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In this study, we introduced a non-polynomial spline technique to address singularly perturbed differential
difference equations involving both delay and advanced parameters. This method exhibits & linearirate of
convergence, and we have thoroughly analyzed its convergence properties. To demonstrate-the effectiveness
of this approach, we provided two numerical examples. We presented the maximum abselute errors in
tabular form and displayed the pointwise absolute errors using graphical representations: Additionally, we
included tables showing the numerically obtained rate of convergence.
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Introduction

Singularly perturbed problems are a class of differential'equations characterized by the presence of a
small parameter, which causes the solutions toexhibit rapid changes over small regions of the domain.
When these problems incorporate delay (time-lagged/terms) and advanced (time-advanced terms)
parameters, they form a more complex subglass of differential equations that present unique challenges
and opportunities for both theoretical and applied mathematics. The importance of singularly perturbed
problems with delay and advanced parameters stems from their ability to model real-world phenomena
where current states are influenced by past and future states. They capture dynamics occurring at
multiple temporal or spatialiscales, providing a more comprehensive understanding of the systems.
The inclusion of delay and advanced™térms models systems where interactions are not instantaneous
but depend on previous @F future states, reflecting more realistic scenarios. Also, they allow for the
study of stability and transitions in systems. The scope of singularly perturbed problems with delay
and advanced parameters isubroad and interdisciplinary, encompassing mathematical theory, control
theory, biological systemspengineering and so on. The design of robust control algorithms for systems
with feedback delays ‘and modeling data flow and congestion where delays are inherent are done
in engineeringysystems. Their applications in biological and medical sciences include epidemiology,
neural dynamics'ete. These equations play a vital role in economics and finance for market dynamics
and supply chains. Climate models and ecological systems can also be studied using these equations.
Singularly perturbed problems with delay and advanced parameters are crucial for accurately modeling
and analyzing systems where time-dependent interactions play a significant role. Their importance
spans various fields, including engineering, biology, economics, and environmental science. The scope of
these problems is vast, involving complex mathematical techniques and interdisciplinary applications,
making them a significant area of study in both theoretical and applied research. These problems
offer a powerful framework for understanding and designing future systems with intricate dynamics
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and time-dependent interactions. Their ability to capture delays, advancements, and rapid transitions
makes them invaluable tools for various scientific and technological advancements. Understanding and
solving these problems provide deeper insights into the behavior of complex systems, offering robust
solutions to real-world challenges.

Numerous researchers have delved into the realm of singularly perturbed small delayed problems of
reaction diffusion type. A fourth order exponentially fitted numerical scheme is used in [1] to find the
solution of the aforementioned problem. The works in [2| and [3] have also dealt with these problems.
Trigonometric cubic B-spline function is utilized in [4] and then the matrix system obtained is solved
using Thomas Algorithm. The authors in [5] used non-polynomial spline approach to solve SPDDEs of
reaction- diffusion type, whereas a new approach is done in [6] for these type of problems. Furthermore,
research has been conducted on convection diffusion type problems as well. Some others concentrated
on singularly perturbed large delay differential equations and the systems of these problems. Cubic
spline in tension scheme is used in |7] to solve SPDDEs with large delay, whereas the authorsdn |8|
used non-polynomial spline approach to solve them. Convection diffusion typé problems under this
category is worked in [9] and the researchers in [10] approximated these problems‘involving integral as
end boundary condition by exploring compression technique. SPDDEs of reactiorn diffusion type with
large delay is also addressed by the researchers [11-13]. Non-polynomial splineitechnique is used [14]
to deal with the system of SPDDEs with large delay. The studies in [15]&nd[[16] also concentrated on
system of SPDDEs with different techniques. Also, few studies have been'done in the area of singularly
perturbed delay differential equations involving delay and adyaneed parameters in the interval (0, 1).
They considered the SPDDE with small negative and positive shifts. The authors in [17] used mixed
finite difference method via domain decomposition and (|18 usedinumerical integration technique to
handle these problems. A meshless approach is explored in 19| to’arrive at the numerical approximation
of the problem and they have used multiquadric radial basis functions collocation method, which is
then coupled with residual subsampling algorithm for support adaptivity. A successive complementary
expansion method is used by the researchers in)[20[¢ Many other methods [21-23| have explored
SPDDEs with small mixed shifts.

