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Polynomial estimates of measurand parameters for data from
bimodal mixtures of exponential distributions

A non-conventional approach to finding estimates of the result of multiple measurements for a random error
model in the form of bimodal mixtures of exponential distributions is proposed. This approach is based on the
application of the Polynomial Maximization Method (PMM) with the description of random variables by
higher order statistics (moment & cumulant). The analytical expressions for finding estimates and analysis
accuracy to the degree of the polynomial r = 3-are presented. In case when the degree of the polynomial r = 1
and =2 (for symmetrically distributed data) polynomial estimate equivalent can be estimated as a mean (av-
erage arithmetic). In case when the degree of the polynomial » = 3, the uncertainty of the polynomial estimate
decreases. The reduction coefficient depends on the values of the 4th and 6th order cumulant coefficients that
characterize the degree of difference while the distribution of sample data from the Gaussian model.
By means of multiple statistical tests (Monte Carlo method), the properties of the normalization of polynomi-
al estimates are investigated.and a comparative analysis of their accuracy with known estimates (mean, medi-
an and center of folds) is made. Areas that depend on the depth of antimodality and sample size, in which
polynomial estimates (for r = 3) are the most effective.

Keywords: bimodal distribution, measured parameter, variance of estimates, moments, cumulants, stochastic
polynomial.

Introduction

In statistical processing of multiple measurement results in the presence of random errors, an important
task-is to obtainestimates having the smallest variance (uncertainty). Since the distribution of the errors in
the measurement results is, as a rule, symmetric, the value of the estimated parameter is determined by the
center of their symmetry. In other words, shift of the distribution center from the zero value (in the absence
of a systematic error) determines the estimate of the measured parameter value. Although according to [1]
reference value for determining the multiple measurements results is the arithmetic mean, but there are other
ways of determining this parameter. For example, if we use the principle of symmetry of the
probabilitydistribution function (pdf), then the obvious estimate of distribution center is its median, which is
a more efficient estimate for single-modal extreme distributions (for example, the Laplace distribu-
tion).Whereas for the limited range distributions (arcsine, uniform), the most preferred is the estimate of
mid-range [2].

Thus, the choice of the optimal estimation method (by the criterion of a minimum variance) depends on
the type of the measurement errors distribution and requires a preliminary justification of their probabilistic
model. When identifying such a model, it is recommended to consider a wider set of distribution laws, in-
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cluding models in the form of pdf mixtures. In this case, for any empirical distribution it is possible to con-
struct an adequate, statistically more reasonable mathematical model [3].

Models based on mixture distributions are currently used in a variety of fields: engineering, geology,
biology, medicine, economics, sociology, etc. There are various features of such models that allow describ-
ing a variety of specific real data properties, such as asymmetry, kurtosis, heterogeneity and multimodality.
The importance of mixture distribution can be noted from a large number of books, for example [4-6], and
from specialized publications [7, 8].

Model of bimodal symmetric mixtures of exponential distributions

The most commonly used model for bimodal data is the two-component mixture of exponential distri-
butions belonging to the Exponential Power Family (EPF), which is considered one of the most important
probability distributions in statistics [9]. The symmetric exponential power distribution with Gauss, Laplace
and rectangular were mentioned for a long time in the works of many authors, for example [10-15]. In metro-
logical problems, the two-mode distribution quite often occurs the appearance of errors in some classes of
high-precision digital voltmeters, temperature errors of instruments operating in the open airand mechanical
hysteresis errors of sensor elastic elements [2].

In this paper, one of the varieties of EPF is used in the form of a bimodal symmetric distribution based
on exponential mixtures of the form

T B B
p(x)= (ZB) (e_\x_m\‘ L gt ) : 0
where T ([3) =% — normalizing factor, depending on_the exponent [3, and the parameter m speci-

fies the location of the modes on the x axis value.
The value of the parameter [3 significantly affects the shape of the peak (see Fig. 1). For example,

when B=1 the exponential distribution corresponds to the LLaplacian peak distribution with gentle slopes,
when B=2 — the normal (Gaussian) distribution, and when 3 — o it is transformed into a uniform (rec-

tangular) distribution.
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Figure 1. Bimodal symmetric distribution based on mixtures of the
Laplace distribution (f=1) and the Gaussian distribution (=2)

Model (1) is interpreted as a composition of a discrete double-digit distribution (distribution of a binary
alternative at points +m ) and exponential distribution with exponent 3 . In addition to 3 an important role
in the properties of the model (1) is exerted by the value of the anti-modality depth parameter describing the
relative content of the discrete component in the composition: C = m/c, , where G, - root-mean-square devi-

ation of the exponential component. The value of this parameter for real distributions of measurement errors
is in range from O to 2. It was also shown in [2; 147] that comparing classical statistics (mean and median), a
more effective quantification of the coordinate of the center of bimodal distributions can be a quantile esti-
mate in the form of a so-called center of folds, defined as half of the sum 25 % and 75 % of the quantiles cor-
responding to the mode vertices.

