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Roughness in Fuzzy Cayley Graphs

Rough set theory is a worth noticing approach for inexact and uncertain system modelling. When,rough set
theory accompanies with fuzzy set theory, which both are a complementary generalization afsetdheory, they.
will be attended by potency in theoretical discussions. In this paper a definition for fuzzy Cayley subsets is
put forward as well as fuzzy Cayley graphs of fuzzy subsets on groups inspired from the definition,of Cayley
graphs. We introduce rough approximation of a Cayley graph with respect to a fuzzy normal subgroup.
We introduce the approximation rough fuzzy Cayley graphs and fuzzy rough fuzzy @ayley graphs. The last
approximation is the mixture of the other approximations. Some theorems and properties@are investigated
and proved.
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1 Introduction and preliminaries

Rough sets have been investigated in many papers. Eor details we refer to [1-7]. In particular, in [8],
rough approximations of Cayley graphs are studied it has, intended to build up a rational connection
between rough set theory [7], fuzzy set theory,[9] and ‘Cayley graphs. Cayley fuzzy graphs are studied
in [10-12]. We present a new definition of fuzzy{€ayley sets and so, fuzzy Cayley graphs of generators
of the Cayley graph of a group. For a finite group“Ggafnd a fuzzy subset 14 on G, the fuzzy subset u is
called fuzzy Cayley subset, if the subset

SM=pfaie G | u(a) < 1}

is a Cayley subset of G. It means that 16 e S~ (where 1G represents the identity element of G) and if
s e SMthen s-1 e SM We defing, thettriple (G; SMu) as a fuzzy Cayley graph. In fact, the fuzzy Cayley
graph (G; SMu) is a Cayley“graphiwihere the fuzzy Cayley subset 1 constructs the Cayley subset of it.

The outline on the papergis as follows. First, we recall some notation and definitions about the simple
graph. We also ré€call the defimitions and concepts of the fuzzy subset, fuzzy subgroup, t-level relation
and lower approximationmeperator and upper approximation operator for a fuzzy approximation space
that we need for the paper in this section. In Section 2, we present the definitions of fuzzy Cayley subset
and fuzzy Cayley graph for fuzzy subsets of groups and some few results for them. In Sections 3 and 4,
we deal the_coneept of fuzzy lower and upper approximations of a Cayley graph and lower and upper
approximations of a fuzzy Cayley graph with respect to a fuzzy normal subgroup. Finally, in Section
5, we cambine the concept of the lower and upper approximations of a Cayley graph and lower and
upper approximations of a fuzzy Cayley graph and present the fuzzy lower and upper approximations
of a fuzzy Cayley graph with respect to a fuzzy normal subgroup on a finite group.

For the benefit of the reader, we collect in this section some of the basic concepts and facts that
we need in this paper.

Let us introduce some basic notation and definitions about the simple graph. We consider simple
graphs, which are undirected, with no loops or multiple edges.
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Now, we recall the definition’s fuzzy subset, fuzzy subgroup, fuzzy normal subgroup and some
proportion of them [9, 13]. Suppose that X is a universe set. A fuzzy subset u on X is a function
Y : X ~ [0,1] mapping all elements x of X into a real number ~(x) in the closed interval [0,1]. Taking
fuzzy subsets 4, and Aon X .y C Aif and only if all x G X satisfying ~(x) < A(x). Fuzzy subset 7 is
called the union of fuzzy subsets u and A if and only if 7(x) = max{”~x), A(x)} for all x GX , and 7
is denoted by u U A Fuzzy subset ” is called the intersection of fuzzy subsets u and A if and only if
<NMX) = min{~x), A(x)} for all x GX , and © is denoted by un A

A fuzzy subsets 1, on a group G is called a fuzzy subgroup of G [13], if the following conditions hold:

1 Va bGG, uy(ab) > 11{y(a),yu(b)};

2 Va GG, uy(a-1) > u(a);

3 u(le) = L
For every a in G, y(a-1) = u(a). This follows at once from part 2. A fuzzy subgroup, L of,G, is called
a fuzzy normal subgroup of G if for any arbitrary elements a and b of G, have togu(ab)i= L(ba).

We recall the t-level relation for fuzzy normal subgroups and some properties andytheorems 1 and
2, that we need in the work from [4]. Let uy be a fuzzy normal subgroup ofG. For each t G [0,1], the
set

L = {(a,b) GG x G | u(ab-1) >4}

is called a t-level relation of 4. For each t, 1 is a congruence“relation on G. We denote by [x]Mthe
congruence class of i containing the element x of G. Let A be"anon-empty subset of G. Then the sets

Ne-(A) = {x GG, [NXIMC'A},
wn(A) = {x GG Jx]MnA = 0}

are called, respectively, the lower and upper appreximations of the set A with respect to u/ The pair
L(A) = ~t-(A), uMm(A)) is called a rough set of A'IRSG. A non-empty subset A of a group G is called
a y/M-fuzzy rough (normal) subgroup of G ifithe upper approximation of A is a (normal) subgroup of
G. Similarly, a non-empty subset A of Glis,called a u, - (A)-fuzzy rough (normal) subgroup of G if lower
approximation is a (normal) subgrouplof G.“Note that, if 4 and A are fuzzy normal subgroups of a
group G, then yn Ais also ayfuzzy subgroup G.