Here, we are considering the problem with large shifts, that is, we consider the following singular
perturbation problem involving delaysand advanced parameters:

Hre = —€r" (@) + p)K (@hepal@)n(z) 4 r(@)r(e — 1) + s(@)r(e + 1) = (), 2 €w=(0,3), (1)
satisfying

k(z) = wu(x), xe€[-1,0],
k(z) = v(z), x€[3,4], (2)

where 0 < ¢ < Thandw, v are functions defined on [—1,0] and [3, 4] respectively. It is assumed that

p(x) >p>p> 0, ql@) >q>0,7<r(x)<0,s(x) >5>0,G+7 > >0 and the coefficients are
smooth functions,on 7.

1 Analytical Results

Equations (1) and (2) can be written as:

Hr = F(x),
where
Hik(z) = —Er"(2) +p(2)r(2) + q(z)k(2) + s(x)k(z + 1), z € (0,1],
He = Hor(z) = —&k"(z) +p(@)r'(2) +q(@)k(z) +r(z)r(z — 1) + s(@)k(z + 1),  x€(1,2],
Hyr(z) = —Er"(2) +p(@)r (@) + q(2)k(2) + r(z)s(z — 1), x € (2,3],
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with boundary conditions,

k(17) =r(1h), K(17) =K' (17), k(z) = u(x), x € [-1,0],

k(27) = r(2%), K'(27) =K' (27), k(z) = v(x), = € [3,4].
Throughout the work, we take v = (0,3), ¥ = [0,3], 1 = (0,1), 72 = (1,2), 13 & (2,3),
Y =mUr U7 and @ = C%(3) N C(y) N C?

Lemma 1. Let w(x) be any function in C°(¥) N C*(y) N C%(v*) such that W(0)<>,0, w(3),> 0,
Hiw(z) > 0, for all & € 1, How(z) > 0, for all & € v2, Haw(x) > 0, for all z € y3pw @< 0 and
[w](2) <0, then w(x) > 0, Vz € 7.

Proof. Define the function a(z) as

HS‘T, x € 10,1],
a(x) = =2 xell,2],
4%:1:7 x € [2,3].

It is clear that a(x) is positive for all x in 7. Also note that Ha(x) >0 for all x € v*; a(0) and a(3) are

strictly positive and [a]’(1) and [a]’(2) are less than zero. @Gonsider the set { _a“(jg) } and let its maximum

be denoted by M in 7. Then Jxg € 7 satisfying w(®g) +Ma(zp) = 0 and w(xg) + Ma(xg) > 0 for all
x € 7. This implies that (w + Ma)(zo) gives minimumvalue.

If M <0, then w(z) > 0. If M > 0, then the function a(x) to be non-negative is not possible. We
consider the following cases to prove the same.

Case (a): zo = 0.

Then,

0 < (w.+ Ma)(0) = w(0) + Ma(0) =0,

which is a contradiction.
Case (b): xo € 71.
Then,

0 < Hi(w + Ma)(z) = =@+ Ma) (z0) + p(zo)(w + Ma) (o)
+ q(z0)(w + Ma)(xo) + s(xo)(w + Ma)(xzo + 1) <0,
which is_a contradiction.
Case (¢): xo=A.
Theng
0 < [(w+ Ma)](1) = [W](1) + Ma'](1) <0,

it is a contradiction.
Case (d): zg € 7o.
Then,

0 < Ha(w + Ma)(xg) = —&(w + Ma)"(20) + p(zo)(w + Ma) (o)
+ q(xo)(w + Ma)(xo) + r(z0)(w + Ma)(zo — 1) + s(x)(w + Ma)(xo + 1) <0,

it is again a contradiction.
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Case (e): xo = 2.
Then,
0 < [(w+ Ma)](2) = [w](2) + M[a](2) <0,

which is a contradiction.

Case (f): xg € 3.
Then,

0 < Hs(w+ Ma)(zo) = —¢(w + Ma)"(z0) + p(wo)(w + Ma)'(z0)
+ q(z0)(w + Ma)(zg) + r(xo)(w + Ma)(xg — 1)< 0,

which is a contradiction.
Case (g): xg = 3.
Then,
0 < [(w+ Ma)](3) =w(3) + Ma(3) =0,

which is again a contradiction.
By considering all the above cases, the proof is complete.