72 BecTHuk KaparaHgmHckoro yHusepcurteTa



Polynomial estimates of measurand parameters...

Purpose of the study

One of the alternative approaches to statistical estimation is the Polynomial Maximization Method
(PMM) proposed by Kunchenko [16]. This unconventional method for finding parameter estimates is based
on the apparatus of the maximization of stochastic polynomials and uses the description of random variables
in the form of higher order statistics (moments and/or cumulants). In [17], a comparative analysis of the effi-
ciency of PMM-estimations and estimates in the form of an arithmetic mean constant component for various
types (arcsine, uniform, trapezoidal, triangular) non-Gaussian symmetrically distributed quantities was per-
formed, and the properties of empirical distribution of estimates depending on the sample size were high-
lighted. In [18], using the trapezoidal distribution model as an example, the efficiency domains of PMM-
estimations were studied in more detail in comparison with estimates based on the mean and mid-range. The
obtained results show that for certain values of the distribution parameters PMM estimates-can be signifi-
cantly more efficient (to have a smaller variance) than classical estimates. The purpose of this paper is to
study the properties and the comparative analysis of the efficiency of the a posteriori version (in the absence
of a priori information on the statistical parameters of the measurement model) of PMM . estimates of the co-
ordinate of the center of symmetric bimodal distributions formed on the basis of mixtures of Gaussian and
Laplace distributions.

Formulation of the problem

Let 6 — can be an estimated parameter, whose value is determined on the basis of a statistical analysis
of a vector ¥ ={x,,x,,...x,}, consisting of 7 independent identically distributed sampled values described

by the model &=0+&,, where &, — centered symmetrical two-modal random variable (measurement error),

described by the mixture of exponential distributions.

It is necessary to investigate the properties of PMM-estimations (changing the accuracy and normaliz-
ing the empirical distribution of estimates as a function of the sample size by means of Monte Carlo Meth-
od), and also carry out a comparative analysis of the accuracy (by the variance criterion) with the classical
estimates.

The determination of estimates by the Polynomial Maximization Method and properties

1. Theoretical Foundations of PMMs

Conceptually, the Polynomial Maximization Method is close to the Maximum Likelihood Method
(MLM). The basic analogy is that both'methods are based on the use of a certain statistical functional from
sample values x,, v =1,n, which should have a maximum in the neighborhood of the true value of the esti-

mated parameter 0 . The principal difference is that the use of MLM requires a complete description of the
random variables in the form of the density of probability distribution necessary for the formation of maxi-
mum likelihood statistics. The use of PMM is based on the representation of the extremum functional in the

form of a stochastic polynomial*Z,, (X/6) with order r :
L,,(%/6) = nk,(0)+ £ k,(0)X /,(,). )
. i=1 .

ki (0)= [ £4,(6)%,(6)d0, & (0) = [ 4 (6)do,

—oo =1
—0

where' f,(x), i= 1,r — a set of ordered basic functions in a certain way, and Y (0)=E { /i (x)} — their

mathematical expectations.
Thus, to find the PMM parameter estimates 0 sufficiently partial description in the form of a paramet-

ric family of a sequence of mathematical expectations ¥, (9) .

If we use integral power-law transformations as basis functions, i.e. f; (x) =x', then their mathematical

expectations will be the initial moments o (9) =F {xi} of the random variable & . Then the estimate of a

parameter 6 can be found from the solution of estimated parameter of stochastic power equation:
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r n

=> 1 (0)Y [ xi-o, ()] =0. 3)

=0  i=l v=l 0=0

d

%Lm (x/0)

Coefficients &, (9) (for i = E;) can be found by solving the system of linear algebraic equations, given

by conditions of minimization of variance (with the appropriate order 7 ) of the estimate of the parameter 0 ,
specifically:

S (0) ., (0)=25,(6). =17 @

where F,_(0)=a,,(0)-o,(0)a,(0), i,j=Lr.

