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Abstract. In the paper we consider the boundary value prob t conduction
in a non-cylindrical domain, which is an inverted cone, i.e. main degenerating
into a point at the initial moment of time. In this case, the ry conditions contain
a derivative with respect to the time variable; in practice, s of this kind arise in
the presence of the condition of the concentrated heat ty We prove a theorem on

the solvability of a boundary value problem in welghted spaces of‘éssentially bounded functions.
The issues of solvability of the singular Volterra i uatlon of the second kind, to
which the original problem is reduced, are studi the Carleman—Vekua method of
equivalent regularization to solve the obtained s Volterra integral equation.
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Practice often reguires to study the processes of heat transfer in domains of various

daries of which change with time. Problems of this kind arise, for
the theoretical study of energy or mass transfer processes associated
with a%ehange of the aggregate state of matter. Also, due to the constant increase
in the use of contact technology, the problems of the optimal choice of the param-
eters of contact materials and their modes of operation are actual. Therefore, the
study of thermophysical processes occurring in electrical contacts is very relevant in
automation, instrumentation, welding technology, electrical equipment and in various
devices, where contact elements serve as one of the main links [14,20, 25].

A domain is usually called non-cylindrical in the literature if at least one of the
parts of its boundary moves with time. If the boundaries of the domain do not change
their shape with time, then the domain is called cylindrical. The theory of boundary
value problems of heat conduction is well developed for such domains.

1. INTRODU
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In most papers the domain in which the solution of the boundary value problem is
sought does not degenerate into a point at the initial moment of time. In the several
works [5,6,15-18] for solving such problems there is a technique which consists in
reducing a non-cylindrical domain to a cylindrical one. There are a number of works
[4,7,24] devoted to numerical methods for solving such problems.

Of particular interest are the boundary value problems of heat conduction in
domains that degenerate into a point at the initial moment of time. For example,
in the study of thermophysical processes in an electric arc of high-current disconnecting
devices, the effect of contracting the axial section of the arc into a contact spdt,in the
cathode field is observed. In this case, the diameter of the contact spot ig,several ‘orders
of magnitude smaller than the diameter of the section of the develépedtarc column,
therefore it can be considered as a mathematical point [13,23]. The solutionfdomain
changes over time according to the law determined by the conditioms for opening
the contacts. At the initial moment of time, the contacts argfn a closed state and
there is no domain for solving the problem. From a mathematical point of view, the
peculiarity of the problem consists precisely in the presencgfofia moving boundary
and the degeneration of the solution domain at the initial memént of time to a point.

The methods of separation of variables and integtalytransformations are generally
not applicable to this type of problems, because altheugh the problem remains within
the framework of the classical methods of, mathematical physics, it is impossible to
coordinate the solution of the heat equation with the motion of the boundary of
the heat transfer domain. Therefore, @ resear¢h about boundary value problems in
a domain degenerating at the initial mement of time is relevant. One-dimensional
spatial variable boundary value ptoblems in degenerate domains were studied in
[1-3,10-12]. By the method of heat potentials, such boundary value problems of heat
conduction are reduced to thessolution of singular Volterra type integral equations
of the second kind. A singular Volterra type equation is understood as an equation
whose kernel has the followingpréperty: the integral of the kernel of the equation does
not tend to zero as the fpper’limit tends to the lower one. Such integral equations
cannot be solved by thé method of successive approximations, and in most cases the
corresponding homogeneous integral equations have nonzero solutions.

In this paper,.we consider a two-dimensional boundary value problem of heat
conductiongin a‘gene with boundary conditions containing the time derivative.

2. STATEMENT OF THE BOUNDARY VALUE PROBLEM

We consider in the domain G = {(r,¢) : 0 <r <, t > 0} the following boundary value
problem:

du 4 19 (0w
ot ¢ iy (r 5‘r> =0 (2.1)

or Ot

=g(t), (2.2)

r=t
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7,2u—1@

= =, (23)

r=0
where 0 < v < 1.

Remark 2.1. Solution of the problem (2.1)—(2.3) for g(¢t) = 0, ¢(t) = 0, i.e. solution
of a complete homogeneous problem, can be only a constant.

3. MAIN RESULT

For the problem (2.1)—(2.3), we proved the following theorem. . %
Theorem 3.1. If the conditions t*~2g(t) € Leo(0,00), 17 q(t) € \ are sat-
isfied, then the boundary value problem (2.1)~(2.3) has a solution W(r. (r,t) + C,
a(r,t) € Lo (G), C = const.

The subsequent content of the paper is devoted to the@ Theorem 3.1.

