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The talk is based on a recently published joint work [2] with F. Sukochev and D. Zanin where 

weobtained a weak (1, 1) type estimate for a higher dimensional Hilbert operator answering an 

openquestion by A. Osekowski [1]. This result together results in [3] allow us to investigate 

boundednessof the Hilbert operator in rearrangement invariant quasi-Banach spaces. 
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 Let 𝕄𝑛 be the von Neumann algebra of 𝑛 × 𝑛 complex matrices, and let 𝕄𝑛
+ = {𝐴 ∈

ℳ:  𝐴 ≥ 0} and 𝕄𝑛
++ = {𝐴 ∈ ℳ:  𝐴 > 0}. In [3], Carlen and Lieb proved the following trace 

function on 𝕄𝑛
+:   

 𝐹𝑝(𝐴1, 𝐴2, . . . , 𝐴𝑚) = [𝑇𝑟((∑𝑚
𝑘=1 𝐴𝑘

𝑝
)
𝑞

𝑝)]
1

𝑞 =∥ (∑𝑚
𝑘=1 𝐴𝑘

𝑝
)

1

𝑝 ∥𝑞 (1) 

is jointly concave in (𝐴1, 𝐴2, ⋯ , 𝐴𝑚) ∈ 𝕄𝑛
+ × 𝕄𝑛

+ ⋯× 𝕄𝑛
+, for 0 < 𝑝 ≤ 𝑞 ≤ 1. Bekjan [1] 

obtained that for 0 < 𝑝 ≤ 1,   

 𝐹𝑝(𝐴1, 𝐴2, . . . , 𝐴𝑚) = 𝑇𝑟((∑𝑚
𝑘=1 𝐴𝑘

−𝑝
)
−

1

𝑝) (2) 

 is jointly concave in (𝐴1, 𝐴2,⋯ , 𝐴𝑚) ∈ 𝕄𝑛
++ × 𝕄𝑛

++ ⋯× 𝕄𝑛
++. In [4], Hiai extended these results 

as following: if 𝛷𝑘:𝕄𝑛𝑘
+ → 𝕄𝑛

+ is a strictly positive linear map (𝑘 = 1,2,⋯ ,𝑚), either 0 < 𝑝 ≤ 1 

and 0 < 𝑠 ≤
1

𝑝
, or −1 ≤ 𝑝 < 0 and 

1

𝑝
≤ 𝑠 < 0, then  

 𝐹𝑝(𝐴1, 𝐴2, . . . , 𝐴𝑚) = ||(∑𝑚
𝑘=1 𝛷𝑘(𝐴𝑘

𝑝
))𝑠||! 

is jointly concave in (𝐴1, 𝐴2, ⋯ , 𝐴𝑚) ∈ 𝕄𝑛1
+ × 𝕄𝑛2

+ ⋯× 𝕄𝑛𝑚
+ , where ||. ||! is a symmetric anti-

norm on 𝕄𝑛
+. 

Let ℳ be a finite von Neumann algebra with a normal faithful finite trace 𝜏 and 𝐿0(ℳ) be 

the set of all measurable operators with respect to (ℳ, 𝜏). The topology of 𝐿0(ℳ) is determined by 

the convergence in measure. Set 𝐿0(ℳ)+ = {𝑥:  𝑥 ∈ 𝐿0(ℳ), 𝑥 ≥ 0}, ℳ+ = {𝑥:  𝑥 ∈ ℳ, 𝑥 ≥ 0} 
and ℳ++ = {𝑥:  𝑥 ∈ ℳ, 𝑥 > 0} = {𝑥:  𝑥 ∈ ℳ, 𝑥 ≥ 0   𝑎𝑛𝑑   𝑥   𝑖𝑠  𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 }. The aim of this 

talk is to prove that [(i)]  

    1.  if 𝑓: [0, ) → [0, ) is an operator concave function, 0 < 𝑝 ≤ 1, 0 < 𝑠 ≤
1

𝑝
 and 𝛷𝑗 is a 

continuous positive linear map from 𝐿0(ℳ𝑗) to 𝐿0(ℳ) with 𝛷𝑗(ℳ𝑗) ⊂ ℳ, where ℳ𝑗 is finite von 

Neumann algebra, 𝑗 = 1,2,⋯ , 𝑛, then for 0 ≤ 𝑡 < 𝜏(1) 

 ∫
𝜏(1)

𝑡
𝜇𝑣((∑

𝑛
𝑗=1 𝛷𝑗(𝑓(𝑥𝑗

𝑝
)))𝑠)𝑑𝑣     𝑎𝑛𝑑     ∫

𝜏(1)

𝑡
𝜇𝑣((∑

𝑛
𝑗=1 𝛷𝑗(𝑓(𝑥𝑗)

𝑝))𝑠)𝑑𝑣 

are jointly concave in (𝑥1, 𝑥2,⋯ , 𝑥𝑛) ∈ 𝐿0(ℳ1)
+ × 𝐿0(ℳ2)

+ × ⋯× 𝐿0(ℳ𝑛)
+,  
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