Lemma 2. The solution x(z) for the problem (1)—(2) sdtisfiésythe bound:

| K(z) [< C*max{félﬁ | He(z) || 5O #@) [}, = €7

Proof. Let us define two new functions, denoted by ™ and 9. They are defined as:
9% (2) = CMalw) +4(x), z €7,
where M denotes the maximum of the set {sup,c+ | He(z) |, £(0) |,] £(3) |} and a(z) is the function
in the above lemma. By using these newly,defined functions within the previously mentioned lemma,
we will get the desired result.

Lemma 3. Let k(z) be the selutiomfor the problem (1)—(2). Then

I ()] < CETF for k=1,2,3,4.

Proof. First, we prove that x'(x) is bounded on wj. Consider H;(x) and integrate its both sides,
then

A (Pul) = —lple)e@) ~p0s(O)]+ [ Halnade - [ alan(oyts
- / s(@)k(z +1)da + /x(t(x) ~ r(@))ulz — 1)da,
0 0
¢'(0) = &n'(x) = [p(2)r(z) — p(0)K(0)] +/O p(z)k(z)dz — /0 q(x)r(z)de
- /$ s(z)r(z + 1)dx + /w(t(:z:) —r(z))u(z — 1)dz.
0 0
Using mean value theorem, we get | £x'(2) |< C(|| () ||, ]| t(x) |[, || w |[{=1,0)), for some 2 in (0,&) and

| £'(0) [< O] &(2) || + || ¢(z) || + || u(z) ||). Hence, we have [ #(z) |< Cmax {[| x(x) (I, [| (z) [[, || w [[},
T in wq.
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Now consider Ha(z) and integrate its both sides, then
(@) =R (0) = ~lple)eta) ~pOR(O]+ [ Hlelnade ~ [ alan(oyto
/0 r(x)k(z — 1)dzx /0 s(z)k(z + 1)d93+/0 t(x)dx,
6(0) = (@)~ pla)n(z) - pORO) + | ploinla)de~ [ ala)n(o)ds
0 0
—/0 r(z)r(x — 1)dz —/0 s(x)k(z + 1)d3:+/0 t(z)dz.
Using mean value theorem, we get | £/ () [< CO(|] w(x) [|, || t(x) ||, || w [[j=1,09)), for'Somea,in (0,§) and
| £'(0) |< O] k(=) || + | () [| + [| w(z) |]). Hence, we have | & (z) |< C'max {|| s ()W, || #) || v [},

T in wy.
Now consider Hs(x) and integrate its both sides, then

~0¢(@) =R (O) = ~lp(e)eta) ~pOR(O0)]+ [ Hle)n@)dd™  don(oyis
- / r(2)k(z — 1)dz + /x(t(;n) _ s(2 V(e ) ) da
0 0
§h'(0) = &r'(x) — [p(a)r(x) — p(0)K(0)] +/0 p'(z)r(z)dr — /0 q(x)k(x)dx
_ / r(2)r(x — 1)dz 4 /x(t(@ ~ s(z)o(x +1))da.
0 0
Using mean value theorem, we get | x'(2) |< C(Ifs(z)d], || t(x) |], || w |[i=1,0)), for some z in (0,&) and
| '(0) [< O] k() || + | () [| + || u(z) {). Hence, we have | #'(z) |< C'max {|| x(z) || || t(z) ||, || w [},

T in ws.

Similarly, we can prove for k = 2,3, 4."Hence ||/<;(k) (@)]|4 < CeF fork=1,2,3,4.

25, Non-Polynomial Spline Approach

Divide the interval [043] Tnto 3N"mesh intervals with zo =0, zy =1, 2oy = 2 and a3y = 3.
The non-polynomial spline [5] for each interval [z;, x;+1] has the following form:

Snp(z) = jisina(E= 2% k; cos a(xz — ;) + lj(exp(a(z — x;)) — exp(—a(z — z;)))
+ mi(exp(a(z — ;) + exp(—a(z — z4))),

where j;, kiml;, My are the unknown quantities and « # 0 is the parameter which is used to increase
the aceuracy of the scheme. From (1), we can write as:

¢k (@) = p()K'(2) + q(x)k(z) + r(z)r(z — 1) + s(z)r(z + 1) — t(z).
At © = x;, let k(x;) = K4, p(x) = pi, q(zi) = qi, s(xi) = si, t(x;) = t;. Then equation (3) becomes
ERY = piky + qiki + rik(@ — 1) + sik(x + 1) — &
Now, we find the unknowns j;, k;, l;, m; with the help of following conditions:

Snp(i) = Kiy Snp(Tir1) = Kir1, Spp(i) = Liy Spp(wiv1) = Liy1.
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Finally, we obtain

. Kkip102 =T 1 4cos B(T,— 2 k;) ki — —T;+02k;
Ji = 2a? sin B ’ L 2a2 ’ (3)
l‘ _ 20(21€1‘+1+22i+1*(65+8_ﬁ(I¢+a2lﬂ) m; = Ii—‘razlﬁi
v 4a2(eP—e=B) ) T 402

where f3 is given by ah. Now, we use the following continuity condition: S, (z;) = Sy, (%) to get
ji—1cos B+ k;_1sinf8 + li_l(eﬁ — 676) + mi_l(eﬁ + 67’8) = j; + 21;.

Substituting the values of j;_1,k;—1,l;—1 and m;_1 using (3) in the above equation, we obtain

—cscf 1 e e B
< 5 —€B_6_5>/<¢1—|—<tan5+eﬁ_e_ﬁ> K

n —cscf B 1 o —hZ%csc B B h? T
2 e —e B )t 232 (ef —e—P) 32 -

h2tan B h2(ef 4 e7P) —h%cse 8 h?
(5 ) 5 (TR ) B O

Equation (4) can be finally written as:
Kic1 + 01ki + K1 = 2027 4 03Tt 05T, 11), (5)

where

—2¢P(cos B + simB) 42e~P(sin f — cos )

b = ef —e P+ 2sin(pB) ’
6, — el —e P —2sinp

B%ef. — e=P+ 2sin )’
6, N ~2¢8(cos B — sin B) + 2¢ A (sin 8 + cos B)

B2(ef —e=P + 2sin(B))

Note that S tends to zero as hé@pproaches zero. As a result, ;7 tends to —2, 65 tends to %, A3 tends
to % Also, we write Zj 1, Zy.and Z;, 1 as follows:

Zicn = I(rieg) = % (Pic1Ki_y + qic1hio1 + ricik(zion — 1) + sicik(@iog + 1) — ti1)
L= @(x;) = ; (piri + qikis + k(i — 1) + sik(x; + 1) — 1), (6)
I = _Z(wmd) = z (Pit1Kip1 + disrBip1 + rigak(Tigr — 1) + siprk(@ipr +1) — tiga) -

We make, use’of equations in (6) in equation (5) to obtain:

& (Kic1 + 015 + Kiv1) = h* [02 (Dic1Ki_1 + Gic1kic1 + ric1k(iog — 1) + sicak(@io + 1) — tiq)
+(93 (pili; + qiKi + T’ilﬁ(l‘i — 1) + Sm(xi + 1) - ti)
+02 (Pis1Ki41 + Gir1Rir1 + rig1p(@ipr — 1) + sipia(@ip + 1) — tig)]

We make use of the following Taylor series approximations for x}, x;_; and &} B

Kl o~ Hit1—Kio ! Y —HKit1t4Ki—3Ki—1 ! SKiy1—4KitKi—1
T 2h ) i—1 = 2h ) il = — —op -
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Finally, we arrive at the following system of equations:

3h6 i— ho i ho %
<§ + SWabi-1 h292(_h'71 + spi _ Vs +1> Ki—1 + (goz — 2hb9p;_1 — h293qi + 2h92pi+1) K

2 2 2
hOsp;  3h0O2p;y1

hOap;—
+ (5 + 72}29 L — 1202141 — 5~ 3 > Riv1 + (=h*0ari 1) ki1 N + (—h?03r) ki n

+ (=h%021i41) Kiv1—n + (—=h*028i-1) Kim1pn + (—h%038;) Kivn + (—h%025i11) Kiv14n
= —h? (92751'_1 + O3t; + 92@.},.1) , 1= 1(1)3N — 1.