In [16] it was shown that polynomial evaluations 0 , which are the solutions of stochastic equations of
the form (4), are consistent and asymptotically unbiased. To calculate the evaluation of uncettainty is neces-
sary to find the volume of extracted information on the estimated parameters 6 , which generally are de-
scribed by the equation:

’ d
onio) = nghi (9)%% (6). (5)

The statistical sense of function J () is similar to the classical Fisher concept of information quantity,

as if n — o0 its inverse approaches to the variance of estimates:
Soy, = }}LEJ ml(e) : (6)

2. PMM-estimates of the coordinate of symmetric distributions center

It was shown [16] that PMM is an estimate of the value of the constant component (the shift parameter,
the coordinates of the distribution centers) for the polynomial degree » =1 is an equivalent estimate of the
mean for an arbitrary distribution law of random variables:. In this paper it is also shown that, with the sym-
metry of the distribution characterized by the equality of the cumulant coefficients of the unpaired order to
zero, estimates founded when using degree polynomials » =2, also degenerate into linear estimates.

When using polynomial degree » =3 algorithm for finding PMM parameter estimates 6 for the case of
symmetrically distributed quantities, reduce to the necessity of solving a stochastic equation of the form:

hli(xv —6)+h2i[xf =(0? +, )]+h3i[x3 ~(0° +30u, )] : 7)

where @, — centralmomentof the 2-d order of the random variable & .

=0

Weighting coefficients A=/, (their dependence on 0 is omitted for simplicity of writing), minimizing

the variance of the estimated parameter, are found from the solution of a system of linear algebraic equations
of the form (4) and can be'described by expressions:

1 6 1
hy = A_3[392 (H4 —3H§)+3H4“2 _us:l s hy = A_3[H4 _3H2] s hy = A_3[“4 _3H2] > ®)

where A, =K, (Hﬁ - uzu(,) .

Substituting: the coefficients (8) in (3), we obtain a cubic equation with respect to the parameter being
estimated:

a®’ +bo* +c0+d =0, )
whereia =1, b=-36,, ¢ =3a, - He Mty _ 5 KoMl g
Hy =31, My =34,
Note that in (9) the statistics &, :lei , 1 =B, are sample initial moments, and p,, p, and p, —
n

v=l
theoretical central moments of the random variable & .

The required solution of the stochastic equation (9) can be analytically found by the Cardano formulas
[17] or numerically on the basis of iterative procedures, for example Newton-Raphson.
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3. Accuracy of PMM-estimates of the coordinate of symmetric distributions center

It is known [2] that the variance c(ze)mm of the mean estimate of does not depend on the value of the es-

timated parameter, but is determined only by the variance (centralmomentsof the 2d order) p, and sample
size 71 . And since PMM-estimation of the parameter 0 if »=1 is equivalent to the estimate of the mean,

then their variances coincide, i.e.;

S8
G?@)l = G?@)mean = 72 . (10)

Using the relation (5) and (6) describing the amount of extracted information about the estimated pa-
rameter 0, an analytical expression is obtained, the theoretical determining value of the asymptotic (for

1 —> 00 ) variances 6€9)3 PMM-estimates for »=3:

2 2
G(ze) _ Holls —Hy _ﬁ|:1 V4 :|’ (1)

T, (90 -6, ) n | 6497, 4,
where y, = M—‘z‘ -3, 7= “—g - 5“—‘2‘ +30 — dimensionless cumulant coefficients of the 4th and 6th orders [19].
Hy Hy Hy
Obviously, the value of variance ratio:
o? 2
_(3_ 7
g(e)3_0(26)1 = 6974+ (12)

whose values belong to the interval (0;1] , depends only on the probability properties of the distribution of

measurement error, determined by cumulant coefficients y, and y, [17].

Statistical modeling

Based on the results obtained, the set program (for MATLAB/OCTAVE), firstly described in [17], was
modernized. This set of m-scripts and m-functions.allows for a comparative analysis of the accuracy of vari-
ous algorithms for statistical estimation, as well as to investigate the properties of the PMM-estimates.

According to [2], among the set of classical statistics used to estimate the coordinate of the center of

symmetric distributionseftective (for the considered class)can be: mean X , median (50% quantile) x, , and
the center of folds x,, (half the sum of 25% and 75% of the quantiles). Thus, as the comparative efficiency

criteria, we use the experimental values. of the variance ratio coefficients:
) )

2 | 2 6 6
o (03 °(0)3 Ao (93 __ (93
fop~ 2 2 0 Qo032 > onT 2 s (13)
b G(e)l G%G)mean G(@)med G(G)(f

where 6 - the variances of estimates 0 averaged over M experiments, which are

(29)mean ° 6(29)med o 6?9)cf o 6(29)3
calculated on the basis of statistics of the mean, median, center of folds and PMM at » =3 accordingly.

Two factors influenced the validity of Monte Carlo simulation results of the statistical estimation algo-
rithms: the total sample size n of input vector X , containing the values of the estimated parameter, and the
number of experiments M , conducted under the same initial conditions (the values of the model parameters
that'determine the probabilistic nature of the two-component Gaussian distribution).