Theorem 1. Suppose that u“and Aare fuzzy normal subgroups of a group G and t G [0,1]. Let A
and B be any non-emptyfsubsets of'G. Then
(1) m-(a) ¢ Ac ug;m (A)
(2) W_(anB)guw (A)nu/_(b),
(3) umM(AUB)R= uh(A)Uunh(B),
(4) A C B _dmpliegyu/“(A) C u/-(B),
(5) A CB implies /M (A) C um(B),
(8hur-A"UB ) D u/-(A) Un/-(B),
(7) WA(AniB) Cu/n(A) nuw/n(B),
(8) U CUA implies At-(A) C u/-(A),
(9) y C A implies um(A) C An(A),
(10) (un At = u/n A,
(11) (un A)t-(A) d W_(A) n At-(A),
(12) (un Atn(a) ¢ ym(a) n Atn(a) .

Theorem 2. Let uy be a fuzzy normal subgroup of a group G and t G [0,1]. If A is a (normal)
subgroup of G, then y/(A) is a (normal) subgroup of G. Moreover, if the lower approximation of A is
non-empty, then it is a (normal) subgroup of G.
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Given a continuous triangular norm T on the unit interval | = [0,1]. A fuzzy binary relation R on

X is called a T-similarity relation if for all x,y,z e X , R satisfies the following conditions:

(1) R(x,x) = 1;

(2) R(x,y) = R(y, x);

(3) R(x, 2)TR(X,y) < R(z,y).
The pair (X, R) is called a fuzzy approximation space (see, for example [14] and [6]). Morsi and
Yakout in [6] define the lower approximation operator and upper approximation operator for a fuzzy
approximation space (X, R), respectively, for 4 e [0,1]x , as follows:

ARy (x) = dg;‘( (R(u, x), u(wn)) for every x e X,

ARy (x) = sup(R(u, x)Tuy(n)) for every x e X,
uex
when (a,b) = sup{O e [0,1] | aTO < b}, for every a,b e [0,1]. Let G be a groupgand“C e 1G. If C
satisfies the following conditions:

(1) C(xy) > C(X)TC(y);

(2) C(x-1) > C(x);

(3) C(e) = 1,
then C is called a T-fuzzy subgroup of G. If C(xy) = C(yx) for every™x,y e G, then C is called a
T-fuzzy normal subgroup of G. It easily can be verified that the binary relation,

B:GxG~"™ [01],

B(x,y) = C(xy-1), fopevery x,y e G

is T-similarity relation. Jiashang, Congxin and Degang in [14] define the upper approximation operator
AB and the lower approximation operator AB withuréspect to B on G. In this paper, we limited the
triangular norm T, the simplest triangular Qorm, Min. Let 1 be a fuzzy subset and B be a fuzzy normal
subgroup on G. We call the fuzzy subsetSgABI, ABL, as respectively, the lower and upper approximations
of the fuzzy subset 1, on G with respeetyto the'fuzzy normal subgroup B.

ABMX) = dg(f; $min(B(u, x), u(n)), for every x e G,

ABU™ )= sug{min{B(u, x), u(n)}}, for every x e G.
ue

The pair(ABu, ABL))listcalled a rough fuzzy set of u. The fuzzy subset 1, on a group G is called a AB
rough fuzzy (normial) “subgroup, if the upper approximation of u is a fuzzy (normal) subgroup on G.
Similarity, theyfuzzy subset u on a group G is called a AB rough fuzzy (normal) subgroup, if the lower
approximation ofyufis a fuzzy (normal) subgroup on G.

Notesthat $min(a, b) = 1, if and only if a < b, if not it is equal to b.

Thetnextdproposition follows at once from [14; Proposition 2.4].

Theorem 3. Let G be a finite group, y and A be fuzzy subsets. Let B and C be fuzzy normal

subgroups on G. Then

(1) Ab~ Cuy C ABN, _

(2) AbAbuy = ABAbL = Abl,

(3) Ababy = Ababy = Ab”™

(4) ABy = u if and only if ABy = u,

(5) Ab(u UA) = Aby UADbA

(6) Ab(uMA ¢ Aby MAb A
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(7) AB(VUA) 5 abVUabA
8) AB(vn A = sV nABA
(9) B C C then ABv C AcV,
(10) B C C then ACv C ABv.

The next corollary easily can be verified based upon the parts (6) and (7) of Theorem 3.

Corollary 1. Let G be a finite group, v and A be fuzzy subsets. Let B be a fuzzy normal subgroup
on G. If v C A then
(1) Abv C ABA
(2) abVQabA
The fuzzy subset BMinC is defined based on fuzzy subsets B and C as BMinC(x) =mpin{Byx),C (x)},
Yx £ G. The next theorem follows from [14; Lemma 3.4, Propositions 3.5, 3.6, 4.17and 412].

Theorem 4. Let G be a finite group. Suppose that B and C are fuzzy normalgsubgroups of G. The
following properties hold.
(1) The fuzzy set BMinC is a fuzzy normal subgroup.
(2) AbVMinAcV_Q ABMincV.

(3) ABMiInCV C AbVMinAcV. _
(4) If v is a fuzzy (normal) subgroup of G, then ABv is a fuzzy (normal) Subgroup of G.

(5) If v is a fuzzy (normal) subgroup of G and B C v, then ABv is\a fuzzy (normal) subgroup of G.

Throughout the paper, we will make frequently use of the“above mentioned results.

2 Fuzzy Cayley Subsets, and graphs

In this section, we present the definitions @f fuzzy Cayley subset and fuzzy Cayley graph for fuzzy
subsets on groups.
Let G be a finite group and v be a fuzzy subset“on G. The fuzzy subset v is called fuzzy Cayley
subset, if the subset
={fafG |v(a) < 1}

is a Cayley subset of G. It follows that'w(1g) = 1 and if v(a) < 1, then v(a-1) < 1. Obviously, every
fuzzy group is a fuzzy CayleydSubset. Since is a Cayley set, (G;SM is a Cayley graph. When vs
is a fuzzy Cayley subset, we define the triple (G; SMv) and called it fuzzy Cayley graph. In fact, the
fuzzy Cayley graph (G; SMv)gis a Cayley graph where the fuzzy Cayley subset v constructs the Cayley
subset of it.