We may assume that the coefficients are locally constant because we are examining the differential
equations on suitably small subintervals. By applying the Taylor series expansion for p(x), ¢(%) about
the point x = 0 by restricting to their first terms and from the theory of singulariperturbation, an
approximation for the solution of the homogeneous problem (1) is of the form

p(0) _ 4(0)

(@) = wo(@) + 22 (5 - sy(0)) e (507 1 oy @

where ko(x) is the solution of the reduced problem. Taking the limit as h¢— 0 in (7) and putting
_h
p=7g we get

lim k(ih —h) = ko(0) + (B — ko(0)) ¢ (i 1)p)

h—0
lim k(ih) = ro(0)at (B ko(Q)) e 0%P)
h—0
}Lir% ﬁ(ih + h) = Ko(O) + (ﬂ — 1430(0» e~ (6(i4+1)p)
—

Substituting these limiting values in the obtained schemie, we get the fitting parameter o = 25+ coth(%‘s),
where p = % and § = p(o);%. Incorporating this fitting factor in the above scheme, we obtain:

Eiki—1+ Fiki + Gikiy1 + Aiki 18N BBiki—N + Cikiy1-nN + Hiki—14n + Likitn + Jikizt14n = Dj,

(8)
where
E 3hOsp; hOsp;  hbap;
= 2o+ 2Pi—1 — h205gi 1 + 3Pi 2pz+1’
2 2 2
yo= {010 — 2h0api_1 — h*03q; + 2h0p;t1,
> hBop;_ hOsp;  3hbsp;
Gi = to+ 2Pi-1 h205qis 1 — 3Pi 2pz+1’
2 2 2
D; = —h®(0ati—1 + Ost; + Oatiyq),
Ai = —hP0ori1, Bi = —h*03ri, Ci = —Dh*0arii,
i = —h*hs; 1, I; = —h*3s;, J; = —h*asiir.
3  Convergence Analysis
The scheme in (8) can be written in matrix form as:
U =V, 9)

where T* = (t;;) is a (3N — 1 x 3N — 1) matrix.
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o e(3) ) (3
Truncation error obtained is W;(h) = S—ZX* + O(h"), where X* is given by |21 4 Pttt

_10Pm§3) + hPiPi+1f’vz(»3) + hpipi—lﬁgg)

6 z 5 . T*U =V can also be written as:

T°U —W(h) =V, (10)

in error form, where U = (Ul Uy ... ﬂgN_l)t and W(h) = (w1 wy .. . w3N_1)t denote
the exact solution and truncation error respectively. Let

E,=U-U=(& & . . . &yva)
denote the error obtained by numerical approximation. Equations (9) and (10) give
T*E, = W(h). (11)

Let S; denote the i—th row sum of the matrix 7*. Then
S1 = Fi+G+H+L+J

= —fo— g (302pi—1 + O3pi — O2pi1) — h? 358+ B2si11),
Si = Ei+FE+Gi+Hi+ 1+ J;
—h? (025;_1 + 035; + 025;11), i ©2(1YN > 1,

Sy = Ei+F+Gi+Ci+H + I
= —h?(Oarig1 + b2si 1 Flzsi Oasitn)
Sny1 = Ei+Fi+Gi+ Bi+ C; +H; I, + J;
= —h?(037i + Oari1 Bb2si 2+ O35 + Oa5i11)
Si = Ei+F+G+Ai+BHCi+H+1+J

= —h%(Oariz1 +Og7; + Ooris1 + 02521 + O35; + 025,41)
Son-1 = Ei+ B Gi%Ai+ Bi+Ci+ Hi + I;
= —h2(Oari 1+ O31; + Ooriy + O25; 1 + 035;)
Son = Byt PG + A + B + C; + H;
="2ph? (0371 + 0375 + Oorip1 + b25,-1),
Si B+ F+Gi+ A+ Bi+C
—  —h%(Ooriy + 037 +021i1), i = 2N +1(1)3N — 1.
As we make the calculations progressively more detailed (by letting the mesh size approach zero), a

key property of the matrix 7™ emerges. It becomes both monotone and irreducible. These properties
together guarantee'the existence of the inverse of the matrix, with its elements greater than zero. Then

E, = T 'W(hn), (12)
which implies
1A < T HIw ). (13)
If (j,7)-th element of the inverse matrix of T* is denoted by t;;, then, for j = 1(1)3N —1,
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So,
3N-1
_ 1 1
fi< — _ < - 14
; 77 miny<i<ay -1 S; T B2 | By | 1)
From equations (11), (12), (13) and (14), we have
3N-1
€; = Z fj7,~wi(h), 1= 1(1)3]\7 -1,
j=1
which implies
3N-1
. < T .
& < z; Ui | max Jwi(h) |
]:
< L X X O(h)
= h?| By | 2 ’
where X* is a constant which is independent on h. So ||E,|| = O(h): Hences our technique is of linear

rate of convergence.

