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Companions of (n,ny)-Jonsson theory

In given work are considered model-theoretical properties of companions of (n1,n2)-Jonsson
were considered a communications between center and (n1, n2)-Jonsson theory. Herewith consi
is perfect in the sense of the existence of appropriate model companion. In given article intro
concepts: (n1,n2)-Jonsson theory, D — a-model companion. New results are shown with r t
companions of a-Jonsson theory and 1-perfect 1-Jonsson theory.

Keywords: Jonsson theory, model complete, n-model complete, nearly n-model ¢ te, a-model
companion, model completion, (n1,ns2)-Jonsson theory.

In the work [1] were determined generalized Jonsson theories and in th e introduced definitions
were given a descriptions of all generalized Jonsson theories of Boolean algeb
of 1-model completeness and near model completeness, and in this Wwork, it was peinted out about the possibility
of transferring these two concepts to arbitrary n. In fact, thereis a
are related to model completeness, thereby determining a utensi
directions in the model theory, determined by the studies of Robinson. In general, the development
of this subjects after the beginning of the 70 was natural ed"due to the fact that the main trends of

development of model theory were based on technology an

On the other hand, the main ideas of Robinson’s d ate to the study of inductive theories, which
generally are not complete. The special subclass o theories is the class of Jonsson theories. Toward
this class can be attributed basic algebraic exa S ories, which are play important role in the various
modern sections of mathematics. For example . oups, theories of Abelian groups, theories of fields
of fixed characteristic, theories of Boolea; eories of polygons, etc. The given examples of theories
show the relevance of studying model- ical properties of Jonsson theories.

In the classic textbook, in the fo nce book [3] can find the definition of Jonsson theory, later on,
the study of Jonsson theories was,de

In [1], the concept of a sema is used in a substantial way, and this concept by its existence is
connected with an additional@axi t the existence of a strongly unattainable cardinal to the existing system
of axioms of Zermelo-Frenkel'set"theory. In the work [7] a new definition of the semantic model was given, in the
framework of which de develops the further research of Jonsson theories [8-10]. In this definition
of the semantic model i [7] is no requirement about the existence of a strongly unattainable cardinal.
tudy of Jonsson theories can be achieved in case of saturation of semantic model.
[11] such theories, by analogy with [1], will be called perfect Jonsson theories. These
semantic properties related to the theory. For example, the theory of algebraically

Its from [1], but within the framework of a new approach to Jonsson theories [11-14] using the new
definition of semantic model and companions in study of model completeness from [2].

We give the necessary definitions of concepts which we will use.

We will start with definition of Jonsson theory.

Definition 1 [11]. A theory T is called Jonsson if the following conditions are satisfied:

1) T has infinite models;

2) T is inductive;

3) T has the joint embedding property (JEP);
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4) T has the amalgam property (AP).

Following definitions (1-5) and facts (theorems 1-2) allows the reader to get acquainted with the inner
structure of semantic model as part of the definition from [7].

Definition 2 [7]. Let £ > w. A model 9 of theory T is called x-universal for T if every model T of strictly
less power k isomorphically embedded in 9.

Definition 3 [7]. Let K > w. A model 9 of theory T is called x-homogeneous for T if for any two models
20 and 2 of theory T, which are submodels of 9, power strictly less, than , and isomorphic f : 2 — 2, for
every extension B of model 2, which is submodel of 9t and model of T of strictly less power x exists exfension
%1 of model 2, which is submodel of 91, and isomorphic g : 8 — B, continuing f.

Definition 4 [7]. k-homogeneous-universal model for theory T of power x, where k > w, is called eneous-
universal model for T

Theorem 1 [7]. Every Jonsson theory T has xT-homogeneous-universal model of power
inductive, has infinite model and has w™-homogeneous-universal model, then a theory T is Jo

Theorem 2 [7]. Let T be a Jonsson theory. Two models 9 and 9y k-homogeneousuni
elementary equivalent.

Definition 5 |7]. wT-homogeneous-universal model of theory T is called sema
theory T'.

For any Jonsson theory a semantic model always exists, therefore it pla; role as a semantic
invariant.

From definition of semantic model follows that:

Proposition 1 [15]. Any two semantic models of Jonsson theory 7T is elemen equivalent between themselves.

Lemma 1 [15]. Semantic model Cr of Jonsson theory T is J

Definition 6 [15]. Elementary theory of semantic model C of Jons
(center) T™ of this T, i.e. T* = Th(Cr).

As we have already noticed, greatest progress in learnin
provided that of perfection of Jonsson theory.

Definition 7 [15]. A Jonsson theory T is called t ery semantic model of T is saturated model
of T*.

It is well know, that only at work with perfect theories a class of existential closed models of
considered theory is elementary.
Theorem 3 [15]. Let Er be a class of all ial clésed models of theory T'. If a Jonsson theory 7' is
T

perfect, then Ep = Mod T™, where T* =4Th(C'

A concept of model completenes ced by A. Robinson is played large role in the study of model
companions of various types of classi lgebras.