The next lemma yields that if v(a) = v(b), then v(ab) = min{v(a), v(b)}, for some a,b £ G, when
v is a fuzzy subgroup on G.

Lemma 1§,Suppose that v is a fuzzy subgroup on G. If v(a) = v(b) then v(ab) = min{v(a), v(b)},
for evéry a) b £7G.

Proof. Without less of generality, suppose that v(b) > v(a). Since v is a fuzzy subgroup, we get
V(a) = V(abb-1) > min{v(ab), v(b-1)}. Since v(b-1) = v(b) and v(b) > v(a), the last argument yields
that v(a) = v(ab). On the other hand, v(ab) > min{v(a), v(b)} = v(a). Therefore, v(ab) = v(a) =
min{v(a), v(b)}. Similarity, if v(b) < v(a), then v(ab) = v(b). Thus, we have v(ab) = min{v(a), v(b)}.

Lemma 2. Suppose that v1and V2 are fuzzy Cayley subsets on a group G. The following properties
hold.
(1) If V1 C V2, then C .
(2) The fuzzy subset v1Uv2 is a fuzzy Cayley subset and SMu”™2 = SM. M SM
(3) The fuzzy subset v1TMv2is a fuzzy Cayley subset and SMn™2 = SM USM
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Proof. (1) If x G SM, then ~(x) = 1 Since ul < uy2, we have ~(x) = 1, and, thus, x G SM
Therefore, SM C SML

(2) It easily can be verified that SMuNe = SM n SM2 Now, suppose that x G SMUW2 Then
Xx G SM n SM Since yl and y2 are fuzzy Cayley subsets, we have x-1 G SM n SM and, thus,
x-1 G SMwM Similarly, if 1 G SMuNe, then 1 G SM n SM, a contradiction. Therefore, 41U u2 is
a fuzzy Cayley subset.

(3) In a similar way as last part.

Lemma 3. Let X 1= (G;S1) and X2 = (G, S2) be Cayley graphs. The following prop€rties ‘thold.
(1) X1UX2= (G;S1US2).
(2) X1n X2= (G;S1n S2).
(3) X1C X2ifand only ifS1C S2.

Proof. (1) Let e be an edge of (G;S1US2). Then there exist g G G and s G S4'U S2 such that
e is an edge between two vertices g and gs. Since s GS1US2, we have s GiS1or s G S2 and, thus,
e GE(X1) ore GE(X2). Therefore, e GE (X1UX 2). Similarly, any edge of E (X1U X 2) is an edge of
(G; S1US2). The result follows.

(2) In a similar way as last part.

(3) Suppose that S1 C S2. If e G E (X 1), then there existyelements g G G and s1 G S1 such that
e = (g,gsl). Since s1 GSland S1 C S2, we obtain e G Ex(X 2)aTherefore, X1 C X 2. Now, suppose
that E(X 1) C E(X2). Letg GG. Ifs1GS1,then (g,9sd) G E'(X 1). Therefore, (g,9s1) GE(X2). Then
(g,9s1) = (g/,gAZ) for some g GG and sl G S2. Sinee g'= g', we obtain s1 = sl and, thus, s1 G S2.
The result follows.

Notice that, if V (X1) = V(X2) then X 1U X2 and, X4n X 2 are obviously Cayley graphs. The Lemma
2 follows us to define subgraph, union and¢intersection of fuzzy Cayley graphs.
Definition 1. Suppose that X = (GgSmuy) and Y = (G; Sa; A) are fuzzy Cayley graphs. Then
(1) X CY ifand only if AC y;
(2) X UY = (G;SmUSa;yn A)
(3) X nY = (g; Smn Sa;uyUa).
Lemma 4. Suppose thatmG, ista finite group and u is a fuzzy Cayley subset on G. If u is a fuzzy
subgroup and SM= 0 then SiMgénerates G.

Proof. Supposeythat g G'G. If g GSM then u(g) = 1. Now, ifa GSM then y(a) < 1. By Lemma 1,
u”"Na-1) = y(a).gt fallowsthat ga-1 G SMand, thus, g = ga-1a G (SM. Therefore, G = (SM.

The_following theerem is easily verified by Lemma 4.

Theoremgs. ‘Swppose that X = (G; Smu) is a fuzzy Cayley graph. If y is a fuzzy subgroup, then
the Caydey graph (G; Snj is connected.

3 Fuzzy rough Cayley graphs

Suppose that G is a finite group with identity 1g, u is a fuzzy normal subgroup, 0 < t < 1, and
X = (G;S) is a Cayley graph. Then the following graphs (we will prove these graphs are Cayley
graphs)
X* = (G;u/n(S)*) W/n(S)* = u/n(S) \{l1g}) and = (G;ut-(S))
are called, respectively, fuzzy upper and lower approximations of the Cayley graph X with respect to
the fuzzy normal subgroup u and integer t.
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Theorem 6. X *t and X *t are Cayley graphs.

Proof. By Theorem 1(1), we have ~t-(S) C S, and, thus, 1G e ~t-(S). Suppose that s e ~t-(S).
Then [s]* C S.If x e [s-1]* then (x,s-1) e ~t and, thus, (x- 1,s) e ~t, because ”~ is a fuzzy normal
subgroup. Thus x-1 e [s]* C S. Since S is a Cayley set, we obtain x e S and, thus, [s-1]* C S. Hence,
s-1 e ~t-(S). Therefore, ~t-(S) is a Cayley set, and X *t is a Cayley graph.

