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Construction of the solution of the boundary value problem fo
integro differential equation with a small parameter in
derivatives

boundary functions. Using Cauchy function and boundary functions are obtaj
of solution of considered local boundary value problem for singular perturb
of high order.

Key words: singularly perturbation, small parameter, boundary unctions, hy function, initial jump.

1 Statement of the pro

Consider the following integro differential equation with a ameter in the highest derivatives
dn 1l m—+1 )

Ly= Z e Apir(t) dentr + Z A Z H(t, :L‘)y(J)(l‘, g)dx (1)

r=1 7=0

with boundary conditions Q
d'y

hy= — = 0,l—1, h = — =0 1= -1 2
iY dti —o 0 ) ) 1+iY dtz — ﬂu ? P ) ( )

where € > 0 is a small parameter known constants independent of &, A, (t) =1, m+n=10+p.
Assume that following ¢ i
L A;(t) € CntmFi([0,1]

in the domain D = {0 <%
II. A, () #0, 0 <t
III.The roots -

n+m, F(t) € C([0,1]) and functions H;(t,z) j = 0,] —m + 1 are defined
< 1} and sufficiently smooth.

. # pm of "additional characteristic equation"u™ + A, qpm_1 ()™t + ...+

+A, 1 (t)p+ satisfy the following inequalities Repy < 0, Reps <0, ..., Repi, < 0 and m < [.
Similarly bo lue problem for ordinary differential equation was considered in [1]. In the particular
case, simi ry value problem for singular perturbed integro-differential equation for this case m = 2

a 2 comsidered in [2,3].
2 Construction of the fundamental system of solutions

consider the following homogeneous singularly perturbed equation associated with (1):

dn+r

Ley= Z ETATH_T( tn+r Z Ak
r=1

d
The fundamental system of solutions of (3) in the interval 0 < ¢ < 1 has the following asymptotic
representation as ¢ — 0 [4]:

I@

3)

kS

b ) =y 0 +06), i=Tn, ¢=0ntm—T
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t

[ @)z | i@ nino(t) + O, 7 =Tom, g =0t m -1
0

M | =

1
yfﬂr (t,e) = s—qea:p

where functions y;0(t), i = 1,n are solutions of the problem

d Yio i—1 o
ZAIC dtk = 7 yJ(O )()_57,]’ :1377‘7 J=14n,
d;; is a Kronecker symbol and functions y,1,0(f), r = 1, m are solutions of the problem
pr(t) : y'/rL—i-rO(t) + qr (t) : yn+r,0(t) =0, yn-‘rr,O(O) =1, r=1,m, <

where functions p,.(t),¢.(t),r = 1,m are defined the following formula
pr(t) = Z(n + 1) Ansi(t )N%—Z Yt), r=T,m;
i=0

¢r(t) = () D CoiAnra(pye™ 2 (8) + Anr (D1

1=0
(n+ z)

2l(n+1i—2)! 3

3 Construction of Cauchy ctio

2
Cn+i -

Definition 1. Function K(t,s,¢) is called Cauchy function} ify solution of the problem
L.K(t,s,e) =
KU (s,s,6) =0, j=0, , KT Tl(ss6) =1,
and Cauchy function can be represented as
15,€)
Wi(s,e) ’
where W (s, ¢) is the Wronskian of tie,fundamental system of solutions yi(s,€),y2(s,€), ..., Yntm(s, &) of (3),

W (t,s,e) is the n + m-th order
row with y1(¢,€),y2(t,€), ...,

nt obtained from the Wronskian W (s, e) by replacing the n + m-th

onstruction of boundary functions

Definition 2. Func
(1) and (2), if theygsa

i = 1,n + m are called boundary functions for the boundary value problem
¢ ollowmg problem

L.®;(t,e) =0, i=1,n+m;
hp®;(t,e) =i, t=1,n+m, k=1,1+p,

W i Kionecer symbol and boundary functions ®;(¢,¢), i = 1,n + m can be represented in the form
Bi(te) = 1,
wher
hayi(t,e) o Paynym(t,e)
J(e) = hoyi(t,e) .. hoYntm(t,€)
hl+py1 (t.e) o higpYnim(t.e)

