.

In this work, we consider the following loaded Kaup-Boussinesq type system

V, -V, —6uu_ —18Wlr_+6vv, +24vuu, +6v u’ = u(t)v(0,t)u(0,t)v,, @
U —u_ +6W, +6v u+30uu’=(t)Vv(0,t)u(0t)u,

under initial condition
V)|, = Vo (X), u(X,t)|_, =Us(x), x el . (3)
where x(t) are given aritraryseontinuous function and the functions v, (x), u,(x) satisfy the
following conditions:
(1 U, () Isf@bsalutely continuous on each finite segment [a,ﬁ] c (—oo, oo) and the
inequalities hold

[ Tdx <o, @ X DTV () |+ U5 () [ldx < oo, 3)

(ii) “wthe operator generated by the differential expression
2

T(0,k) = —%+vo(x)+2kuo(x)—k2

has exactly 2N simple eigenvalues k, (0), k, (0),..., Kk, (0) .

The main aim of this work is to derive representations for the solutions $v(x,t)$ and $u(x,t)$ of
the Cauchy problem (2)-(3) within the inverse scattering method for the quadratic pencil of Sturm-
Liouville operators:

T(@t,K)y=—-y"+v(x,t)y+2ku(x,t)y—k?’y =0, x el
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We consider the Camassa — Holm (CH) equation with a self-consistent source
U, — Uy, =UU,, +2u.U, —3uu, +iak ()87, %, t) LNX. Ty ® (X, A, 1)+ 20 (x,t)(x//2 (X, A4 t)) (1)
k=0

in the class of real-valued - periodigon the spatial variable x function u=u(x,t)which satisfy
the regularity of assumption u e C} (t > 0)QC{t>0)C(t >0) with the initial condition

u(x,0) =uy(x),xeR, (2
where q(x,t) =u(x,t)—u, (x,t)%andW, (x) € C*(R)is the given real-valued - periodic function
and (X, A, t)are the Floguet solution (normalized by the condition (0, 4,t)=1 of the weighted
Sturm-Liouville equation.

y”:%y+/1q(x,t)y, xeR. (3)

Herepd, s zeras,of the function A?(1)—4, where A(1)=c(z, A,t)+s (7, A,t). We denote

by c(xed, th and¥s(x,4,t) the solutions of equation (3) satisfying the initial conditions
c(0,%4,t)=2¢/(0,4,t)=0and s(0,4,t)=0, s (0,4,t)=1respectively. In system (1), the functions
a)(t), k'eZ, can be chosen freely within the class of real-valued continuousfunctions having

. . 1 - . .
unifofm asymptotic decay ¢, = O[Fj k — +o0, thus providing uniform convergence of the series

in equation (1).
The aim of this work is to provide a procedure for constructing the solution u(x,t), (X, A,t)

of problem (1)-(3) using the inverse spectral theory for the weighted Sturm-Liouville equation (3).
For a discussion of integration of the CH equation we refer to works [1-4]. With regard to their
applications we refer to works [5-6].
In [7], the CH equation with a self-consistent source was constructed and investigated using the
Darboux transformation. In [8], the CH equation with a self-consistent source was integrated by the
method of inverse scattering theory.
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