Now, suppose that s e ~ta(S)*. Then [s]* S = 0 which implies that there exists a e [s]* I1S.
Since a e [s]* NS, we obtain (a,s) e ~t. As © is a fuzzy normal subgroup, (a- 1,s-1) e ~t. Then
a-1 e [s-1]*. Since S is a Cayley set, we have [s-1]* MS = 0 and, thus, s-1 e ~ta(S). Therefore,
~ta (S)* is a Cayley set, and X *t is a Cayley graph.

Let G be a group congruence modulo 16 integral number Z. Let B be a fuzzy nermal sabgroup
of G presented in Table, and t be 0.3. Let X = (G;S) be a Cayley graph such€that®S equals to
{1,2,6,10,14,15}. The congruence relation B 0.3 partitions G to four classes {Og4p8, 12}, {1,5,9,13},
{2,6,10,14} and {3,7,11,15}. Then we have

X bo3 = (G;{1,2,3,56,7,9,10,11,13,14,15}) and X Bo3 = (G;42,6,10,14}).

Table

The fuzzy normal subgroup_B

B(1) = 01 B(2) =102 B(3) =01 h -
B(5) = 01 B(6) = 02 B(7)f= 0, B(8) =038
B(9) = 0.1  B(10) = 0.2 WB(11))= 0.1 ¥ B(12) = 0.4

B(13) = 0.1 B(14)&,02 B(15) =01 B(0) = 1

Theorem 7. Suppose that ™ and A are, fuzzy nofmal subgroups of a group G and t e [0,1]. Let

X = (G;S), X1= (G;S1 and X2 = (G, S2),be Cayley graphs. The following properties hold.

(1) X* CX CX"i,

(2 X1UX2nt = X 1*t U X -*t,

B xinx2r =x * nxlyg

4 X1CX2=*X" CX N

(5 X1 C X2~ X1*t CEX 2%,

6 x§Uxz, DX U2

(7 X1MnX 2% CX BiwG X -*t,

B8 ~MCANXtCXA,

(9 NeC Ap~ XABCX *t,

(10 & (*najt Xt/ ~ X A,

(110X @AY D X *t MX At

Proof), (@) By Theorem 1(1), ~t-(S) CS C ~ta(S). Then ~t-(S) CS C ~a(S)*. It follows that
X* CX CX*.

(2) Based on Lemma 3, X 1UX2 = (G;~wa(S)* U~:a(S2)*). By Theorem 1(5), we have ~ta(S1)*
and ~ A (S2)* C ~a(S1US2)*. Now, by Lemma 3(3), we have X 0t U X2*t C X 1U X 2*t. Conversely, by
Theorem 1(3), ~ta(SD* U~ta(S2)* = ~ta(S1US2)*. Suppose that (g,gs) is an edge of E (X 1 U X 2*t).

It follows that s e ~ta(S1US2)*. Then s e ~ta(S1)*U~a(S2)* and, thus, s e ~ta(S1)* ors e ~:a(S2)*.
Therefore, (g,gs) is an edge of X Jjut or X 2*t. Finally, we have X 1UX 2*t = X Jju0 U X 2*t.
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(3) By Theorem 1(2), the proof is similar to part (2).

X2

(4) Assume that X1c X 2. Then S1c S2 and, thus, y » ™) ¢ ~_(S2). Hence, 2§__1M ¢ X2

(5) By Theorem 1(5), the proof is similar to part (4).

(6) By Theorem 1(6), we have y » » )U”™_(S2)c u ™~ ™ US2). Thenuy4-~) ¢ y "™ US2) and
ANS2)c NN US2). Therefore, we obtain X 1U X 2M 3 X 1Ntz and X 1UX 2Nt_> 3 X ZNE' And finally,

LSS VER, YRR Ve

(7) By Theorem 1(7), the proof is similar to part (6).

(8) Assume that u* ¢ At. Theorem 1(9) yields u41(S) ¢ AN(S). Then u*n(S)* c A%(S)*Fandfthus,
Xtc XA.

(9) By Theorem 1(8), the proof is similar to part (8).
(10) By Theorem 1(12), we have

X(MnA)t

(G; (4 MAV (5))
(G;uwn(S) MV _ (S))

(G; u*n(5)), IT(GHA ™ (8))
X M ITXpAL

I o

(11) By Theorem 1(12), the proof is similar to“part (11).

Remark 1. A subset S of G is a minimal\Cayley set if it generates G and if S \ {s, s-1} generates
a proper subgroup of G for all s e S,

The pair (X M, X M) is called a fuzzy\tough set of the Cayley graph X . A Cayley graph X = (G; S)
is called a u*n -fuzzy rough gengratingy,if the subset u*n (S)* is a generating set for G. Similarly, a Cayley
graph X = (G; S) is calledgan, u4)-fuzzy rough generating, if the subset u*- (S) is a generating set for
G. A Cayley graph X = [(G8)dis called a u*n-fuzzy rough optimal connected, if the subset u*n(S)* is
a minimal Cayley, setffor ‘'G. Similarly, a Cayley graph X = (G; S) is called a ~ - -fuzzy rough optimal
connected, if the subset,2~ S) is a minimal Cayley set for G.

Theorem 8. Suppose that X = (G;S) is a Cayley graph.
(1) X, is“au*n-fuzzy rough generating, then X M is connected.
(2)£If XVis.a Ax=fUzzy rough generating, then X M is connected.

