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On the integral equation of the boundary value problem
essentially loaded differential heat operator

differential heat operator in an unbounded domain. The theory of boundary value prob >ssential
loaded differential parabolic equations is very important not only for the modeling o; h; echnical
and application processes, but also in the experimental studies. The testgproblems onnected
with mathematical modeling of thermal processes in the electric arc of the high-cur devices.
Experimental studies of these phenomena are difficult because of their ce an ome cases only a

mathematical model is capable to provide adequate information about th so the test material

is highly relevant in modern science.
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The necessity for the study of Volterra intege
naturally arises in finding of the solutions of
differential parabolic equation |[1]

ons of the second kind in the given form
ndary value problems for essentially loaded

(s A s T)u(r)dr = F(t), (1)

where A € C is the numeral parameéter of this equation; F'(¢) is the known function, it is defined on
the interval (0;00). The kernel“l (#) 7 )%f the integral equation (1) has the following form

okQ(z,t — 1)
K(t,7) = B a— le—z(t)
where
P 22 P
Qx,t—7) = m'elﬂp (—m) - P(x,t—17), (2)
(o] 2
P _ ) = 1-p _§— T f—m .

=)= [T en (<15 ) (55 ) e 0

an = Z(t) is the given function with t € (0,00), Ig(z) is the modified Bessel function, § is the

numeral parameter, 0 < 8 < 1, p(t) is the unknown function.
The function Q(z,t — 7) defines the kernel of the integral equation (1). We calculate the function
Q(z,t — 7) and present its various interpretations. Taking into account that [2]

2k
o v 1 2k
/ 2 Lexp (—pa) - I (cx)da = qu 3%, i 1 r ( + o+ I/) . Cl )
0 2w p (v +1) (v + 1)k r 2pr
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where Rep, Re(a+v) >0;r>1and (v+1)g=1, v+ 1)y =w+1)(wv+2)-...-(v+k), k=1,2,3...
are the symbols of Pochhammer, from (3) we get

28
N P
P(z,t—7) = ST 4(t1_T) 'F(5+1)X
2k 2k 2%k
1 c T 1 1
so & e (S ) () () =
HomE D, <2pi) <2<t—r>) 2 (4@_7))
B 4(t — 1) zP o 1 x 2k A
- w0 ()
B 4 5100 1 z?k+h
TPFTIEFY) B, -
= Sk=092k+25—1 . CESYNCES) ) =
- 1 k+8
P(x7t - 7-) = Ek:() 22k+25_1 . (/8 + 1)k ] . M—k_‘rﬁ_l (4)

Substituting (4) in (2), we obtain the following repre§enta of the function Q(x,t — 1)

2k+23

1 i (=)

Qz,t—7) = Eiio22k+2ﬁ NEEE

or
T O

1132 00 * g
o (‘W) oy ()

ratio for the function Q(x,t — 7) with using the integral
function [3]

1 1
) / (1 —t3)P~2 . exp(£zt)dt, Re(S + %) > 0.
-1

r,t—T7)= - 1=Berp(— 52 . (%)B
@ Plast=7) = [ € Peap 15 ) T

1 1 E-x-m - 1 2B
x/_1(1—772)/3 3 .ea:p(j:2(t_T))dn_ F(ﬁ+%)~P(%)-45 . (t—T)’BX
1 1 1 1 00
<[ =ty ian [ =gy [T e s @ F m0) de 6)

Taking into account that [3]
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and |argv| < §, Rep > 0, the relation (5) is transformed to the form

r,t—71)= ! . 1 — )2 x
Pt =)= ooy L0

x [2(15—7) - 1’2—" An(t — 1) - exp <%) (1—@ (2\/?7__)” dn =
:F(ﬁJr%l)'F(%).‘lﬁ(txfT)ﬁx d

1 1
<lee=n [ amytan-avain- [ an-p

() (o5 -
2B

xm- [2(t—7) A —a/m(t—T) - Ay

where %
A= [ a-prRg ")

AQ(xvt - T) =

Since we have 3|

Taking into account that the integrands in the first and the second integrals of the last relation are
odd and even respectively we obtain

64 Bectauk Kaparanmumckoro yHuBepcuTeTa



On the integral equation ...