Note thatfor calculating PMM-estimates, information is used not about the type of distribution, but
about the values of parameters of the model (central moments or cumulants) of the measurement data distri-
bution. In [17], these values were calculated on the basis of analytical expressions connecting the parameters
of the distribution densities and their moments. However, for practical situations where information on the
distribution density and the values of their parameters is a priori unavailable, the adaptive approach in this
study can be used. Its essence consists in using a posteriori estimates:

1 n i
f=— % (x,-%) . (14)

v
ny=1

X

1 1

. 1
where x =0, =— .
n A%

M=

v

Cepusa «dusmka». Ne 2(90)/2018 75



S.V. Zabolotnii, V.Yu. Kucheruk et al.

The simulation results obtained on the basis of the Monte Carlo method are presented in Table 1 and
Table 2.

Table 1
The coefficients of the variance ratio of estimates for the model on the basis
of Laplace distribution mixture (C; -anti-modality depth parameter)
Simulation results
g q 7
C1 g(9)3 (6)3 (9)3 (9)3
n
20 50 200 20 50 200 20 50 200

0.6 0.93 1.05 0.97 0.93 0.72 0.57 0.48 1.21 1.23 1.26
0.5 0.91 1.04 0.94 0.91 0.83 0.65 0.55 1.19 1.1 1.11
0.4 0.89 1.03 0.9 0.89 0.95 0.76 0.68 1.12 1.01 1.02
0.3 0.88 0.99 0.89 0.88 1.11 0.9 0.81 1.08 0.95 0.93
0.2 0.86 0.97 0.87 0.86 1.25 1.05 1 1.04 0.86 0.86

Table 2

The coefficients of the variance ratio of estimates for the model on the basis
of Gaussian distribution mixture (C, -anti-modality depth parameter)

Simulation results
Cz g(9)3 ‘é (6)3 ‘}(9)3 ’:(9)3
n

20 50 200 20 50 200 20 50 200
2 0.39 0.54 0.42 0.39 0.13 0.06 0.04 0.63 0.62 0.62
1.5 0.66 0.78 0.71 0.67 0.27 0.2 0.16 0.74 0.71 0.71
1 0.93 1.04 0.97 0.95 0.56 0.47 0.46 0.88 0.76 0.75
0.5 0.99 1.11 1.07 1.02 0.73 0.68 0.64 0.98 0.86 0.83

Analysis of theoretical values g, and experimental values g . of the ratio of variances in Table 1 and

(0)3
Table 2 indicates a significant correlation between the analytical calculations and the results of statistical
modeling. Obviously, with an increase in volume # of the original sample % the divergence decreases (for
example, if » =20 the:maximum/discrepancy is up to 25 %, with »n =50 less than 8 %, and if » =200 no
more than 2 %). In general, these results support the asymptotic property (5), which is characteristic for the
amount of information retrieved about the estimated parameter, which is used in calculating the variances of
PMM estimates.

The general analysis of all results of statistical modeling presented in Table 1 and Table 2 confirms a
significant dependence of the effectiveness of the application of a given statistic for finding estimates of the
shift parameter from the parameters of the model distribution and the volume of the initial sample.

Figure 2 shows the areas that visualize the effectiveness of the application (by the criterion of the mini-
mum variance) of various statistics, depending on the sample volume »n =15...200. These areas are obtained

from the results of multiple tests with M = 10* for different values of the proportionality parameters of
models of two-modal distributions.

Figure 2a shows the most effective areas of the methods for estimating the coordinates of the center of
bimodal mixtures on the basis of the Laplace distribution. the threshold value of the parameter C, ~0.27 di-

vides the areas of effectiveness of applying two classical assessments: the median and the center of folds.
Between them is a relatively small area, which starts at » ~ 20 and gradually expanding (with 7 — c0) oc-

cupies a gap of values C; from 0.2 to 0.4. Inside this area, PMM estimates are the most accurate. Their vari-
ance, although not significantly (up to 10%), is the smallest relative to the variances of classical estimates.
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Figure 2. Areas of effectiveness of few methods for finding estimates
of coordinates of the center of two-modal mixtures

Figure 2b shows the areas that differentiate the efficiency of the application of the most accurate (mean
and PMM at » = 3) estimates of the coordinates of the center of the two-modal mixtures based on the Gauss-
ian distribution. For this model, the boundary for applying PMM estimates for large sample sizes (for
n — o) starts with the values of the parameter C, = 0.76. We note that with growth of C, the relative ef-
fectiveness of the application of PMM estimates significantly increases and the decrease 40-60 % of the var-
iance can be achieved.