A
4. BOUNDARY VALUE PROBLEM TRANSFOF@N

To become free of the time derivative in
do this, we introduce a new unknown functi

—~

Jwe conduct some transformations. To

ey (4.1)

Then, according to formal ations, taking into account (4.1), problem

(2.1)—(2.3) is reduced to,the @ ing one:
2 _
M = a2_8 w — a2—2l/ 1 a_w (42)
r

5. INTBGRAL REPRESENTATION OF THE SOLUTION OF
THE PROBLEM (4.2)-(4.4) USING HEAT POTENTIALS

Note that the function

R U e S -
G(r&t—1)=g5 — - exp [_4a2(t—7)}'1” <2a2(t—7)>

is the fundamental solution of the equation (4.2), £ is a parameter. Hereinafter,
I,,(z) is the modified Bessel function of order v.
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We seek the solution of problem (4.2)—(4.4) as a sum of the single and double layer
heat potentials:

w(r’t):/G(r’g’t_T)E:rSD(T)dT'F/ W

0 0

P(T)dr. (5.1)

£=0

Function (5.1) satisfies our equation (4.2) for any potential densities ¢(7) and ¢(7).
To determine them, we will use the boundary conditions (4.3)—(4.4). In view'ef this,
we give another representation of the equality (5.1):

¢
(r,1) / 1 vy r2 472
w(rt)= | — - ————exp |—
2a? T P 4a2(t — 1) 2a2t—7'
0

. (5.2)
,,,.21/
NN |
(2a2) vl ov (f — vl l/F t—T)
where \
13v

0

6. REDUCTION OF BOUND LUE PROBLEM (4.2)—(4.4)
TO A SINGULAR VOL PE INTEGRAL EQUATION

We require for the f ), defined by equality (5.2), to satisfy the boundary
conditions ( h w1ll allow us to define the functions ¢(t) and ¥ (t).

i o t\i 2y

im w y+1 2T (v 7‘1—>I% ,,+1 exp —m Y(r)dr

r? 1 Vi r?
— — — li v—1_—=z _
’ 4a?(t — 1) ZH 2a2vT(v) o0 Zey <t 4a22> dz

oo

v—1_—=z
= d = = t .
2a21/F /Z ¢ YT oy a(®)
0

From here, one of the sought-for densities ¥(t) is directly determined:

W (t) = 2a°vq(t).
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Thus, for the required solution of the problem (4.2)—(4.4), we have the following
representation:

—~

t
1
q t = . . —
q(r,t) 5077 3 FV/ Ty p{ 4a2(tK
0

Using the value of the derivative:

condition (4.3):

where the notation 1:2& I,_1(z) — I,(z) is used, we satisfy the boundary

'Y t* 4 72 tr
/ = |“am ) e (= )

0G(r,t)

+q(tt)+ o

r=t

t
iV (r — 1) r2 4 72 rT
—aim [ g |- ’ ,
r0 / dat(i—72 P [ 4a?(t — T)] ! (2(12(25 - T)> p(r)dr
0
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We denote the last limit by N ((peﬁ) and find it.

T
(o)
e e [ et
TSR Tt -2 P T a2t — 1)
0
tr tr . (r—1t)°
- Il/ ? d = = —
XeXp[ 2a2(t—7')] <2a2(t—7)>e4 el HZ da(t —
) ¢
to(t) lim e 2t2 N 2t2 \g
a? r—t—0 t—r P (r—t)? 2a? (r — 2
r—t)2
(4ai
=|le *I,(z) ~ forz > 1 Q
\/27r \/_ a

2q2
Hence, we obtain an integral equation for the reqﬁ@snﬁy o(t

tr 2—v _
wlt) + / 2a2(t — T) . 2a2(t — 1) ) = w(T)dT
0 (6.2)
+/ ?’t“”ex F o(r)dr = F(1)
2a2(t P 2a2(t 2(12 6 TIeT = ’
where .
F(t v g( ) — 2a2G (£, 1) — 24 94(r.1)
or |,._,
We write e Na‘on 2) in the following form:
t
T2_” _t=7
0 o0+ [ |7 - | Mol
o (6.3)
TQ_U _t—7
+/ [152_’/ e Ef] No(t, m)(T)dr = F(t),
0
where
1t tr tr
N t = 57, <5 3 o9/, N Iy— v a 972 N\ 9 -4
1(t:7) 2a2 (t — )2 exp[ 2a2(t—7')} 1 <2a2(t—7')> (6.4)
3 2 tr tr
No(t,7) = — I,
2(t7) 202 7(t — ) P { 2a2(t—7')] (2@2(25—7)) (6:5)
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Remark 6.1 ([21, p. 215]). Let the solution of the integral equation
t
o)+ [ K rywr)r = 10

have the form ,

mw:ﬂw+/R@ﬂﬂﬂm.