Ji(t,e) is the determinant obtained from J(¢) by replacing the i-th row by the fundamental system of

solutions Y1 (t, 5)7 Y2 (tv E)v s Yntm (tv 5) of (3)
IV. J(e) # 0.
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5 Analytical formula of solution
Denote by the right-hand side of equation (1)
1l m—+1
2(t,e) = F(t) + / Hj(t,z)yY (z,¢)dx. (4)
0

j=0

We seek the solution of differential equation L.y = z(t,¢) in the form

n+m t
1 < s
y E C(b t 8 E_m K t S, 8 )dS, (5)
=1 0

where ®;(t,e), ¢ = 1,n+m are boundary functions, K(t,s,e) is Cauchy function, 1,n+m are
unknown constants, z(¢, ) is an unknown function.
Substituting function (5) into equality (4), we obtain the following expregsion

m+41

1
+/z Z H;(t,z)K9)(t,s,¢)da. (7)
s 0=
Introducing of additional f (7), we obtain the following Fredholm integral equation of the second
kind:
1
z(t,e) = f(t,e) + /H(t,s,s)z(s,a)ds, (8)
0
where
n+m - m—+1
fte) = FH)+ S ci/ H;(t, )Y (2, &) da;
i=1 3 j=0
l m-+1

H(t,s,e) /ZHthU)(wss)d

S

V.1 is not an eigenvalue of the kernel H(t, s, ¢).
In view of condition V integral equation (8) has an unique solution, that can be represented in the form

At e) = —|—/Rt35 &)ds, )

where R(t, s,€) is a resolvent of the kernel H (%, s, ¢).
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Substituting equality (9) into function (5), we obtain analytical formula of solution of boundary value
problem (1) and (2):

n+m

= 3" CiQilt.e) + Plt.e), (10)

=1

where C;, i =1,n+ m are unknown constants, functions Q;(¢,£), i =1,n+m, P(t,e) can be represented in

the form .
1
Qi(t,e) = D,(t,e) g—m/Ktss%se)d,z—ln—i—m
0
P(t,e)

1 —
= E—m/K(t,S,E)F(S,E)dS,
0

where ®,(t,e), i=1,n+m are boundary functions, K(t,s,e) is Cauchy function
t=1,n+m, F(s,e) can be represented in the form
l—m+1 )
= O (a, i

1
?,(s,¢€) :/ H(s,z,e)0) (z,¢)da, i
o J=0
1 J
Fj(s,w,e):Hj(s,x)—i—/R(s,p,e)Hj(p, d =0, —m+1;
0

constants C; = o1, @ = 1,1 and for determining

constants Cyy;, i = 1,p , we need to solve th oftalgebraic equation

l
Cri1(1+dit1(1,2)) + Crpadipal + .. Crapdiyp(l,e) = Bo—e(l,e) — > a;—1di(1,€)
i=1

C’l+1dl(i;1)1,5) + C’l+2d§$ , cee + Cl+p(1+dl(ipl)(1 €)) = Bp1—erI(l,e) —
!
— Z Oti_ld(p_l)(]. S
=1

),
where
1 1
QZQ _/KU) (L,5,)P,(s,e)ds, i =T.0Fp, j=0p—T;

e (1,¢e) = /K])lss F(s,e)ds, j=0,p— 1.

(13)

t the main determinant A(g) = A + O(g) of system (13).

A #0.

eorem. Let the conditions I-VI are valid. Then boundary value problem (1) and (2) on the interval [0, 1]
has an unique solution, expressed by the formula

Zaz 1Qi(t,e) + ZOWQHZ(t e)+ P(t,e), (14)

=1 =

where Q;(t,e), i =1,n+m, P(te) are defined by the formula (11),(12), Cj44, i = 1, p are solutions of the
system (13).
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A.E.Mupsaxkynosa, H. Ataxan

MakaJjiaga >KOFaprbl TYbIHABLJIAPBIHBIH, aJIIbI i apameTpi 6ap
MHTErpaJaabl auddepeHna abIK TeHJeyJaep Y IIIeKapPAJIbIK, ecerl
IIEeNIiMiHIH aHAJUTUKAJE MYJIaChl

+ M PeTTi CHI3BIKTHI WHTErPaJIIbl-
eIl IIeITMiHIH aHAJUTUKAJIBIK (DOp-
ipTeKTi nuddepeHITnaiIbIK, TeHIEeYiHIH

Maxkasia »KOraprbl TYBIHIBLIAPBIHBIH AJIIbIH/IA Killll mapaM
nuddepeHnraIbIK, TEHIEYIep YIIiH 6acTanKbl CeKipicTi

.E.Nlupzakynosa, H.Araxan

ITocTpoenue sl KPAeBOi 3a4a49u JIJisi MTHTErpo-
anddepe bIX YPABHEHUII C MaJILIM IIapaMeTPOM
1 CTAPHINX IIPOU3BOIHBIX

HI'YJISTPHO BO3MYITIEHHOTO MHTErPO-IudPepeHIInaaIbHOr0 YyPABHEHUS BBICIIIETO TOPSIIKA.
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