YK 517.95

B.X. Typmeros!, K.1. Yemanos?

L Meorcdynapodwoiti xazaxcro-mypeuruds yrusepcumem um. X.A.Scasu, Typrecman;
2 Mnemumym mamemamuky u mamemamuieckozo modesuposanus KH MOH PK, Aamamot
(E-mail: turmetovbh@mail.ru)

O paspenmMocTHu OJTHOI BHEMNTHEll KpaeBoii 3a1a4m C Tpa
omnepaTopoM IPOOHOTO TTOPSIKA

B crarhe B Kj1acce perysaspHbIX TapMOHUYECKUX (DYHKIHIA U3yUIE€HBI CBOWCTBA HEKOTODBI -
(depeHIaIbHBIX OIIEPATOPOB, 0OOODIIAIOIINX OIIEPATOPHI APOOHOTO AuddepeHIIMTPOBAHUIE A ama-
pa. DT onepaTophl IEPEBOJIAT PEryJsipHble TapMOHUYECKHe (DYHKIUU B TaKHe XK€ JISTFOTCSI
B3aMMHO OOPATHBIMHU HA PETYISPHBIX TAPMOHUYIECKUX DYHKINIX. Bo BHemHOCTY e1uH apa n3yJIeHa
KpaeBas 3a/ia4a ¢ TPAaHUYIHBIM OIIEPATOPOM JPOOHOro nopsaka. Paccmarpusa T U3BECT-
Hylo 3ana4dy Helimana Ha rpaHudHbIe onepaTopsl ApobHOrO nopsiaka. Jlokas @ CyIIECTBOBAHUN
¥ eUHCTBEHHOCTH perteHns 3a7aqn. [lomyaeno naTErpasbHOe mpeacTas. ST paCCMATPUBAEMOit

3a1a9u.

Karouesvie carosa: BHeIIHSS 3aa4a, ypaBHeHnd Jlamaca, ;Lp(dﬂ ou3BozHAsI, oriepaTop Anamapa, pe-
ryJsipHasi TapMOHIYecKas MyHKnus«, 3agada Heiimana.

Beeden

rpanutneii S. Ussectrno (cm., mampumep, [1]),
VJIOBJIETBOPAIOas ypasHenuto Jlamaca

IIycte D — orpanudennas obsacts u3z R™,n >
4o Jobasg QyHKIus u (x) , IpUHAJIeKAIIAs KIACC

@7 e D’
HA3BIBAETCS TAPMOHUIECKON hyHKIMeH
Ipu uccaenoBanuu KPAeBbIX 3aal 11J1si BHeHI/IH Hannaca B GECKOHEUHBIX 00JIaCTAX JOMOTHUTEIHLHO TPEe-
OyeTcs PeryJIapHOCTD perteHus. A mm dyukuus u (x), rapmonnyeckas B obacru Dy = R™\ D, nasbiBaercs
peryssipHOil (Ha GECKOHETHOCTH), PW|Z| — 0O BBITIOJHSIETCST YCJIOBHE
ju(z)] < Clz| =", n>3, (1)
rae C' = const.
SameTn™, TITOMEC dbyuxmun  w (r) BbBIMOMHSETCH oneHKa (1), TO I J1I060TO MyJIBTHHHJEKCA
B = (81, P2, cyBl ="B1 + B2 + ... + [, BbmMONHSIETCS OMEHKA (CM., HATpPUMED, [2; 373|
OBl (x
W()B =0 (ol -H92) | nx s @)
0z 0x5®...0xn"

yers Q = {z € R" : |z| < 1} — eguuuunstii map, 0Q = {x € R" : |z| = 1} — equnnunas cdepa. O6o3na-
v Eepes (0, = R\ 0 — BHemmocTh euHmaHoro mapa, rie 2 = Q U J(Q). Tlyers namee u(x) — perynsapras
rapMmoHuyeckas dbyHkius B obmactu Qy ur = |z|,0 = x/r.
JI1sT TOCTAHOBKY 3319 HAM HEOOXOIMMO IIPUBECTH OIpeeseHne orneparopa JJpodHoro guddepeHmpoBa-
Hus. [l IPOM3BOJIBHOIO IOJIOXKUTEIBLHOTO ducaa ¢ > 0 olepaTopoM JIpOOHOIO MHTEIPUPOBAHUS IOPSIKA (v B
cMblciIe Ajlamapa Ha30BeM BbIparkeHue [3]