(3)“MX" is a u*n-fuzzy rough optimal connected, then X M is optimal connected.
(4) 1%, isfa ~--fuzzy rough optimal connected, then X M is optimal connected.

Proof. It is straightforward.
4 Rough fuzzy Cayley graphs

Let G be a finite group with identity 1G, B a fuzzy normal subgroup on G and X = (G; SMu) be a
fuzzy Cayley graph. The following fuzzy Cayley graphs (we will prove these are fuzzy Cayley graphs)

X B = (G;sabnf;Abu*) and X B = (G; SABM abL)
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are called, respectively, lower and upper approximations of the fuzzy Cayley graph X with respect to B .
In the above definition, ABu*”) is similar to ABMx) in all elements, except for | G, where ABy*(1c)
is 1.

Theorem 9. The triples X B and X B are fuzzy Cayley graphs.

Proof. Suppose that AB”~x) = 1 for some x G [0,1]. Thus
infu€G *min(B(u, x), u(n)) = 1

Therefore, for all elements u G G, $min(B(u, x), y(n)) = 1 and, thus, B (ux- 1) < u(u) for every u G G.
On the other hand, y is a fuzzy subgroup, and we have u(n-1) = u(u). Then B (ux- 1) < y(n-1). Since
B is a fuzzy normal subgroup, we obtain B (ux-1) = B (x-1u) and consequently, are equal™toyB (u-1x).
So B (u-1x) < uy(u-1). Hence for all u of G, $min(B(u-1,x- 1), y(u-1)) = 1 and, thus,

infu€G $min(B (u-1,x-1),y(u-1)) = 1.
Then
infu€G "min(B(u, x_1), u(~) = 1

So ABu ~-1) = 1. Therefore, ABu* is a fuzzy Cayley subset and X B lis @ fuzzy Cayley graph.
Theorem 3(1) leads 4, C ABuU. Since ~1g) = 1, we obtain ABU (&) = 1. Now suppose that
AB~x) = I. Then

supueG{min{B (ux- 1), uu)}}\s I.

Since G is finite, there exists an element u of G su€h that mingB(ux-1),u”)} = |. Then B (ux-1) =
u”~) = 1. Since u is a fuzzy subgroup, we obtainty ~=2) = uy”). Now as B is a fuzzy normal
subgroup, B (ux-1) = B(x-1u) and since B istafuzzy subgroup, we obtain B (ux-1) = B (u-1x). Thus
min{B(u-1x), y™ - )} = |, and ABy(x-1) = |. Censequently, ABu, is a fuzzy Cayley subset and, thus,
X B is a fuzzy Cayley graph.

Lemma 5. Suppose that G is a finitélgroup,and B is a fuzzy normal subgroup of G. If X = (G; Smu)
and Y = (G; Sa; A) are fuzzy Cayley*gtaphs, then:
(1) SAb(UA* c sabnf n SAbar
(2) sAb("™A)* = sAbnf Us Aba*,
(3) SAb (WA = sabnh N grvay
(4) SAb(™A) D SAb MUSADBA

Proof. (1) Suppesesthat x G Sab(MmUA*. Then AB(y U A)*(x) < | and x = I1G. By Theorem 3(7),
Abu(x), AbAX)" I'“Hence, x G Sabm* n Saba*.
According,to Theorem 3, items (2), (3) and (4) are straightforward.

Theoremmi0. “Suppose that G is a finite group and B and C are fuzzy normal subgroups of G. Let
X =46 Smu) and Y = (G; Sa; A) be fuzzy Cayley graphs. Then

(1) X BACX c X b,

2) X UYb = XBUYB,
B) X nYbCXBnYsB,
(4) X UYB DXb UYb,
5) X nYB=Xbnys,
6) uCAN YBCX8B,
(7) y C A~ YB CX8B,
(8 BCC~™ XCCX8sB,
(9) B CC~™ XB C X<c.
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Proof. (1) By Theorem 3(1), we have ABy ¢ 1 ¢ ABuU. Hence ABu* ¢ uy ¢ ABu. Lemma 2(1)
implies that XB ¢ X ¢ XB.

(2) By Definition 1(2), X UY = (G; SMWA L I A). Then we have
X UYb = (G; Sab(mA)*;Ab (4 MA)*).
By Theorem 3(8), AB(y NMA) = ABu INMABA and, thus,
X UYB = (G; SABMnABa*;abl* Mab A).
Now by 1(2), X UYB = X B UYB. The result follows.
(3) By Theorem 3(7), the proof is similar to part (2).
(4) By Theorem 3(6), the proof is similar to part (2).
(5) By Theorem 3(5), the proof is similar to part (2).
(6) If y ¢ A then by Corollary 1(1), ABy ¢ ABA Now, bypDefinition 1(1), YB ¢ X B.
(7) By Corollary 1(2), the proof is similar to part (6).
(8) Assume that B ¢ C.By Theorem 3(9);JABy ¢ ACu. Therefore, we have X Cc X B.

(9) According to Theorem 3(10), the ptoof is similar to part (8).

Theorem 11. Suppose that G isgasfinite“group. If B and C are fuzzy normal subgroups and u, is a
fuzzy subset on G, then the following statement hold.
(1) (G; SABMInCM ABMinCu)“e, (GiSABMMMACM ABuM *nAc L),
(2) (G; SAbMMinAcM; ABLM In ACl) ¢ (G; SABMmoM; ABMinCu,).

Proof. Accor@ing to Theerém 4, the proof of both parts are clear.