Examples of empirical distributions of different types of estimates obtained as a result of statistical

modeling (for M = 10* experiments with a sample size n = 50), are shown in Figure 3. On these graphs, the
main part of the boxplot contains 50% of the estimated values, and the upper and lower bounds are 2.5% and
97.5% percentiles. The results presented in Figs. 3, 4 generally correlate with the results of Tables 1 and 2.
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’ | | | | |
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‘ .
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} | | | -0.2 | ] | .
| : | : L | ;.
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021 } | I : 1
| | -0.4 |
_L . . - I
-0.3 1
-0.6 - — - -
Mean Median Center PMM Mean Median Center PMM
folds (r=3) folds (r=3)

b)

a) on the basis of the Laplace distribution ( C; =0.3); b) on the basis of Gaussian distributions ( C, =1.5)

Figure 3. Boxing-plots are empirical distribution of estimates of the coordinates of the center of two-modal mixtures

Another important result of statistical modeling is the confirmation of the theoretical assumption about
the asymptotic (with growth 7 ) normalization of the distribution of PMM-estimators [16]. In Figure 4, as
one of the simulation results, an example is shown showing the approximation by a Gaussian distribution
M =10 experimental values of PMM-estimates of the coordinate of the center (for 6 =0) a two-modal
mixture based on Gaussian components (for C, =1.5).
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Figure 4. Probabilistic graph (Q-Q plot) of Gaussian approximation of the empirical distribution. of PMM estimates

These probability charts, constructed for different volumes of the original sample 7= 20, 50, 200 indi-
cate a gradual approximation of the empirical distribution of PMM estimates to the Gaussian distribution.

The adequacy test of the hypothesis on the Gaussian distribution of PMM-=estimators was also investi-
gated using the Lillieforce test, based on the Kolmogorov-Smirnov statistics [20]. The obtained results, on
the whole, correlate with the results similar to those in [17, 18]. They testify that in overwhelming majority
of cases, even with the volume of sample values »n>50 hypothesis of a Gaussian distribution of PMM-
estimates is not refuted at a significance level (p-value) equal to 0.05.

Conclusions

The presented investigations make it possible tordraw a general conclusion about the possibility of ap-
plying the polynomial maximization method PMM to find estimates of center coordinate of symmetric bi-
modal mixtures of exponential distributions.

An analysis of the aggregate of the results of statistical modeling shows that the relative effectiveness of
PMM estimates essentially depends on the probabilistic nature of the exponential components and the depth
of antimodality. Thus, for models based on the Laplace distribution, the PMM estimates have better accuracy
(decrease in variance) in comparison. with the classical estimates, which does not exceed 10% and is ob-
served only in a rather narrow range of antimodality depths. For mixtures based on a Gaussian distribution,
with an increase in the antimodality depth C > 1 the relative accuracy of PMM estimates increases and leads
to a significant (more than 2-time).decrease in the variance compared with known estimates.

The obtained analytical expressions describing the accuracy properties of PMM-estimates, under the
conditions of normalization associated with sufficient volume of samples » > 50, allow to calculate the ex-
panded uncertainty.of measurement results and build confidence intervals for parameter estimates.

References

1 “BIPM, 1., IECC, L., ISO, 1., & IUPAP, O. The International Vocabulary of Metrology, Basic and General Concepts and Asso-
ciated Terms—VIM, JCGM 200: 2008 [ISO/IEC Guide 99].

2 Hosunxuii I1.B. Onenka norpeutnocteii pe3ynsratoB u3mepenuii / I[1.B. Hoeurkuii, V. A. 3orpad. — JI.: Dueproatomusaar,
1991.

3 Jlemeuiko B.}O. O 3amaue maeHTH(HUKAMN 3aKOHA PACIpPEICICHHs CIydailHO COCTaBILSIIOLICH MOrPELIHOCTH HW3MEPEeHH
/ B.YO. Jlemenko // Merponorus. — 2004. — 7. — C. 8-17.

4 Lindsay B.G. Mixture models: theory geometry and applications, vol 51. In: NSF-CBMS regional conference series in prob-
ability and statistics / B.G. Lindsay // Institute of Mathematical Statistics. — Hayward, 1995.

5 McLachlan G.J. Finite mixture models / G.J. McLachlan, D. Peel. — New York: Wiley, — 2000.

6 Mengersen, K. Mixtures: estimation and applications / K.Mengersen, C.P. Robert, D.M. Titterington. — New York: Wiley,
2011.

7 Bohning D. Editorial: Advances in mixture models / D.Bohning, W.Seidel, M.Alf6, B.Garel, V.Patilea, G.Walther // Comput
Stat Data Anal. — 2007. — 51:5205-5210.

