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The Schrodinger equations generated

by ¢-Bessel operator in quantum calculus
*
In this paper, we obtain exact solutions of a new modification of the Schrédinger equation€elatedyto, the
Bessel g-operator. The theorem is proved on the existence of this solution in the Sobolev-t; & q [;)
in the g-calculus. The results on correctness in the corresponding spaces of the Sobol e obtained.
For simplicity, we give results involving fractional g-difference equations of real or and given real
numbers in g-calculus. Numerical treatment of fractional g-difference equations lso i igated. The
obtained results can be used in this field and be supplement for studies in thi
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Introduction

The origin of the g-difference calculus plays an impertantyrole to their numerous applications and its
importance in mathematics and other scientific fields. Thig,cal@ulus can be traced back to the works in [1,2]
by F. Jackson and R.D. Carmichael [3] from the inning of the twentieth century, while basic definitions and
properties can be found e.g. in the monographs [4, , the g-difference calculus has been proposed by
W. Al-Salam [6] and R.P. Agarwal [7]. Today, maybe to the explosion in research within the fractional
differential calculus setting, new developments in this theory of fractional g-difference calculus have been
addressed extensively by several research

The Schrédinger equation is the fundame

quantum mechanics. This equation studied
it is widely used in modern scik
a

n uation of the science of submicroscopic phenomena known as
the Austrian physicist Erwin Schrédinger in 1926 [8]. Moreover,
eas as quantum information and econophysics [9,10].

—

Nowadays, the several met d*techniques have been developed to study exact and approximate
analytical solutions to the of the Schrédinger equation for a better understanding of its dynamical
behavior [11,12]. The Exa tidns of the Schréodinger equation play an important role not only from a pure
mathematical poimt, of View o for the conceptual understanding of the physical phenomena.

The paper is or ollows: The main results are presented and proved in Section 2. To not disturb

these presentation§weinclude some necessary Preliminaries in Section 1.

1 Preliminaries

this paper, we assume that 0 < ¢ < 1. We start by recalling some basic notation in the
e.g. the books [4] and [13].
Let o &R. Then a g-real number [a], is defined by

where lim 11—q =q.
g—1 74
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‘We introduce for k € N:

n—1
. (45 ¢) oo
a;q)o =1, (a;¢)n = 1—q¢"a), (4;9)0 = lim (a,@)n, (a;q)0 = 7
o= 1. @50 = [ (1= d'a). 0500 = Jim ) (o = 220
The g-analogue of the binomial coefficients [n],! are defined by
= L if n =0,
T [y x [2]g X -+ X [n]y, f nEN.
The ¢>-differential operator is defined by (see [14] and [15])
-1 —1
¢ x)+ f(—=q¢ z) — flgz) + f(—gqz) —2f(—=
o, a)  L01) + F(=0715) = Slgm) + f(oqw) = 2f(=z)
2¢(1 —q) ’S
where x # 0.
Note that if f is differentiable at x, then 11111 Ogf(z) = f'(x).
q—
0 :

A repeated application of the g2-analogue differential operator n times is den
0r n+1p n
0, f =1, 9 f—8q(6qf).

The definite g-integral or the g-Jackson integral of a function f is de @ formula (see [1] and [2])
< (05

x ) ’
[ 10dat = (1= ) 3"t plao) \

k=0

and the improper ¢-integral of a function f(z) : [0, c0) efined by the formula

=

/ (gt = (1 ¢ F(q).
0

We denote R = {¢*, k € Z} and define

L1 - ( / If(x)lpw2“+1dqw) < oc}.
0

Definition 1. (see [16] [17]) The g-Bessel Fourier transform is defined for f € L}, ,(R}), by
IO = g [ @i a)e gz, 0 << o 1)
0
and it se By Lg(@Y is given by
oo
Foagl®) = Cq,a/Fq,a(g)(/\)ja(kxsq2)>\2a+1dq/\, 0<z<oo, (2)
0
for g € LY, ,(R}), where ¢gq = %.