The pair (X B7X B)Jis called a rough set of a fuzzy Cayley graph X = (G; SMu). A fuzzy Cayley
graph Xm= (GySMUY is called an AB rough generating, if the subset S~ Mgenerates G. Likewise a
fuzzy Cayleyggraph X = (G; SMu) is called an AB rough generating, if the subset SabM generates G.

A fuzzyfCayley graph X = (G;SMu) is called an Ab rough optimal connected, if the subset SabM is a
minimal“Cayley set of G. Similarly a fuzzy Cayley graph X = (G; SMu) is called an AB rough optimal
connected, if the subset SabM is a minimal Cayley set of G.

Theorem 12. Suppose that G is a finite group, and B is a fuzzy normal subgroup of G. Let X =
(G; SMu) be a fuzzy Cayley graph. The following properties hold.

(1) If y is a fuzzy subgroup of G, then X is a AB rough generating.
(2) IfB ¢ 4 and u is a fuzzy subgroup of G, then X is a AB rough generating.

Proof. According to Theorems 4 and 4, the proof is straightforward.
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5 Fuzzy rough fuzzy Cayley graphs
In this section, we get the t-level relation u/, for each t G [0, I), as follows:
L = {(a,b) GG x G | uy(ab-1) > t}.

Similarly, all results related to the t-level relation u are same. Let B be a fuzzy normal subgroup on G
and X = (G; Smu) be a fuzzy Cayley graph. The following fuzzy Cayley graphs (we will prove these
are fuzzy Cayley graphs)

XB = (G;BtM (Sm); Abu*) and XB = (G;BE£(Sm*, Aby")
are called, respectively, fuzzy lower and upper approximations of the fuzzy Cayley gtaph'X, with “respect
to B. The definitions of tM ABL, and ABuj are as follows:
tM= max{y(x) |x GSM,
if x GB”™ (SnM* then AB™(x) = ABuL*, otherwise ABU2A(X) =il and
if x GBt™_(Sm then ABU™(x) = ABL(X), otherwisetAB™ (X) = I.
Theorem 13. The triples X B and X B are fuzzy Cayley‘graphs.
Proof. In the proof Theorem 6, it proved that the subséts B¥A (Sn) and B (Sm* are Cayley sets.

To prove that the X B and X B are fuzzy Cayley graphs.iit is sufficient to show that Bt» (Snm) = S*"B

and BA (s m* = s ABU& _ _ _ B
Suppose that x GBt™ (Sm). Then AB™(x)W= ABu(X). If AB~x) = I, then

supueG{m in{B(ux-1), u(u)}} = 1.

Since G is finite, there exists an elementiu,in’\G where min{B(ux-1), 4 ”)} = | and, thus, B (ux-1) =
~u) = 1. As B (ux-1) = I, wedh obtain U G [x]B and, thus, u G SM Therefore, y(u) < I, a
contradiction. Then ABu(x)l=,1%and, as a result, AB~(x) = I. Now, suppose that x G Bt™_(Sm.
Based on the definition, AB~(X), = “lmTherefore, Bt™_(Sn) = S*" B

Let x be in BA (Sm*.4Then AB®(x) = ABL*. Since X GBA (Sm*, there exists an element y GSM
such that y G [x]B. If wethave ABu(x) = I, then

(jgéﬂimin(B(ux-l), u(~) = 1.

Thereforey wedhave |IB(ux- 1) < u(u) for every u G G. Then B(yx-1) < u(y). Since u(y) < tM we
obtain B (yxsl)"<FtM As y G [x]B, B(yx-1) > tM a contradiction. Now, suppose that x G B/~(Sm*.
Basedien the definition, AB”™ (x) = |. Hence, by above BA(Sm* = Sa MHK.

Lemma 6. Let G be a group and t1, t2 and ta be integers in the closed interval [0, I]. Suppose that
u is fuzzy normal subgroups of G. Let A and B be two non-empty sets. Then
(1) ifta < t1,t2, then o/n(AUB) Dy~ (A) Uu”™(B),

(2) ifta > t1,t2,then y» (AUB) C yu™(A) Uu”™(B),
(3) ifta > t1,t2,then u» (A nB) C yu™ (A) n wn(B),
(4) ifta < t1,t2,then u/3_(A nB) Cuy”_(A) Nu2_(B),
(5) ifta > t1,t2, then /3 (AnB) Du”_(A) nw/2 (B),
(6) ifta > t1,t2, then w3_(A UB) Dw/1l (A) Uw2 (B).
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Proof. (1) Let x e u*n(A) Uu*n(B). Then x e u*n(A) or x e y*n(B). Suppose that x e y*n(A).
Thus, [x]M MA = 0 and consequently, there exists a e A such that ~xa-1) > tl. Since t1 > t3, we
have ~ xa-1) > t3 and, thus, [Xx]Mg M A = 0. The result gives us that x e yn(A UB). Similarity, if
x e u*n(B), the same result can be gained.

(2) Let x e W*n(A UB). Thus, [XIMgM (A UB) = 0. Then [XxIMgMA = 0or [xIMgINB = 0.
Suppose that [x]M T A = 0. Hence, there exists a e A such that ~xa-1) > t3. Since t3 > t1, we have
~Nxa-1) > t1and, thus, [x]Mi M A = 0. The result gives us that x e yu*n(A). The result follows.

(3) Let x e u*n(AMB). Then, [xIM3M (A TMB) = 0 and, thus, [ x ] MA =0 and [xIM3 B = 0.
Hence, there exist elements a e A and be B such that ~xa-1) > t3and *xb-1) > t3. Since t8> t1,t2,
we have *xa-1) > t1 and uy(xb-1) > t2 and, thus, [x]M A = 0 and [x]M MB = 0, Theg,result gives
us that u*n(A) Muy*n(B). The result follows.