78 BecTHuk KaparaHgmHckoro yHusepcurteTa



Polynomial estimates of measurand parameters...

8 Bohning, D. Editorial: The 2nd special issue on advances in mixture models / D.Bohning, C.Hennig, G.J.McLachlan,
P.D.McNicholas // Comput Stat Data Anal. — 2014. — 71:1-2.

9 Hassan M.Y., Hijazi R.H. Pak. j. statist. — 2010. — Vol. 26(2). — 379-396 a bimodal exponential power distribution. Pak.
J. Statist, 26(2), 379-396.

10 Subbotin M.T. On the law of frequency of error / M.T. Subbotin // Matematicheskii Sbornik. — 1923. — 31. — 296-301.
11 Turner, M.E. (1960). On Heuristic Estimation Methods. Biometrics, 16(2), 299-302.

12 Robertson C.A. Some descriptive properties of normal mixtures / C.A. Robertson, J.G. Fryer // Scandinavian Actuarial Jour-
nal. — 1969. — (3—4). — 137-146. — d0i:10.1080/03461238.1969.10404590.

13 Rao K.S. A bimodal distribution / K.S. Rao, J.L. Narayana, and V.Papayya Sastry // Bulletin of the Calcutta Mathematical
Society. — 1988. — 80(4). — 238-240.

14 Sarma P.V.S. Prabhakara On a family of bimodal distributions / P.V.S. Sarma, Rao, K.S. Srinivasa and Rao, R. Prabhakara //
Sankhya, Series B. — 1990. — 52. — 287-292.

15 Box G. Bayesian inference in statistical analysis / G.Box, G.Tiao. John. — New York: John Wiley and Sons, 992.

16 Kunchenko Y. Polynomial Parameter Estimations of Close to Gaussian Random variables / Y. Kunchenko. — Germany, Aa-
chen: Shaker Verlag, 2002.

17 Warsza Z.L., Zabolotnii S.W. A Polynomial Estimation of Measurand Parameters for Samples of Non-Gaussian Symmetri-
cally Distributed Data. Szewczyk, R., Zielinski, C., and Kaliczynska, M. (eds): Automation 2017: Innovations in Automation, Robot-
ics and Measurement Techniques, serie: Advances in Inteligent Systems and Computing. vol. 550, Springer International Publishing
AG, 2017. — P. 468-480. — doi: 10.1007/978-3-319-54042-9 45.

18 Warsza Z.L., Zabolotnii S.W. Ocena niepewnosci pomiaréw o rozkladzie trapezowym metoda maksymalizacji wielomianu.
Przemyst Chemiczny. —2017. — 1(12). — 68-71. — d0i:10.15199/62.2017.12.6.

19 Cramér H. Mathematical Methods of Statistics / H. Cramér. PMS v.9 Princeton University Press, 2016.

20 Lilliefors H.W. On the Kolmogorov-Smirnov test for normality with mean and variance-unknown / H.W. Lilliefors // Journal
of the American Statistical Association. — 1967. — 62(318). — 399-402.

C.B. 3a6onotnsiit, B.FO. Kyuepyk, 3.J1.‘Bapma, A.K. Xacenon

IKCNOHEHIHAJAbI TAPATYJIapAbIH O0MMOJAJABL KOCTIAJIAPBIHBIH Oepinrenaepi
YLIiH 6JIIIeHeTiH mapaMeTpJiepAiH NOJMHOMMHAJABI 0arajiapbl