a

Then the solution of the more complicated integral equation \

K(t, 7)== dr
/ Mo <<:E,
According to this remark, we will seek a so N following equation
(6.6)

o(t) + Q . )
Note the followmg property of t kerne = Ni(t,7) + Na(t, 7), from which

it follows that the integral eq , and together with it equation (6.3) are
singular and to them the me ccessive approximations cannot be applied.

has the form

Remark 6.2. For any v <1,

t
@ )dr =1 and lim/Ng(t,T)de
=0
0

t,7)dr =1, No(t, 7)dr = —

moreover

22 T(14v)

Indeed,

_7__7:”W=7€”Uwum—LAmhmzL
0

The second equality is proved similarly.
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7. CHARACTERISTIC INTEGRAL EQUATION

We will seek a solution of the following “truncated” integral equation:

or(t) + / Ny (t,7)r (r)dr = B(b), (7.1)
0

which, by Remark 6.2, is characteristic for the equation (6.6).

Remark 7.1. If a solution of equation (7.1) is found, then the solution of equation
(6.6) will be obtained by the Carleman—Vekua regularization metho@.

We change the variables ¢, 7 and introduce new functions:

t=—, T=-; <p(t)=<p(l>—<m o) =

then equation (7.1) reduces to the followmg mtegral equ t@h a difference kernel
with respect to the unknown function ¢ (y S

)+ 7M ’@ Dy (y (7.2)

M_(y—x)= 2a2 (- T2 (z—y) (ﬁ)

We apply the Laplace tr@ to both sides of equation (7.2). Then the solution

where

follows [21, p. 561]:

of equation (7.2) can b
(7+zoo /\

—p)
=P —_— ePYdp, Rep <0,
i 1—|—M_ (—p) 1 (7)

In order to find the image of the function M_ (—p) we use:
1) the formula (29.169) from [8, p. 350],
2) the property: let f(¢) = f (p), then 1f(t) f p) dp [19, p. 506].

Thus, we have
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To calculate this integral, we use the formula (1.12.4.3) from [22, p. 44]:

where

is the image of the resolvent.

7.1. FINDING THE O&@)F THE RESOLVENT

Let us find the orlgl ession R* —p). For the convenience of calculations,

we introduce p =z and ﬁnd the original of the expression

C1=2z20, 1(2)K,(2)
221, 1 (2)K,(2)

e properties:

) if ¢ then<p (at) =15 (2), a >0,
) IF @ (p , then @ (\/p) = 2\1f 4 [ TeT T o(r)dr.
t2
Let zx be zeros of a function I,_1(z), then [19, p.519]:
1
R*(z) = R_(y) = Z etk

kez\{0} 2[zl,—1 (Z)Kv(z)]l|

2=z

Since

[l ()KL ()], = 20l (21) Ko (21)

Z=Zk
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then
1

Z Ay e A= .
kez\ {0} ZZkL, (Zk) K,, (Zk)

(7.3)

Remark 7.2. To determine the zeros of the function Iz(z), we use the equality
I5(2) = e~ %P J5 (iz), where Jg(2) is the Bessel function — cylinder function of the
first kind. For arbitrary real § the function Jg(z) has infinitely many real zeros; for

B > —1, all its zeros are real and equal iz = ax, 2z = —iag, o € R, k € Z\ {0}
[9, p. 941].
Then from the equality (7.3) and the properties of the image 1) 221 tain:

— (VTP _ @ g
RO(YL)=R_(y) = = A, fe e (7.4)
( a ) V=our 3 keZZ\{O} ko @

7.2. ESTIMATION OF THE RESOLVENT R_(y) @

Let us prove the following lemma. *

Lemma 7.3. The resolvent R_(y) (7.4) satis \tzmate
%
1 2,
PN @ R
Y2 em\{oy

Vk/{e §-iana 5d§+2Al,k/§e i’ ge

k=1

© . 2 e €2 . 2
S A / gt 1Y A, / gy iene g
n=1 0 n=1 0

n — _iam R—m = ’LO{n”

oo

Au— / e 4y+wcna éd un/ —iana {d
2\/_113 Z:: ¢ i ¢

0

<

é‘l”’m

6

o0 0o 2 oo
a
< 9 / e S (Al + [Aunl} = = S {[Ayn| + [ Aunl}-
2\/_y2 ) ; 2\@;

Let us find the sum S = Y {|A, |+ |Avnl}:
n=1
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oo . .
S:nz_:l{ 2Ly G Ko o) | 1 2on T, (20) Ky (o) }
= |lzn = —tan, 2z—n =iay]
_ i": { 1 ‘ |
— 2ian 1, (i) Ky (ta,) —2ia, I, (—iay,) K, (—iaw,)
K, (2) = %ie%ngD (iz), I(z)=e 3], ( *
- J, (—2) = e’™J,(2), HWY (—z)=—e ¥ H(2> \
HWV(2) = J,(2) +iN,(2), HP(2) = J,(2) —iN,(
1 & 1 1
= 2 T G {u () = N, ()] 170 ( an
I S B T
= an |y (o)l /2 (an) + NZ () \ n |y (@ )| J2 (o)
= %i ﬁ < %/nd(Ln) 8.4.1) from [22, p. 39]|]

where N, (z) is a cylinder fu@of he second kind (the Neumann function). Then
we get

C(ar)a® 1
R y Au,fn + Au,n S - o T =
- {lal 4 Al < G
The lemma i % O
7.3¢ OF THE “CHARACTERISTIC” EQUATION
We fou solution of equation (7.2), which has the form

e1(y) = P1(y) — /R— (x —y) ®1(z)dx.

