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On the inequality of different metrics for trigonometric polynomials

The article is devoted to the research question of inequalities for different metrics with trigonometric
polynomials. The structure of this exploring, its main components and types, as well -astits classical
approaches are presented in this article. Nikolsky’s inequalities in different metrics are well known for
trigonometric polynomials. In this paper, inequalities of different metrics are proved in the Lorentz and
Lebesgue spaces for trigonometric polynomials of one variable. A similar result is obtained for trigonometric
polynomials of many variables. The article is focused mainly on mathemati¢ians.
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Inequalities of different metrics play an important role among the essential attributes of mathematician’s
tools, exploring various mathematical structures. They are successfully used in many areas of modern theoretical
and applied mathematics, so inequalities of different metrics have become an essential element of serious
mathematical research, in particular research in functional analysis.

Denote by L,[0;27) the space of functions f(x), where the functions f(z) are scalar-valued, measurable in
the sense of Lebesgue on an interval [0; 27) and integrable on. [0; 27) to the p-th degree

1
P

27
11, =" F@) dz |
cu

for which the quantity C' is finite provided that 1.<'p < co.
As usual, it is meant that in the limiting case p = oo the functions f € Lo[0;27) are measurable and
essentially limited with a finite essential maximum [1]

[flloe = sup vrai | f(x)] < oo.
z€[0;27)

A function of type

Tm(z) = i cpett?

k=—m

is called a trigonometric polynomial of order m, where ¢ (k = —m,...,m) are complex numbers and C' is a
variable.

The function

m : 1
D, (z) = % + Zcos kx = sm(;:l%)x

k=1 2
is called the Dirichlet kernel.

Lorentz spaces L, ; are a more subtle scale of spaces than the scale of Lebesgue spaces L, and have a great
use in the theory of Fourier series, in differential equations, in the theory of functional spaces.

Consider a space with a positive measure (U, ). For a scalar-valued p-measurable function f, which takes
almost everywhere finite values, we introduce the distribution function m(o, f) by the formula

m(o, f) = p{x: |f(2)] > o}
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For every measurable function f, we denote its non-increasing permutation by f*, if f* is defined by the
following relation

f (@) =inf{o : m(o, f) <t}.

Lorentz spaces L, , are defined as follows: a function f belongs to the space L, 4, 1 < p < oo, if and only if

Q=

oo

1, = [ rw)'F) <o

0

when 1 < ¢ < o0,
1
1fllz, . =suptr - £7(t) < oo,

when ¢ = oo [2].
In the case p = ¢, the Lorentz spaces L, , coincide with Lebesgue spaces L,

Ly,p=L, 1<p<oo.

Let F be a normalized functional space whose elements are defined up to equivalence with respect to
Lebesgue measure. In other words, the elements of F are classes of equivalent functions, that is, almost
everywhere coinciding functions. In the record f € FE, under the f designation we shall mean either a class
of equivalent functions, or some function (a representative) of this class.

For the function f € F, defined on the set G C E, the restriction f to G* C G is the function f* = f
defined on G* by the equality

G*

[ (z) = f(z) VeeG.

Let E and F be two functional spaces. We say that E is embedded in F' and write £ C_, F' if, firstly, all
the elements of E (or of their restrictions to the domain of the elements of F') are contained in F' and, secondly,
there is a constant C' independent of f such that the following inequality holds

Ifllr < Clifllg Ve E.

Theorem. Let m € N, 1 < p < q < 0o, Ty, be a trigonometric polynomial of order m, then the following
inequality of different metrics holds
1_1
|\Tm||Lq’1 <Cimr a- ||TmHvaoo , (1)
where the parameter C' is independent. of m and T,.
Proof. Applying the Jung — O.Neil inequality [3]

I *gll,, . <C-1fl,, - ldl

Ly, ?

where
1:l+l’ 14'_1:1_;’_1, (2)
s t1 o te p T q
and putting in it
s=1, ti =00, ta=1,

we receive'the inequality

1fxgllp,, <C-IIfll, . -Nallg,, - (3)