(4) Let x e u*3-(ATMB). Then [XIM ¢ AMNMB. If y e [X]IM, then u(yx-1)3> taand, /thus,
Myx-1) > t3. Then y e A. It follows that x e y*1- (A). Similarly, we have x e 2,2 (B):

(5) Let x e u*1-(A) M~ 2-(B). Then XML ¢ A and [XIM2 ¢ B. If y e XIMi3§then u(yx-1) > £3
and, thus, Myx-1) > t1 and y(yx-1) > t2. Then y e AT B. It follows that§x e u*@z=(A N B).

(6) Let x e y*1- (A) UM 2- (B). Hence, x e u*1- (A) or x e ™ 2- (BymSuppose that x e u*1- (A).
Hence, [XIM ¢ A. Ify e [X]M , then y(yx-1) > t3 and, thus, “"yx-1) & td Then y e A. It follows
that x e u*3-(A UB). The result follows.

Theorem 14. Let G be a finite group. Taking any fuzzyjnormal) subgroups B and C on G. If
X = (G;SMu) and Y = (G; SA A) are fuzzy Cayley grapbsQI hedfollowing properties hold.

(1) XBc X ¢ XB,

(2) X MYB ¢ XB NYB,
(3) X UyB 3 xB uyB,
(4) X MYB ¢ XB MYB,
(5) Lc A™ YB c XB,
(6) uc A~ yB ¢ XB,
(7) Bc C~ XCc XB,
(8) Bc C~™ XBc XC.

Proof. (1) By Theoremsg3(1)Wand 1(1), we have, respectively, ABy c 4 ¢ Asuy, Bt (SM ¢ SMc
B*,(SM. If x e B*, (SM*] then AB”(x) = ABuL(X) and, thus, ABu~(x) < ~x). If x e B*, (SM*, then
x € SMand, thusp x) = LySefwe have AB™ (x) < u(x). Now by Definition 1, we have X ¢ X B.

If x e Bt (SWMy/then, AB™(x) = ABu(x) and, thus, u~) < AB"N(x). If x e Bt (SM, then
AB”(x) = 1 andiagaim”~ x) < AB”(x). Then, we have XB ¢ X .

(2) We hawe

XnYB

(G; Smua;u, UAB = (G; B ™ (S mlMSa); Ab (4 U A)»),

XBIYB

(G;SMu)B M (G; SA A)B
(G;B* (Sm); AB (U)») M(G; B* (Sa); AB (A))
(G;B* (Sm) MB* (Sa); Ab (u)» UAb (A)»).

Since tMJA > tMtA by Theorem 6(3), we have BN uA(SmMSA ¢ B*,(SM*B ™ (S A. Also, by Theorem 3(7),
we have AB (4 UA) 3 ABL UABA Ifx e B*,(SM TIB”™ (SA then

ABu»(X) = ABL”™),AB A»(X) = ABA(X)
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and, thus,

Ab”™»(X) UAb A»(X) < Ab (™ U A)(X).
Since AB("UA)(x) < AB (™ UA)»(x), we obtain AB™»(X) UABMA(x) < AB(MUA)»(x). Ifx e BIA(S*) IN
Bf(S a), then x e BMNUuA(S*MSA) and, thus, AB("“U A)»(x) = 1. Therefore, AB(~U A)»(x) > AB™»(x) U

Ab A»(x) and Definition 1yields X MYB C XBIMYB.
(3) We have

XUYB = (G:;S*nA;» MA)B = (G:B ~ (S* USa); Ab(® MA)»),

XB UYB

(GS*~)B U(G; Sa A)B
(G: B A(S*); Ab (~») U (G; BA(Sa); Ab (A)»)

(G: B A(S*) UBA(Sa); Ab M» MAb (A)»).

Since t*nA < t*, tA by Theorem 6(1), we have Bt*"nA(S*USA D Bf(S*)UBtA (SA)Also, by Theorem 3(8),
we have Ab(*" M A) = Ab~MTTAb A If x e B f (S*) UBtA(SA then x e Bt"nA(S* USA and, thus,

Ab (™ MA»KX) = Ab(*NA)X) = Ab™(X) MAb AX) <,Ab25(X) INAb A»X).
Now, suppose that x e B f (S*) UBtA(Sa). Then
Ab”™»(X) = Ab A»QiE, 1

and, thus,
Ab (™ TTA»(X) S Ab M»ONTAB A»(x) = 1.

Therefore, X UYB DXB UYB.
(4) We have

X MYB = (G; S*uaispU A)p = (G;Bw _(S* MSa); Ab(™ UA)»),

XB MYB = (G:8* ~)BM(G; Sa; A)p

(G; BtM(S™*); Ab (™») M (G; BtA-(Sa); Ab (A)»)
(G; Bt,,_(S*) MBtA-(Sa); Ab (™» UAb (A)»).

Since t*uA > t*@A, by Theerém 6(5), we have Bt™uA-(S* M Sa) D BtM(S*) NMBtA-(Sa). Also, by
Theorem 3(5), we have™Aby U A) = Ab (™) UAb (A). If x e Bt™_(S*) MBtA (SA then

Ab ™»(x) = Ab”™(X), Ab A»(X) = Ab A(X)

and{ thusy
Ab »(x) UAb AxX) = Ab (M UA)(X) < Ab (™ U A)»(x).