We make the reverse replacements
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and write the solution of the characteristic equation (7.1) as follows

where
~ t
Rit,r) < O — ‘{
2

(7.5)

T -7

The last inequality follows from the Lemma 7.3. . \

8. SOLUTION OF THE “COMPLETE” INTEGRAL EQUAT
THE CARLEMAN-VEKUA REGULARIZATION METH

Theorem 8.1. The original integral equation (6.6) for @on thvemT . -F(t) €
Loo(0,00) has a unique solution in the class offz@ct

tz Ve 4a . (81)
which can be found by the method of success roximations.

Proof. To solve the original * complete” equation (6.6), we represent it as

+/tN16 /Ngtf

and apply the Carle regularization method. Assuming the right-hand side
of equation (6.6) t orarily known, we write its solution

t

p(t) = F@E) = (t,T)SO(T)dT—/R(t,T) F(T)—/Nz (1,6) ¢ (§) d€ p dr. (8.2)
0

0

We ¢ e order of integration in the iterated integral and, then, change the roles
of the vafiables 7 and &, hence equation (8.2) takes the form

©(t) +/tM(t,T)<p( /tR t,7)F(7)dr, (8.3)

where

M(t,7) = Na(t, 7) — / R(t,7)N (€, 7) de.
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By using (7.5), we obtain that the kernel M (¢, 7) of the integral equation (6.6) has
a weak singularity, since it satisfies the estimate

7 Di-¥24+D, O0<r<ti
M(t,T)gpl-LjLng v 2
VTVE=T Dl'\/tTNLDZ’ 5 <1<t

This means that the solution of the integral equation (6.6) can be found by the method
of successive approximations. The theorem is proved.

9. SOLUTION OF THE BOUNDARY VALUE PROBLEM (
PROOF OF THEOREM 3.1

(4.2)-(4.4), we get
2

w(rt) = Z

where
wl(r7 t) /20/2 exp \20/2 t— 7_ (T)dT7
2 _ l/+1 :

G

From the integral representation for the solution (6.1) of the bo { e problem

wa(r,t) = q(r,t) =

a?)” 2"I‘ 4a2 t—7)

We estimate the first ter@mg into account that t2¥e7e? (t) € Lao(0,00):

(r—T)(T—l-t—QT)]

wi(r,t) = texp t P[ 1a2(t — 1)

2a2 t—r 2a2 t—T))} : {T%_V exp {#] (p(T)}dT.

The )
t
|ws (7 Civiexp |- /L - exp | =g | I ( 3o ) dr
(7, 1 4a2 22 t—r 202(t—7)] " \2a(t — 1)
0
B rT L= Cvtexp [_ﬁ] voT 1 e *I,(2)dz
C2e(t-T7) T 2a? J 2a2+z ’
OViexp [~ 1 T (4)
=/(2.15.3.3) from [22, p. 272]|| = 202 V7 T(1+v)

_ Cl\/%exp[ 4a2] r’
B 2a%v '
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Therefore,
& \/Eexp [— #] r¥
2a2v

jwi (r, )] <
or, taking into consideration (4.1):

Ouy(r,t) < C1/trt—v ox ot
or —  2d%v P |

202y 2—v *

VirtTv [ t} Civt r?v
exp |[—— | dr = .

By (4.1), we have
Y R {s
) 0/ i-r dr/rl ex Q@

t =
u2(r1)| = | g

i
=z

|- | Q\
- eare | R P Ll

C(2a2)" 2T (v)

_ CyB(v,1-v)
(202 2T ()

ating into a point — a cone, by the method of heat potentials is reduced to a singular
Volterra type integral equation of the second kind. We constructed for it a characteristic
integral equation and found its explicit solution. Using the estimate for the resolvent
of the characteristic equation, we found a solution of the original integral equation
by the Carleman—Vekua regularization method. We proved a theorem on the unique
solvability of the original boundary value problem (2.1)—(2.3) in weighted classes of
essentially bounded functions.

The obtained results can be used to solve a similar boundary value problem when
the boundary of the domain moves according to an arbitrary law r = a(t), a (0) = 0.
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