4 Numerical Experiments

The schemes (8) give a system of (3N — 1) equations in (3N + 1) variables, which can be reduced
to the system of (3N — 1) equations in (3N <1) variables as follows.

Fiki + Gikiy1 + Hiki—14n + LikisN + Jikit148 =D; — Ajuj—1-N — Biui—n
— Citljp1-N — Ejui—y, fori =1,

Eikio1+ Fiki + Gikip1 + Hiki v F ki N + Jikiv1en = Di — Ajuio1-n — Biui—y
— C_'Z'ul'Jrl,N, for 2 S ) S N — 1,

Eiki—1 + Firi 4 Gifis1 % Citsr + Hikon -1 + Likan + Jikany1 = D; — Aju—y — Byug, for i = N,

Eiki—1 + Fiki +Gyikigr + Bir1 + Cika + Hikan + Likoni1 + Jikant2 = D; — Ajug, for i = N + 1,

Eikp i+ Fii + Gikiy1 + Aiki—1-N + Biki—n + Cikiy1-N
+ I_{i/ii—l—i-N + I_i/‘ii-q—N + ji/ii—i-l—i-N = DZ', for N + 2 < 1 < 2N — 2,

Eiki—1 + EFiki + Gikiy1 + Aiki—1—-N + Biki—n + Cikiy1-N
+ Hiki—14N + Likiyny = D; — Jivsy, for i =2N — 1,

Eiki—1 + Fiki + Gikig1 + Aiki—1—N + Biki—ny + C'mz‘+1—N
+ Hiki—14n = D; — Livsn — Jvgny1, for i = 2N,
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Eiki—1 + Fiki + Gikipa + Aikio1-n + Biki—n + Cikiy1-n = Dy — Hyvi_14n — Livign
— Jivit1anN, fori =2N +1<i<3N —1.

We make use of the function v(z) in the interval [3,4]. This is then solved using Gauss elimination
method with the help of MATLAB R2022a mathematical software.

We tested our proposed method through two numerical experiments and confirmed it works well.
The solution is presented in tables for various levels of perturbation values by changing the level of
mesh size in the simulations. A technique called the double-mesh principle is used on these examples
to find the maximum absolute errors.

N | .

N __ N 2
E —mlaX‘K)i — Ro;

Rate of Convergence

We employ the double mesh principle to determine the convergence rate, deneted by p and defined

as:
_log(En/Ep)2)
N log 2 )
Example 1. To demonstrate the capabilities of this method, we ‘analyzesthe following problem:
—&k"(x) + 5K (z) + 26(2) — Kz — 1) + k(z + Th= 1% € v = (0, 3),
satisfying

This section delves deeper into the results for the first example. Table 1 shows how the solution’s
accuracy (maximum absolute error) changes.as a key parameter (the perturbation parameter denoted
by &) is varied across different scales (fromwt073 to 10719). The table also considered solutions obtained
using different mesh sizes (N valugs ranging from 16 to 512). For reference, Figure 1(a) visualizes the
solution when the perturbatiom parameter is set to 10~ (one specific data point from Table 1) and
Figure 2(a) depicts the point-wige absolute error of this example for varying N values. Going a step
further, Table 2 calculates therrate’of convergence for this example. By analyzing both Table 2 and
the theoretical convergencefanalysis, we can see that the proposed method converges at a linear rate.
In simpler terms; the error réduces proportionally as the mesh size is refined.