If x e Bt™_(S*) MBtA (SA), then x e Bt"uA (S* M SA and, thus, Ab (™ U A)»(x) = 1. Therefore,
Ab ™»(x) UABA»(X) < Ab (™ UA)»(x) and, thus, X MYB C X'BTYB.

(5) If~ C A then by Corollary 1(1), Ab” C Ab A In the other hand, by Lemma 1, we have SAC S*
and, thus, by Theorem 1(4), Btx_(SA C Btx_(S*). Then YB C XB.

(6) The proof is similar to part (5).

(7) Since B C C, by Theorem 3(9) we have Ab”™ C ~, Also, Theorem 1(8) gives Ct™ (S) C
Bt~ (S). The result follows.

(8) The proof is similar to part (7).
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Conclusion

This paper has intended to build up a rational connection between rough set theory, fuzzy set
theory and Cayley graphs. First, formal definitions for fuzzy Cayley sets and fuzzy Cayley graphs have
been suggested.

Some illustrative examples have also been presented. Fuzzy Cayley graphs and related approximations
might be received attentions in some distributed and networked systems challenges.
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M. X. W ax3amaHdaH1, 6. [aBBas?2

1MopTy YHMBEPCUTET T LW, MaTemMaTuKa opTanbirbl, [MOpTY YHUBEPCUTETI,
Pya-gy Kamno-Anerpu, lMopTy, MNMopTyranus;
2We3ar yHusepcnTeT” Mesgi, UpaH

Oan emec Kelinu rpadrapbiHgarbl wamMagaH aybliTKY

LLlamaMeH anblHraH XublHAap TeopusAcbl 6yn xyilienepal A3n emec X3He aHblKTanmaraH Mogenbey yuill
nanblKTbl 3glc. LLlamameH anblHraH XWblHAAP TEOPUSACHl XUblHAAP TEOPUACbIHbL, 0AaH 3pl >kannbliaybl
60/1bIN TabblNaTblH 4371 EMeC XMbIHAAP TEOPUACbIMEH TO/bIKTbIPbIZITAHAA, 0N1ap TEOPUAMbIK TanKblnaynap-
fa xapampabl 6onagbl. Makanaga Kainu rpadTapbiHbiH; aHbIKTamMacblHaH TyblHAAWTbIH A3nheMeCiKalinm
imxi XUblHAAPbIHbIH; aHbIKTamMacbl, AeMeK rpynnanapgarbl 4371 eMec L0 XUblHAAPAbIH; 3N emec Kalan
rpadptapbl ycbiHbiraH. ApTopnap Kanu rpadbiHbIH; 4371 eMec HOpMasb LW 0 rpynnacbiHa KakblCThhLLiama-
MEH XYbIKTayAbl, COHbIMEH KaTap annpokcMMaunanaHaTbliH WaMameH anbiHraH g3n emec _KennyrpadTapof
XK3He A3N eMec WlamaMeH anbliHraH A3n emec Kerinum rpadptapbiH eHN3reH. Courbl XyblKTay GackadyblKTa-
ynapgabiH; 61plryl 6onbin Tabbinaabl. Keliblp Teopemanap MeH KacveTTepl 3epTTenreHmKIHE Aa1eN[eHTeH.

KrnT cB3gep: aHblK eMec XWblH, LWamMaMeH abiHraH XublH, Keiinyu rpadbl, aHbligpemec Keiinum rpadbi,
TeMeHM X3He XOoraprbl XyblKTaynap.

M .X. W ax3zamaHaHl, b. J@BBa3d2

1MaTemaTun4yeckuii ueHTpP YHmBepcuTeTa [lop Ty, YHMBepcuTeT [opTy,
Pya-pgy-Kamny-Anerpui llopTy, MNopTyranua,
2YHusepcuTeT Me3fga, Vess, Wpan

Mpy6oCTb B HeueTkunx rpadax Kanm

Fpy6as Teopusi MHOXECTB — 3acC/y)XXUBalOLW UK BHUMAHUSA NOAXOA A HETOUHOIO M HeonpeaesieHHOro Moje-
nupoBaHua cucteM. Korga rpy6as Teoplas, MHOXECTB [OMOMIHSAETCS Teopueid HeYeTKUX MHOXECTB, NMpUYem
06e SIBNSATCA AOMONHUTENbHbIM 0606LEHEMITEOPMM MHOXECTB, OHU BYAYT UMeTb CUIY B TEOPETUUYECKUX
AvcKyccusix. B HacTosiweli cTaTHe npeAMoXeHO onpedeneHMe HedeTKUX MOAMHOXECTB Kanu u, cnefoBa-
TeflbHO, HevyeTKMx rpadoB Kasvm HeueTKUX MOAMHOXECTB Ha rpynnax, B4OXHOBIEHHOe OnpejenieHNeM rpa-
thoB Kanu. AsTopamu BeefeHBIN pyBasFannpokcumanma rpada Kanm oTHOCUTENIbHO HEYeTKOM HOpMasibHOA
noArpynnbl, a Takxe apAmPOKCYMAUMOHHbIe rpy6ble HeueTKMe rpadpbl Kanu v HeyeTKue rpybble HeuyeTKue
rpacobl Kanu. Mocneatee mpu@nvxeHne npegctaBnsieT co6oli cMecb APYrMx NpUGAVXeHWIA. MccnefoBaHbl
M JoKasaHbl HEKOTEPLIE FEOpeMbl U CBOMCTBA.

KntoueBble crioBahHEYRHEKOE NOLMHOXECTBO, rpy60e MHOXecTBO, rpad Kanu, HeueTkuii rpad Kanu, HUXHSA
1 BepxHsAa afilpoKeumaumnn.
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