Definition 2. (See [18]) For 1 < p < 0o, we define the Sobolev type space associated with the g-Bessel Fourier
transform WP?(R;") equipped with the norms

00 2
lelfyp ) = ( [ e |fq,a<u><x>|2dqx) -
0
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Let 0 < T < co. We also introduce the spaces C* ([0, T]; WP(R])) and C* ([0,T]; LE(R])) defined by the
finiteness of the norms

k
||u||ck([0’T];qu(R3')) P2 A 107 u(t, ) llwe &)
n=0
and
k
lellonomirgep) = 02T 102 ult, Moy @)
respectively. P
For A € C, the function j,(\z;¢?) is the unique even solution of the problem
{ Aqﬂf(:r) = _)‘2f(x)7 \
f(0)=1,
where
1

Agaflz) = [T [|$|2a+1%f(50)]'

Moreover, if f and A, f are in Ly, ,(Rg 1), then (see e.g. [14

Faa(Bgaf)N) = 3)
Theorem 1. 1) (Plancherel formula [17]) For
1Fg.a(f)l2,a, 20,0 (4)

2) (Plancherel theorem) The g¢-Bessel transform can be uniquely extended to an isometric isomorphism on
L2 (RF) with F % = Fya

2 Main problem

We consider the Schrodi e ion generated by the ¢-Bessel operator A, o f in the following form:
t,2) — il o zu(t,z) = f(t,z), (t,z)€[0,T] % R;, (5)
u(0,2) = o(2), =R}, (6)

en functions listed above.
o < 1. Suppose that f € C* ([0,7], L*( R} )) and ¢ € W2(R/}). Then the problem

olution u € C* ([0, 7], L*(R;)) N C ([0, T], qz( 7)) and can be represented by formula

where the function

exp(—ik2t)<p(m)ja(>\m;q2) Zatl; oAz q ))\20‘+1d TdgA

/exp (—iN2(t — 8)) f (5, 2)jo (Az; )22 T jo Aa; ¢*) N2 T dyzd Nds.
0
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for fixed A. Let us prove the existence first. Taking the ¢g-Bessel Fourier transform F, . (see (1)) on both sides
of (5)—(6) we have a simple initial value problem (IVP) of linear ODE:

U'(t) +iX2U(t) = F(t) (7)

U(0) = 2(») (8)
and 0 < t < T. The solution of the problem (7)—(8) is given by

t

Ut) = 2\ exp(—iX’t) + / exp(—id2(t — s))F(s)ds. @ (9)
5 \
Now by using the inverse g-Bessel Fourier transform Lin , we obtaj for the solution

of the problem (5)—(6), given by
2 - . 2a+1 ; Q
exp(—iA*t)p(2)ja(Az1 ¢*)2 g

/exp —iX3(t —5))f(s,2)] Jo (x5 ¢®)N2* T d zd Nds.
0

o\“ o\g
0\8 0\8

Let o € W2(R}) and f € C ([0,T]; W2A(R])). lexp (—2)| < 1 for z € C, Parseval’s identity(see (4))
and the relation (9) in the following form:

. 2
| Fqo (ult, ))|2 exp(—i\*t ’2 + /exp —iN3(t — s))F(s)ds
0
t
RGO+t [ 1Fpa (7189 ) s,
0
Hence, using eval’s identity (4) and (3)
ult, M3y = I1Fga @t )50,
_ /|]-" (V) A2+, )
t
< N Fpa (@) 15,0 +t/ [ Fga (F(5,)) 113,045
0
t
2 2
S ||<70||2,a,q +1 OI<Ila<XT ||f( )HQ,a,qu
0
2 201 £112
< ||<70||2,a,q +T ”f”C([O,T];Lg(]Rqu)) < 0. (10)
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Then,
Mz = [0+ e (1) )
0
00 t oo
< /(1+A2)|@ ) d/\+t// (14 2) [ Fp (f(5,) () dyds
0 00
t
< Ml + [ g 176 zads
) 0ss3
< ||<P||Wq2(Rq+) + ”f”C([O,T],Wq?(R;I")) < oo. rS (11)
From this, ||u||C([07T]’W;(R;+)) < 00. \
Finally, using the relation (9) and the Parseval’s identity (4) we have
ot sy < [0+ Fua (O d+ [ 17, NI

0 0

< lelwams) + 15 ) 2wy
lellwz gy + 11l o), 22¢ (12)
From (10), (11) and (12) we conclude that the solluati ‘X T),W2(RS)) U C ([0,T], L2(R})) is
5) and (6) such that

A

0

IN

7
(

unique. Assume that there are two different solutions x) ) of Problem
Ou(t,x) — 1Ag a,zu( = f(t, ;) € [0,T] x R,
w(0,2) = ¢(x), ve R;ﬂ
and
Ow(t,x) — il a bt ©) = f(t,x), (t,x) €[0,T] xR,
v(0,z) = (), re R
Denote W(t,x) = u(t,z) — v(t,z). T unction W (¢, z) is the solution of the following problem.