Since
Su(f) = f* D (4)
(Dp)*(t) < C - min (1, M) , (5)

where Sy is the partial sum of the Fourier series, D)y is the Dirichlet kernel, and (Djs)*(¢) is a non-increasing
permutation [4], then denoting
g=Dnm

and using estimate (5), we obtain the following relation
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7 1 dt 7 1 dt
lallr. . :/ﬁ g (t)— S/ﬁ ~min<t, M> T =
0 0

M
1 . 1 dt 1 . 1 dt
_/tr.mln<t,M>t—i—/tr.m]n(t,M)t. (6)
0

Taking into account that

1 1 1
min (,M) =M, min (,M) = -,
o<t< L \ 't L <t<oo \ 't t

we transform the relation (6) to the form

1
oo

M
lgll,,, , < M-/t%—ldt+/t%—2dt. (7)
0

L
M

Since we have a condition p < ¢, from the relations (2) it follows that

o0 1 1_q |*®
1_q 1_9 A tr tr— _
||9||LT,1§M'/“ dt+/tr dt="M - T =
0 1 " lo " ar
1 i1
1\ T 1\"
M=) = = _
2 (e o ()
A RN VIS VL BRSPS VEES
1—r r—1
or 1 1 1
loll,,, <C-M"r=C-Mv™s. (8)

Using (4) and (8), from(3) wehave an inequality of the form

1f % glly,, = 1S, <C-M¥7 -]l _-

The last inequality holds for any functionsf € L, .

Therefore, if we take f as a trigonometric polynomial of order m, that is, f = T,,, and, taking into account
that-Sy, (T )= Tr,, we obtain the sought-for inequality

1_1
|\Tm||qul <C-mvr_a- ||TmHLp,oo .
The theorem is proved.
Remark. We note that the inequality of different metrics from the theorem is more accurate than the classical
Nikolsky’s inequality of different metrics for trigonometric polynomials of order m [1]

1

1_
||Tm||Lq <C-mr a- ||TmHLP 5 (9)

because
Lqy Co Lgg = Ly, Ly=1Lypp Co Lpoo,
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that is,
ITull,, <CATll,, o 1Tl <C-ITull,, -

Corollary. Let m e N, 1 <p < qg<o0,1 <7 <00, then
| Tl < Comb =5 [Tl (10)

where the parameter C' is independent of m and T,.
Proof. Since, under condition r < r1, the relation is satisfied for Lorentz spaces

1Az, <C-lflg,,,

P,T1

then from (1) we obtain (10)

1

1_
1Tnllz,, S Tmllg,, <C-me=s - Tall, <

11 it
<C-miTi | Tullg,, < C-m?™ 0 [Tl -

The required inequality is proved.
S.M. Nikolsky has obtained for any trigonometric polynomial from R™ the inequality, similar to the relation

(9),
1_1
n P q
||Tm1...mn||q S 2" . (H mk) : ||Tm1...man ) 1 S p<gq S o0,
k=1

where an arbitrary trigonometric polynomial of order myq, ..., m, with variables 1, ..., x, can be written in the
form

n
iy ks
Tml-umn (.131, ,xn) = E E Cky...k, € °=! s

ki=—m1 km=—mn
and Ly is the space of functions f (21, ..., Zpn), which are measurable in R", periodic with period 27 with respect
to each of the variables x; and integrable to the p-th power (1 < p < oo ) on the period. Thus, for each function
[ € L, the following relation takes place [1]

27 27 P

171 = /.../|f(x1,...,xn)|pdx1...dxn < oo,
0 0

in the case of p = 0o, we have
If]I5 = supvrai |f(z1, ..., zn)] -

X4
After conducting a similar proof, for any trigonometric polynomial in R™, we obtain inequalities similar to
relations (1) and (10),

1 1

P q

n
||Tm1u.mn||L;1 <27 (H mk) Ny |
k=1

Lr o 1<p<qg<oo;

oo -

Loy

e lsp<g=oo, l=r=oo,

n %7%
L:, <C-: (H mk‘) N
’ k=1

where the parameter C' does not depend on m and T,.
Here, the space L ,[0,27]" is defined as the set of functions for which the inequality holds