OKCIOHEHIMANIABl TapalyJapIblH eKiMOJalbl KOCHAIapbl TYpiHAE KE3AEHCOK KaTeNiKTep MOJeNi YIIiH
KalfTaamMa emieysep HoTHKelepiHiH OaracklH TaOyra 00JaTHIH CTAaHAAPTHI eMeC TOCLT YCBHIHBLIAHL. Bepinren
TOCIJT TTOJMHOM/EI GaphIHITA KeOelTy o/iciH KOJIaHyMeH JKoHe Ke3eHCOK IamManapbl >KOFapFbl PeTTi cTa-
THUCTHKaTapMeH (MOMEHTTEp JKOHE KyMyJSIHTTapMeH) cHumaTrayMeH HerizgenreH. [lommHoMHBIH 7 =3
JIopexeciHe IeHiHT1 JOIIIKIIeH capalTay XKoHe Oaranap/isl Taly YIIiH aHATNTHUKAIBIK OPHEKTEP YCHIHBIIIBL.
IMonuHoMHBIH Adpexeci » = 1 jxaHe r =2 GosFaH Ke3ae (CHMMETPHSUIBI TapajFfaH MAJIIMETTep YIIiH) IOJH-
HOMHMHAJIIBI Oaranap opramnra apudMeTukaibik Garanapra caif. [lomMHOMHBIH fopexeci r = 3 GosiFaHaa moju-
HOMHHAJIB! OaraHbIH Oenricisairi kemumi. Kemy koaddunuenti ipiktenren mMaaiMertep TapaiyblHbiH [aycce
MOZENIHEeH epeKIIeTiriHiH ACHTeHIH CHITaTTalThIH 4 oHe 6 PeTTi KyMYISHTTHI K03 QUIneHTTep MoHAEpiHEe
GaitmaHbICTEL. KenTereH CTaTMCTHKaNBIK CHIHAKTap >xoibiMeH (MonTte-Kapio omici) mnonMHOMUHAIIBI
OaranapAbIH KaJbIITaHABIPY KAaCHETTepl 3epTTEiN, OJapbIH AAIAIriH Oenrini OGaramapMmeH (opraira, MEau-
aHJBl KOHe Oyrilmy HeHTpPi) CanbICTBIpY capamraManapsl skyprisinmi. IlommHomumanmsr Oaramap (r=3
Ke3iHze) enoyip THiMAl OOJaTHIH aHTUMOJAIIBI TEPEHJIr MeH CYphINTay KeJeMiHe Toyelai oOJbIcTap
KYPaCTBIPBUIFaH.

Kinm ¢e3zoep. ekiMomanpl Tapany, eJIICHETiH napamMeTp, baragap TUCIEPCUsIChl, MOMEHTTEp, KyMYyJITHTTAp,
CTOXACTHKAJIBIK TOJIMHOM.

C.B. 3a6onotssiii, B.1O. Kyuepyk, 3.JI. Bapmia, A.K. Xacenos

IMoauHOMMAIbHBIE OLIEHKH H3MEPAECMBIX IMTAPAMETPOB MJIA JaHHDBIX
U3 6I/IMO)13.]'ILHLIX cMeceH YKCMMOHEeHIHAJTbHBIX pacnpeueﬂe}mﬁ

IIpeioxkeH HeCTaHAAPTHBIM MOAXOJ K HAXOXKICHHIO OLEHOK pe3ylbTaTa MHOTOKPATHBIX M3MEPEHUH aiIs
MOJIENH CIy4alHbIX OLIMOOK B BHJE IBYMOJAIBHBIX CMECEi 3KCIIOHEHIMANbHBIX pacnpeaeieHuil. JlanHbii
MOXOJ OCHOBaH Ha NMPUMEHEHUH METOa MaKCHMM3aIMU MOJIMHOMA M OMMCAHUM CITy4alHBIX BEJIMYMH CTa-
THCTHKAaMH BEICIINX MOPSAKOB (MOMEHTaMH M KyMyJstHTaMH). IIpencTaBieHbl aHAINTHYECKHE BBIPAKEHHS
UL HAXOXKJICHUS OLICHOK U aHaJIu3a UX TOYHOCTH JI0 CTEIEeHU noiuHoMa » = 3. Ilpu crenenu noauHoma r = 1
u r=2 (U CHMMETPHUYHO-PACIIPEICICHHBIX JAaHHBIX) MOJIMHOMHUAIBHBIE OLCHKN HKBHBAJICHTHBI OLCHKAM
B BHJIE CpeJqHero apudmerndeckoro. IIpu cremenn moiauHOMa » =3 HEONPEAEICHHOCTH ITOJHMHOMHAIBHBIX
OLIeHOK yMeHbl1aeTcs. KoadhuuneHT yMeHbIICHUS 3aBUCUT OT 3HAUCHUIT KyMYJITHTHBIX KO3 (QUIMEHTOB
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4-ro u 6-ro MOps/Ka, KOTOPbIE XapaKTEePU3YIOT CTENEHb OTINYUS pACHpeieNeHHs BBIOOPOUYHBIX AAHHBIX OT
rayccoBckoil Mozenu. [TyreMm MHOropa3oBbIX CTaTUCTHYECKUX HCTbITaHUN (MeTonoM MonTte-Kapio) uccie-
JIOBaHBI CBOMCTBA HOPMAIN3aIUH TTOJMHOMHUANBHBIX OLIEHOK M NMPOBEJCH CPABHUTENBHBIN aHATU3 UX TOYHO-
CTH C U3BECTHBIMH OICHKaMH (CPEeIHHUM, MEANaHO! U IeHTpoM cruba). ITocTpoens! obiacTH, 3aBUCAIINE OT
TITyOWHBI aHTUMOJAIBHOCTH U 00BbEMa BEIOOPKH, B KOTOPHIX MOJMHOMUAIBHBIC OLIEHKH (I 7 = 3) SBISIOTCS
Hanbosee 3 EKTUBHBIMHU.