Definition 8 [2]. A theory T mplete if for any B, D € ModT and B is a submodel of D, then
B < D.

Definition 9 [2]. B C4
() and for every b €

.

eory T is called semantic completion

on theories, as a rule, can be achieved

I B is a submodel of D, for every V-formulas (equivalently, 3-formulas)
ed B |= v¢(b) provided that D = 9(b).
8 of model completeness, namely, definition 10, was consider in [2] by the authors

ial case of model companion. In [2] was determined generalization of concept of quantifier
y, definition 11.
[2]. A theory T is nearly model complete if for any formulas ¢)(Z) exists a formula ¢(Z) which

Moreover in work [2| criterion was obtained (proposition 2.).
position 2 [2]. A theory T is 1-model complete iff for any formulas ¢(Z) exists a formula ©(Z) which is
a V-formulas such that T' = VZ[¢) < ¢].

On the other hand, in work [1] was considered a generalization of Jonsson theory and the main tool of this
generalization was a concept of I'-embedding which is generalizated a concept of isomorphic embedding with
respect to considered formulas. Instead of boolean combination of atomic formulas is considered a formulas with
quantifier prenix of length «. In place of Boolean combination of atomic formulas we consider a formulas with
quantifier prenix of length «. Under I" we understand a kind of formulas, for example, I' = I1,.

A set of all formulas (is a view of formula V3...4) denote by II,,, ¥, = {¢)| « € I1,, }.
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Definition 12 [1]. A map f: A — B is called a I'-embedding if for any @ € A and (Z) € T from A = ¢(a)
implies B = (f(a)).

A concept of model companion was determined by A. Robinson, and it is played important role in the study
of various types of algebras, theories of which has model companion [1] (chapter 4).

Definition 13 [3]. A theory T is called model companion of T if:

1) T and T™* are mutually model consistent;

2) T* is model complete.

Using next theorem we understand a value of concept of model companion for any Jonsson theory, s
model of which is saturated.

Theorem 4 [15]. Let T be arbitrary Jonsson theory, then the following conditions are equival

1) T is perfect;

2) T* is model companion of 7.

Using concept of finite diagram from work [16], T.G. Mustafin is determined a concept of el completion
for generalized Jonsson theory. In the future on throughout of all paper in the results con ing work [1], as a
semantic model we use a model as part of the definition 5.

Definition 14 [1]. 1. A set D(B) = U, <o {Th(B,b)| b € |B|"} is called finite dia, m B.

2. Algebraic system 2 is called a D(B)-system if satisfied Th(2() = Th(B,) an C ).

3. If T is arbitrary theory, then any this model is called a D(T)-model.
In the future we will consider that D = D(T') or D = D(®8) for som
Using I'-embeddings at work [1] was determined special case of a-mo
a-model completion which can be obtained from definitions 15 and 16 from .
Definition 15 [1]. We say that a theory T'is D — a-model coJe if a theory TUThy, (B,|B]) is complete
with respect to D for any model B = T.
Definition 16 [1]. Let T1,T> be arbitrary theories of one, la
completion of T} if:
1) any model of T; is II,-embeddable in some D-m@del \of and conversely, every D-model of T5 is
II,-embeddable in suitable (or some) model of T7;
2) Ty is D — a-model complete;
3) a theory T U Thy (B,|B]) is complete wi
In the future we will say that if satisfied
D — II,-mutually model consistent, where D(B) for some model B of theory T.
This theorem is a-Jonsson generaliz of'e ion of perfectness of Jonsson theory (theorem 4).
Proposition 3 [1]. Let T be arbitrary a-Jonsson theory, then the following conditions are equivalent:
1) T is perfect;
2) T* is a-model completion
Proceed to the main res
n1, N9 be arbitrary natural
Definition 17. The
complete theory.
It is clear fro
of quantifiers.
perfect for a
In ot

1B o ry T
ion, namely, of concept of

theory T5 is called D — a-model

o D for any model B of T7.
) from definition 16, then considered theories are

aper. For this we must define a concept of (n1,ns2)-Jonsson theory. Let

d (n1,ns2)-Jonsson theory if it is ni-model complete and nearly no-model

that ny > na. If ny = 0, then ax center of Jonsson theory 7™ admit elimination
then Jonsson theory 7™ is model complete theory. Note that (0,n)-Jonsson theory is

ral 7.

, Wy-model completeness denote by the index ni, but near model completeness denote by the

clear that it 2 various indices, and they may be dependentes, i.e. considered theories can be with
ltaneously with two indices.

1) any model of Ty is II,-embeddable in some D-model of T, and conversely, every D-model of Ty is
I1,-embeddable in suitable (or some) model of T7;

2) Ty is D — a-model complete.

Theorem 5. Every a-Jonsson theory 7' has no more than one a-model companion.