27 d %
I Y A
19y, = | [ (- 10) T ) <
0
and f*(t) = f**(t1,...,t,) denotes a function obtained by applying a non-increasing permutation

sequentially in variables x1,...,x, with fixed other variables and this function is called a non-increasing
permutationof a measurable function f(x1,...z,) in [0, 27]™ [5].
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TpuronomMeTpusaIbIK, KOIIMYINEJIKTEP: YITIH
TYPJIi MEeTPUKaAaFbl TEHCI3AIKTED KaJTbI

Makasia TpUroHOMETPHUSIIIBIK, KOIIMYIITETIKTED VIIIH TYPJli MeTPUKAHBIH TEHCI3IIKTEPiH 3epTTeyre apHaFaH.
ABTOpJiap 0OCbl 3epTTEY/iH KYPBLUIbIMBIH OEpreH, OHBIH HEri3ri KOMIIOHETTEepi MeH TypJjepi, COHBIMEH Ka-
Tap OHBIH, KJIACCUKAJIBIK TOCIIIEPIH KOPCETKeH. T pUroHOMeTPHSAIBIK, KONMYIIIe ikTep yinin Hukombekuitin
OpPTYpPJIi MeTpHUKaJarbl TeHCI3miKTepi )Kakebl Oesrisi. Ocbl kyMbicTa Jlopenn xkone Jleber kenicrikrepin-
aeri 6ipTypsi allHbIMAJBIIAH TYPATBIH TPUIOHOMETPUSJIBIK KOIIMYIIEJTIKTED YIIIH TYPJi MeTPHUKAJIAD/IbIH
TEHCI3MIKTEP] Jo/IeIJIeHTeH. AHATOTUSIBIK, HOTHKE PeTiHJIe OlpHeIe aifHbIMAJIbIIAPIAH TYPAThIH TPUTOHO-
METPHUSIJIBIK KOIIMYIITETIKTeD VIIMiH ajJbiHFan. Makaja Heri3ineH MaTeMaTUKTEpre apHAJIFaH.

Kiam cesdep: Jleber kenicriri, JIopeHI KeHICTIri, TPUTOHOMETPUSIIIBIK, KOIIMYIIEJIIKTED, TYPJI METPUKAIAFBI
TeHCI3AiKTep.

[ A. EcenbaeBa, A.H. Ecbaes, X. Ilormrmesr

O mepaBeHCTBe pa3HBIX METPUK I
TPUTOHOMETPUYECKNX ITOJJMHOMOB

CraTbsl TOCBSAIIEHA BOMPOCY MCCJIEIOBAHUSI HEPABEHCTB PA3HBIX METPUK JJIs TPUTOHOMETPUIECKUX ITOJIU-
HOMOB. ABTOpaMU IPEJICTABJIEHBI CTPYKTYPa JaHHOI'O UCCJIEIOBAHUSI, €0 OCHOBHBIE KOMIIOHEHTBI U BHJIBI,
a TaK2Ke. ero KJIACCUIeCKue MOXO0Jbl. [l TPUTOHOMETPUYIECKUX MOJMHOMOB XOPOIIO M3BECTHBI HEPABEH-
crBa HUKOJILCKOTO B pa3HBbIX MeTpUKax. B JaHHON paboTe HOKa3aHbI HEPABEHCTBA PA3HBIX METPHUK B IIPO-
crpancTBax Jlopenia u Jlebera /st TPUPOHOMETPUYIECKUX [TOJIMHOMOB OHOIO IIEPEMEHHOIO. AHAJIOIMYHBIN
PEe3yJIBTAT TIOIyY€eH [jisi TPUTOHOMETPUIECKUX TTOJTMHOMOB MHOTHUX TepeMeHHbIX. CTaTbsi OpUEHTHPOBAaHA,
FJIABHBIM 00Pa30M, HA MaTEMaTUKOB.

Karoueswie caosa: mpocrpancTsa Jlebera, mpocrpancTsa JIopeHra, TpuroHoMeTpuiecKre MOJTMHOMBI, Hepa-
BEHCTBa Pa3HBIX METPUK.
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