Knrouegvie cnosa: ABYMOJAJIbHOE pacnpeacICHUC, H3MepﬂeMBIfI rnapamMeTp, AUCIICPCUSd OLECHOK, MOMCHTHI,
KYMYJIAHTBI, CTOXaCTHUYCCKUM MOJIUHOM.

References

1 BIPM, I, IFCC, L, ISO, 1., & IUPAP, O. The International Vocabulary of Metrology, Basic and General Concepts and Asso-
ciated Terms—VIM, JCGM 200: 2008 [ISO/IEC Guide 99].

2 Novickij, P.V., Zograf, .A., (1991). Otsenka pohreshnostei rezultatov izmerenii [Estimation of the measurement result er-
rors]. Leningrad: Enerhoatomizdat [in Russian].

3 Lemeshko, B.Y. (2004). O zadache identifikatsii zakona raspredeleniia sluchainoi sostavliaiushchei pohreshnosti izmerenii
[On the problem of identification of the distribution law of the random component of the measurement error]. Metrolohiia —
Metrology, 7, 8—17 [in Russian].

4  Lindsay, B.G. (1995). Mixture models: theory geometry and applications, Vol 51. In: NSF-CBMS regional conference series
in probability and statistics, Institute of Mathematical Statistics, Hayward.

5 McLachlan, G.J., & Peel, D. (2000). Finite mixture models. New York: Wiley.
6 Mengersen, K., Robert, C.P., & Titterington, D.M. (2011). Mixtures: estimation and applications. New York: Wiley.

7 Boéhning, D., Seidel, W., Alfo, M., Garel, B., Patilea, V., Walther G. (2007). Editorial: Advances in mixture models. Comput
Stat Data Anal 51:5205-5210.

8 Bohning, D., Hennig, C., McLachlan. G.J., McNicholas, P.D. (2014). Editorial: The 2nd special issue on advances in mixture
models. Comput Stat Data Anal 71:1-2.

9 Hassan, M.Y., & Hijazi, R.H. (2010). Pak. j. statist. 2010 Vol. 26 (2), 379-396 a bimodal exponential power distribution. Pak.
J. Statist, 26(2), 379-396.

10 Subbotin, M.T. (1923). On the law of frequency of error. Matematicheskii Sbornik, 31, 296-301.
11 Turner, M.E. (1960). On Heuristic Estimation Methods. Biometrics, 16(2), 299-302.

12 Robertson, C.A., & Fryer, J.G. (1969). Some descriptive properties of normal mixtures. Scandinavian Actuarial Journal,
1969(3—4), 137-146. doi:10.1080/03461238.1969.10404590.

13 Rao, K.S., Narayana, J.L. & Papayya Sastry, V. (1988). A bimodal distribution. Bulletin of the Calcutta Mathematical Socie-
ty, 80(4), 238-240.

14 Sarma, P.V.S., Rao, K.S. Srinivasa, & Rao, R. Prabhakara (1990). On a family of bimodal distributions. Sankhya, Series B,
52, 287-292.

15 Box, G., & Tiao, G. (1992). Bayesian inference in statistical analysis. New York: John Wiley and Sons.

16 Kunchenko, Y. (2002). Polynomial Parameter Estimations of Close to Gaussian Random variables. Germany, Aachen: Shak-
er Verlag.

17 Warsza, Z.L., Zabolotnii, S.W. (2017). A Polynomial Estimation of Measurand Parameters for Samples of Non-Gaussian
Symmetrically Distributed Data:Szewczyk, R., Zielinski, C., and Kaliczynska, M. (Eds): Automation 2017: Innovations in Automa-
tion, Robotics and Measurement Techniques, serie: Advances in Inteligent Systems and Computing. Vol. 550, Springer International
Publishing AG, pp. 468—480. doi: 10.1007/978-3-319-54042-9_45.

18 Warsza, Z.L4 & Zabolotnii, S.W. (2017). Uncertainty of measuring data with trapeze distribution evaluated by the polynomi-
al maximization method. Przemys Chemiczny, 1(12), 68-71. doi:10.15199/62.2017.12.6 (in Polish).

19 Cramér, H. (2016). Mathematical Methods of Statistics. PMS v.9 Princeton University Press.

20 Lilliefors; H.W. (1967). On the Kolmogorov-Smirnov test for normality with mean and variance unknown. Journal of the
American Statistical Association, 62(318), 399—402.

80 BecTHuk KaparaHguHckoro yHusepcuTeTa