Proof. Let’s say on the contrary, i.e. a-Jonsson theory has as minimum two various a-model companion,
or example, T7,T,. Hence, theory T is perfect. Then by definition a theories 77 and T5 are mutually model
consistent. By criterion of perfectness of a-Jonsson theory we can conclude that theories 77 and 7% are mutually
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model consistent with T, where T™ is center of theory T'. And this means that T} and T5 are cosemantic among
themselves, and means they are equal.

By criterion of perfectness (proposition 3.) we can be conclude that a-Jonsson theory (when a=1) is 1-perfect
if the theory has 1-model companion.

Next theorem allows you to get a description of 1-perfect 1-Jonsson theory in the sense of work [1].

Theorem 6. 1-Jonsson theory is 1-perfect iff the following conditions are equivalence:

1) a theory T has 1-model companion 7" in sense of work [1];

2) a theory T™ = T, where T° is a center of theory T}

3) a theories T™ = T and T are D — II;-mutually model consistent, where D = D(C), is semantic
of theory T. A theory T™ is 1-model complete in sense of work [2].

Proof. From (1) to (2) and from (2) to (1) follows from proposition 3 at a=1.

We prove from (1) to (3). Since a theory T has 1-model companion 7™, then by definiti
we have that T™ is D — 1-model complete, where D = D(C'), and C is semantic model of theor
is D — 1-model complete if a theory T'U T'hy, (C, |C]) is complete. Since any model of theo

A,B € ModT, but it is not true that A A B. This is equivalent to that B ¢
D(A) € D(C) and B is a model D(C) by D — 1-model completeness of

We prove from (3) to (1). Suppose the contrary. This means that a th
that it is non-perfect in sense of work [1] (proposition 3.), i.e. she does not
by (3) a theories T™ and T are D — II;-mutually model consistert,
theory T, moreover T™ is 1-model complete in sense of work [2]°
2.), which say that: a Jonsson theory T is 1-model complete iff fo
is a V-formulas such that T }= VZ[¢) <+ ¢]. 1-nonperfectness is
universal formulas with constants from some subset X o
loss of generality, we can assume that X is contained in som of theory T™. Since a type p is consistent
set, then there is elementary extension A’ of model plemented a type p. But since p is consisted
from V-formulas, then p is implemented and in A. -model compatibility A is invested in C', and this
means, that a type p is implemented and in hat one we can conclude about avalibility of the
contradiction.

— 1-model completion. But
(C), C is semantic model of

at there is such type p, consisting from
ich is not implemented in C. Without
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A.P. Emkees, M.T. Omaposa

o

(n1,n2)-VIoHCOH T€OPUSICHIHBIH, KOM apbl
Maxkasana (ni, n2)-HOHCOH TEOPHACH KOMIIAHBOHIEPIHIK MO@,ZL' TEOPETUKANBIK, KACUETTEPI KapacThI-
peutrad. Conbiver Gipre (ni, n2)-OHCOH TEOPHUSICBIMEH OPTAJIBIK & JTaFbl OailIaHbIC 3epTTeNreH. by
peTTe KapacCThIPBLIBII OTBIPFAH TEOPUSIIAP MOIAEIbII KOMITaHbOTHiI CBbIHA colikec Keseni. ABTopiap
’KaHa YFBIMJAD €Hri3ai, aran aifTkanga: (11, ng)-HOHCOH TeO — Q-MOJIEJTb/Ti KOMITAHBOH. (v-HOHCOH
JkoHe 1-kemeJ 1-IOHCOH TeOPUSICHIHBIH, MO/IEJIhTIK-KOMII HA'KATBICTHI >KaHa HOTHUXKEJIEp KOPCeTiI-
IeH.

Kiam cosdep: MOHCOHMIBIK, TEOPUSI, MOJEh/II TOJTHIK
MOJIEJIB/II KOMITAHBOH, MOJIEJIB/Il TOJIBIKTBIPY,

, M.T. Omaposa
KoMmmnaneo ni, ng)-ﬁOHCOHOBCKI/IX Teopuin
B crarbe paccmoTpens: Teop, 0-MO/IeJIbHbIE CBOICTBA KOMIIAHBOHOB (nl, ng)—ﬁOHCOHOBCKoﬁ Teopun. Tak-

7K€ U3YYEHBI CBA3HU
SIBJISIFOTCSI COBEP
MU BBEJEHLI HOB
ITokazanbr
1-itoHCOH

KTy IEHTPOM 1 (11, N2 )-HOHCOHOBCKOI Teopueii. Ilpu sToM paccMarpuBaeMble TeOpUU
1 ICJIe CYIIECTBOBAHUS COOTBETCTBEHHOI'O MOJIEJILHOIO KOMITAaHbOHA. ABTOpa-
ATVsi, & UMEHHO: (11, N2 )-HOHCOHOBCKasa Teopusi; D — -MOAEIBHBIA KOMITAHBOH.
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