O

gaaW(t,x) =0, (t,z)€[0,T] xRS,
07 xT € R;

From (10) it follows th x) =/0. Hence, u(t,z) = v(t, z). This contradiction shows that our assumption is
wrong so the solu “The proof is complete.
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C. Maitvapran!, H.CAloxMaramberos! 2

ok yrugepcumemt, Hyp-Cyaman, Kasaxcman;
nusepcumemi, Kapaeando, Kasarxcmar

LIH. Tymunes amvmdaes. Bypasus ya
2 Axademur E.A. Boxemos amuvmdaes. Kapa

KBaHTTBIK ecemnrey; -Beccesib onneparopbiMeH aJIbIHFAH
Hrep TeHjeyJsepi

Maxkamnana g-Beccens ome Bl naubicTel [[Ipequarep TeHmeyiHIH KaHA MOIUMPUKAIUSICHIHBIH,
HAKTBI [TENM/IeP] aJIbIHERH, B imuig, CoboJieB THIITEC Wq2 (R;r) KeHicTirinzeri g-ecemnreye 6ap eKeH-

1o eHred. CobOJIEB TUNTEC THICTI KEHICTIKTEPAEFi NYPBICTHIFBI TYPAJIbI HOTHYKE-
VTBLIBIK, YITiH ¢ > 0 HAKTBI peTTi OOJINeK ¢-aiflbIPhIMIBIK, TEHICYIEPIH KOHE
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C. MMaitmapan!, H.C. Toxkmaramberos!?

! Bepasutickuii nayuonaroron ynusepcumem umeny JI.H. Dymunesa, Hyp-Cysman, Kasaxcman;
2 Kapazandurckuti ynusepcumem umenu axademura B.A.Byxemosa, Kapazanda, Kaszaxcman

YpaBuenus lllpeauHrepa, mopoxk/ieHHbIE g-OIIEPATOPOM
Beccesisi B KBAHTOBOM MCYMCJJIEHUN

B cratbe mambl mosydeHnl TOUHBIE peleHUs HOBOM Mommdukanuu ypaBHenusi [lpenuurepa, cBsS3aHHBIE
¢ g-oneparopoM bBeccens. lokazana TeopeMa O CyIIECTBOBAHUU ITOrO DEIIEHUS B IIPOCTPAHCTBE COOOZEB-
CKOI'O THIIa qu (]R;) B g-ucuucyeHun. [losydeHsl pe3ysbpTaThl 0 KOPPEKTHOCTH B COOTBETCTBYIOIINX
cTpaHcTBaxX cO00eBCKOro Tuma. JlJist IpOCTOTHI aBTOpaMU IPUBEIEHBI PE3Y/IbTATHI, CBI3aHHBI
G-Pa3sHOCTHBIMM yPaBHEHUAMH JEHCTBUTESHHOTO Hnopsaika a > 0 1 33/JaHHbIMU BelecTBefibI
B g-ucuncienun. VcciremoBana dncieHHass o6paboTKa JPOOHBIX ¢-Pa3HOCTHLIX ypaBHeHuU{ N Io
Pe3yIbTaThl ABJISIOTCS HOBBLIMH M JIOTIOJIHSIIOT U3BECTHLIE paHee B JINTEPATYPeE.

Kmoueswvie crosa: g-maTerpaj, g-uHTerpan J»KekcoHa, ¢-pasHOCTHBIA OIepaT: onHAasdA, q-
npeobpazosanue Beccesss—@ypbe, IPpOCTPAHCTBO COOOJIEBCKOTO TUIIA, YPaBHEHHUE e JIMH g-oniepaTop
Becceus.

N
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