Ag(at— 1) = —2/_1117-(1 — )P eap (4(9;21727)) D (2\/?7__7) dn.

Since we have [2]

2

a®t2p—1 a+1 a+1 3 a+1
=4 B( ,p) 9 Fy (1,—'—:17

VT

B (50)

where

is the generalized hypergeometric function,

1F1abz

is the singular hypergeometric function,

ao—l

are the symbols of Pochhammer,

then the correspondence for Aa(x,

33 z? 1
B(1,22 842, -2 | =
X9 2(72723/B+ ’ ):|

11\ 28(t—7)58
X [B(/B+§,§)WZ|:B
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takes the form

o
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/al,a—l(a2 — 2P Lexp(c?a?) { erf(cx) dx _
0
1, Latl A

I3 (% §+p,ac) ifa, Rep > 0; Rea>Q
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Considering the properties of the gamma function and the beta function

B T (4) - e (2) - e

Tp+q) \2 2) "2

we can rewrite the last relation for P(z,t — 7) to the following form

1

NEEEN

P(z,t—71) =

FB+3)T () f-n'F 2 33 . a2 \ THre+Ht
T@+1) 2251 22/3@_7)5‘2F2(’§’§’5+2’ ) =

- At—r) 2)
B(t — )18 B+2
= i (t T) + ° '2F2 1a§7§7/8+ 5
228-170(B 4 1) = 228HIT(B +2)(t — 7)P 272 4
that is
ﬁ(t o )17/3 B+2 2
x T x k x

Plo.t—1) = + .
(2827 = 015 4 1) T3 4 2)(t PR T 7)) ®)

Substituting (9) in (2), we obtain the following repres for the function Q(x,t — 1)

3k

wt—T

23 3 3 2
X 5 x @ 1 2F2 7_7_7B+2 ° ) (]‘O)
20T(B+1) (t—1)P (0 T)P+ 272 4t —7)
where
3 1) N 2 \" 1
2 b ,5 @) 2, 4(t -7 ) K
Since we have (1 (1+k-1)= k:!,
22 2

N W

byt —T>>:§<5+12>k‘(4<tx—r>)k' )

0
@ (10) with (11) takes the form

Qa,t —7) = exp (—%) x

1 26+2 o 1 :L_Q k
225F(6 T N e Ty e T L Y (4<t - ﬂ) ] |

If for calculation of the function P(x,t — 7) from (3)

Pzt —17) = /Ooo ¢ Peap (_4(t§j T)) Iy (25 '_i)) - d¢
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we use the relation [2]

o0
/ 2% texp (—pa:Q) -I,(cx)-dx = A if Rep, Re(a + v) > 05 |arge| <,
0

where

vy, x) =T(v)-T(v,z) t” Loetdt

is the incomplete gamma function,

[(v, ) t” Loe tat
is the additional incomplete gamma function, then from th epresentat ) we get
2-3 1 .
Plat—7)=A47" = —— : (t —
=== () (N (= - 7)
4t—1)) 2T (G t—7) ) 8

22
Q Qz,t — 7)== ﬁ - (5; m) . (13)
A ®

Q(z,t — 7) can also be written as

et=n =552 (=) ~wi [0 ()]

Q(m,t—r):l—ﬁ-F(ﬁ,él(tx—jﬂ).

Taking into account the relation [2]

v

7(V7$) = 7 ‘1 Fl(yay+1;_z)7
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the representation (13) is transformed into the form

2

51 R (ﬁ,5+1;—4(f—_7)), (14)

1 22

QU1 =7) = 55p) #50— )

where

_ , a? T~ B 1 22\
1Fy (ﬁ’ﬂ+17_—4(t—7))_kzzo—(,@—l—l)k'ﬂ.(_—él(t—ﬂ) ) %5)
Since we have <

B _pB+HB+2)-..-(B+k-1) F
(B+ Dk B+DB+2) .- (B+k) B+k
then from (15) we receive

' ‘ 3:2 B 0 ﬁ 2
) 2GR @
(-1 o)

:Bgm'(q —S (16)

From (14) with (16) we get the following representati function Q(x,t — 1)

1 z? o —1)k z? F
Qe t=7) = 55y " 323(¢ = CEDR (4<t—7>) |

Taking into account that |2]

x)=v-y(v,z)—z2"e?,
n

7&
we obtain the representation f@ctl Q(z,t — 7) in the form
1 ‘ ;[;2 2
— 1)~ (6 1

) O o )

% ations of the original function of the integral equation kernel we will explore
of the integral equation (1).