J2u(z) = ﬁ ]O <ln ;) T (tta) dt.
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n
Oycte m—1 < a<mm=12..., 6§ = rd% = Zm]—% — omepatop Jupaka u 6F = 5(5’“_1),
= J

k=2,3,... Beipaxkenne

Dou () = (=8)™ ™ u (z) = % (rdii) " 7 <ln ;) " fe) it

T

HA3bIBAETCs onepaTopoM jiuddepeHImpoBanns MOPsJIKa v B cMbIcyie Aamapa. B nasbreiinem OyaeM mojaraTs
JOu(z) = u(w).

Paccmorpum B obitactu 24 CieyIoniyio 3a1ady:

Au(z) =0, z€Qy; (3)

D%u(x) = f(x), z€d0,. (4)

_ Pemennem samaum (3), (4) masoseM pery/ifpHYIO TapMOHMIECKYIO (yHKIH Q)NC(Qy),
Oy = Q. U, ana koropoit D*u(x) € C?(Q4) u KoTOpas ynoBIETBOPAET YEITO ) JIACCUYECKOM

CMBICIIE.
Tax kax J2u(z) = u(z), To npu a = 1 nomyanm D%u (z) = (—r%)m

paccmarpuBaeMas 3az1a4a (3), (4) coBnaznaer ¢ BHemmel 3aga4eit Hefimana
OrmMeTnM, 9TO BHYTPEHHHME KpaeBble 3aJ1a9d ¢ IPAHUIHBIMU

B [4-9]. CpoiicrBa u npumenenusi oneparopos Tura Anamapa ﬂ?

TaK>Ke, YTO BHENIHNE KPAEBble 33/[a9i C TPAHUIHBIM OIIEPATOPO

OBATEJIBLHO, B ciIydae o = 1
ypaBHenus Jlamaca.
POOHOTO MOPSIIKA U3yYaJUCH

HEPABEHCTBA
[ 2u(z)| <

@ | DRya)| < Oz, )

Joxazameavcmeo. Ilycrs u(x) — pe apMmonndeckas Gynkuus B {24. B unrerpasne J*u(x) mensem
IepeMeHny1o ¢ o hopMyiie t = rs u, JCIIOJ PeryJsipHocTh (DyHKIMAYL (), TOIYIIM

o0 oo
3:)—8 < or? ”/ (Ins)*~ tgl=ngs CTQ_”/to‘_le_("_Q)tdt:
1 0

=(C(n—2)?"p2n / s le=%ds =Cy |z|>.

o

ITepsoe H eHCIBOMM3 (5) JOKa3aHo.
bCTBa BTOPOro HepapeHcTBa u3 (5) npejcrasum Gyukimo D u(z) B BUIE

Torna, ucHonb3ysi HepaBeHCTBO (2), MOy YnM

oo
|D%u(z)| < C|x|2’m’"/(lns)a_131’”ds =Cy x>, || — oo

1

Jlemma mokazana.
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3amevwarue 1. Beiogy B masbHeliieM Mbl OyJ/IeM pacCMaTpUBATh PEryJsipHbIe rapMOHUYecKne (QYHKIUH B
), ¥ MO3TOMY BCe HCCJIe/IyeMble J1ajlee NHTErPAJIbI CXOJSITCS.

Jemma 2. Ilycrs u(x) — perynsipHas rapMmoHmdeckast Gynkmus B obsmacru 1. Torna J%u(z) 1 D%u(x)
TaK¥XKe SIBJISTIOTCS PEryJIsIPHBIMUA TAPMOHUIECKUME QYyHKIMAMA B (14 .