(a) Example 1 (b) Example 2

2 , , , , 1
—] —
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1.8 - 1 x
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A4t 1 _08F «x 4
Sher [ H % :
2 [ 307 X 1|
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. %
Z. 1
. i “os6f %
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0.2 . . . . . 0.4

Figure 1. The numerical solution of Example 1 and Example 2 for & = 1074
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Table 1
The maximum absolute error of Example 1 for different values of ¢
£ N
16 32 64 128 256 512
1073 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485¢-03 | 7.7920e-04
107% | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
1075 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
107° | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
1077 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
1078 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
1079 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
10719 | 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e:04
EN 2.1481e-02 | 1.1610e-02 | 6.0264e-03 | 3.0690e-03 | 1.5485e-03 | 7.7775e-04
Table 2
Rate of convergence of Example 1 for £ = 107*
h 12 En [ Ey P

1/16 | 1/32 | 2.1481e-02 | 1/64 | 1.1610e-02 | 0.8877

1/32 | 1/64 | 1.1610e-02 | 1/128 | 6.0264e-03 |.0:9460

1/64 | 1/128 | 6.0264e-03 | 1/256 | 3.0690e-03 | 0:9735

0.025 (a) Exa‘mple 1 e 0.03 (b) Exa‘mple 2 —

— e = NS
=== N=2°

Ne2? 0,025

o
=3
>

4
S
o

Absolute Errors

0.01

Figure 2. The point-wisesabsolute errors of Example 1 and Example 2 for different values of N

Ezxample 2. To demonstrate the capabilities of this method, we analyze the following problem:
—{r" (@) (@) () + 26(7) — Kz — 1) +ar(z +1) =2,z € 7= (0,3),
satisfying

k(x) =

k(z) =

1, =z € [-1,0],
1, z € [3,4].

This sectionfdelves deeper into the results for the first example. Table 3 shows how the solution’s
accuracy (maximum absolute error) changes as a key parameter (the perturbation parameter denoted
by €) is varied across different scales (from 1073 to 10719). The table also considered solutions obtained
using different mesh sizes (N values ranging from 16 to 512). For reference, Figure 1(b) visualizes the
solution when the perturbation parameter is set to 10~ (one specific data point from Table 3) and
Figure 2(b) depicts the point-wise absolute error of this example for varying N values. Going a step
further, Table 4 calculates the rate of convergence for this example. By analyzing both Table 4 and
the theoretical convergence analysis, we can see that the proposed method converges at a linear rate.
In simpler terms, the error reduces proportionally as the mesh size is refined.
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The maximum absolute error of Example 2 for different values of £

3 N
16 32 64 128 256 512

10=% | 2.7489¢-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9394e-03 | 2.1622e-03
1074 | 2.7489¢-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9411e-03 | 9.7360e-03
107° | 2.7489e-02 | 1.4740e-02 | 7.6052e-03 | 3.8568¢-03 | 1.9411e-03 | 9.7360e-03
1076 | 2.7489¢-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9411e-03 | 9.7360e-03
1077 | 2.7489¢-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9411e-03 | 9.7360e-03
1078 | 2.7489e-02 | 1.4740e-02 | 7.6052e-03 | 3.8568¢-03 | 1.9411e-03 | 9.7360e-03
107° | 2.7489¢-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9411e-03 | 9.7360e-03
10710 | 2.7489e-02 | 1.4740e-02 | 7.6052e-03 | 3.8568e-03 | 1.9411e-03 | 9.7360e-03
EN | 2.7489e-02 | 1.4740e-02 | 7.6052e-03 | 3.8568¢-03 | 1.9411e-03 | 9.7360e-03

Rate of convergence of Example 2 for ¢ = 107*

h

E, 12

h 5 i E% yo)
1/16 1/32 2.7489e-02 1/64 1.4740e-02 /| 0.8992
1/32 1/64 1.4740e-02 1/128 7.6052e-03 1:0.9546
1/64 | 1/128 | 7.6052e-03 | 1/256 | 3.8568¢e-03, | 0.9796

Conclusion

Table 3

Table 4

This study tackles a specific class of differential equations:singularly perturbed differential difference
equations with mixed shifts. These equations invelve delays (where the solution depends on a past state)
and advances (where it depends on a future staté)sThe authors propose a solution method using
non-polynomial splines. This approach is unique because it incorporates a fitting factor, that can be
adjusted within different intervals of theyproblem. To demonstrate the effectiveness of this method, two
examples are presented. For each example, corresponding figures (Figure 1 and Figure 2) visualize the
numerical solution alongside the point-wise absolute errors. Additionally, tables (Table 1 and Table 3)
summarize the maximum absolute errors for each example. These results all point towards convergence
of the numerical solution testhe true solution. In other words, as the mesh size in the calculations is
reduced, the error gets smaller. Interestingly, both theoretical analysis and the numerical results suggest
a convergence rage of one (see Tables 2 and 4), which is a desirable property in numerical methods.
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