Qlx,t—71)=

Using differenfjre
questions of selvabi
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A.H. Ecbaes, I'A. Ecenbaena

Eneyni xxykrearen muddepeHNManablK »KbLIYOTKI3TIINTIK OoepaTOPhbI
YIIiH MIEKTi ecelTiH MHTerpaJiabl TeHJIeyl TypaJibl

Makanana Gepinren simpomen ekinmi perri Bosabreppambiy, maTerpasiasl Teieyi 3eprresred. OcblHIa
WHTErPAJIIbl TEHEYJIep UHTErPAJI b MIENTIMHIH HYKTECIHIer KYKTeareH quddepeHnnaablK KbIIyoTKi3-
rinITik orepaTophl YIIiH MaHbBI3/bl XKYKTEJINeH eCeNTi KapacThipraH/ia naiisa 6omasaer. MHTErpasmis i
HiH HYKTeCiHIer] XKyKTeareH quddepeHInalablK, KbUTyOTKI3MMTIK mapabosablk, TeHIAeYIep VIl

GbU3NKAJIBIK, TEXHUKAJIBIK 2KoHe KOJITaHOAJIbI IIPOIECC YIIIH FaHA eMec, COHal-aK, SKCIIepUMe

Jaiyiapa FaHa eMec, MaTeMaTUKAJIbIK, MOesl TeHOe-TeH aKmapar 6epyre KUbIHIBIK, TYFb
0YJT TAKBIPBIN KA3ipri 3aMaHFbI Y)KAPATHIILICTAHY/IA ©T€ ©3€KTi OOJIBIIT €CenTe eI,

A.H. Ecbaes, I''A. Ecenbaena

O06 uHTerpaJibHOM ypaBHEHUU rpaHI/Iqu’I Ja4vd OJisl CyIIeCTBEHHO

Harpy2keHHoro JuddepeHImaIbHOTO O a TemnJIOIPOBOIHOCTU
B crarbe HUCCJIeIOBAHO HMHTEI'PaJIbHOE ypaBHEHUE Bous P ) poJa C 3aJJaHHBIM sJIPOM. Takoro
Pola MHTETrpaJIbHbIE YPAaBHEHUSI BOSHUKAIOT IIPU PEHICHN OT bIX I'PAHUYIHBIX 3aJa9 OJIsd CYyIIeCTBEH-

HO HArpy»kKeHHoro auddepeHnuaabHOro OIepaTopa,
IPaHUYHBIX 33714 JJIs CYIECTBEHHO HAIDY KEHHB)

HOCTHU B HEOTpaHU4IeHHOH ob1acTu. Teopus

o il
CHITUAJIbHBIX HapaﬁOJII/I‘IeCKI/IX ypaBHeHI/Iﬁ BeCb-
Tue

, TEXHUICCKUX W ITPUKJIAIHBIX IIPOIECCOB, HO U

PpOBaHUEM TeHJ'IO(l)I/I3I/I'-IeCKI/IX IIPOIEeCCOB, CCKOMV1yIr'e CUJIbHOTOYHbBIX OTKJ/IIOYAIOIIUX allllapaTOB.
SKCHepI/IMeHTaHbHLIe uccjae10BaHuA 3aTPYAHEHBI BCJICACTBUE UX 6I)ICTpOTe‘{HOCTI/I7 u B pd-
Je CciIyvdaeB JIMIIb MaTeMaTHuYeCKa. b CIIOCODHA, JaTb aJIeKBaTHYIO I/IH(I)OpMa.HI/IIO 06 ux JAUHaAMHUKE,

IIO3TOMY HCCJ’Ie,HyeMbIﬁ MaTepua. yaJIeH B COBPEMEHHOM €CTEeCTBO3HaHUU.
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