Jokasameavemeo. Perynsprocrs dyukuuit J*u(z) m D*u(x), T.e. BBIIOIHEHUE JJIs HUX ONEHOK THma (
BhITeKaeT u3 (5). IIOKaH(eM 49TO JaHHbIE (DYHKIMY YJIOBJIETBOPSIOT ypaBHenuto Jlamnaca. [Ipegcrasum JYu

B Buge Ju(x) = W f (Ins)* "u(sz)% u npumernmm omeparop A. Tora
1
AJOu] (2) = ﬁ 1/(5 1) A (s2) ds | =
Hasee, Tak Kak
A ( dz;(r )) = (r% + 2) Au(z), A<r%)mu(w) = 7"— +2
TO S

202 1)) = 220 ot (L 12 sl

JlemMma, goKazaHa. J
Jemma 8. Tlyers 0 < a, u (2) — peryJsipHasi FapMOHUIECK:
CIpPaBeINBLI PABCHCTBA,

J* [D%u(x)] = u(z), D u(x). (6)

Hoxazamenvemeo. Illycrs © € Q4 u t > 1. PacemoTpu

3, [u%‘
HeiicTBuTeIbHO,
d

~ Wlim [(m %)QD‘_” [u] (rz) %] +at/ (1n %)‘HE (_tg) D [u] (m)d{ —

T

- —a/ (ln %)ailDﬁ [u] (T2) d—T

T
t

Tax kax |D® [u] (tz)| < Clra|>~"~™, |rz| — oo, To, cnonB3ys oupesesnenue oneparopa D* u pasencTsa

Jmee — JT_l_(a_l), (_l)mfltsmfl!]”_n_l_(a_l) — DO‘—l’

IoJrydaemM

S [u] () = 1 di 7 < T%) D‘i_lu(m)d—T —
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. 1 d T\ Ja_1 T=00 B by Z a—1 1 dr | _
=5 (a)tdt { (ln t) DY u(rx) . a/ (ln t) D2 u(rx) . } =
t

= —ﬁt% {/ (ln %)a_lDo‘_lu(Tx)ci_—T} .

t
Tosropsist 3Ty nporeypy eme (m — 1) pas, just dyskimn Sy [u] (x) nomydaeM npejcrabieHne
(0™ A\ | T/ rye-t
Sy [u] (z) = t— (ln —) JT " Yu(rx)dT ;.
0 =T (1)} [ (w7 (ra)
t
Ilo ompemenenuio omeparopa J< mocieanee BhIpaykKeHne TPEICTABIACTCA B BUIE

i) Ty s <o (o

TTokaxkeMm, 9TO B KJjtacce PEryJIsipHBIX TAPMOHMYIECKUX B (14 QyHKIMHA 1M BEHCTBO

JE [T W] (tz) = JTyt:c .

HeiicTBuTeIHHO,

In —

oyt

ocjie 3aMEHbI TEPEMEHHBIX TTOJTyYaeM

t

) - e

T

Torna o
Jo [T ] (t2) = ﬁ / (in ;)milu(sw)% = O (ta).
@ S ] () = (—1)" (t%)mf”[u](x) -

() [ D) e = [t e

Takum obpazom, s 0b0oro ¢ > 1 crpaBe I TUBO PABEHCTBO

u(tx) = %oz) t/ (ln %)a_lT_lDf [u] (72) dT.
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Ecau Tenepn nosioxkum ¢ = 1, To

oo

1/ (In7)*'771D2 [u] (r) dr = _) / (ln 3)"*18_11)3 [u] (s0) ds = J2 [D2[u]] ().

Tlepsoe pasenctBo u3 (6) nMokasano. Jjst moKasaTesbCcTBa BTOPOro paseHcTBa u3 (6) paceMorpum JejiicTBue
oneparopa D x dynkuun J*u(z). Nmeem

Dg[meu(x):(—aynot%>mjf—a[mﬂm]uo:(—JY”Qj%)m[JThM(x)=

~

Jlemma gokazana.
Takum 06pazoM, U3 yTBEPKIEHUS JIEMMBI 3 CJIEJIyeT, 9TO ornepaTopbl J* u DY sBisQ
HBIMHU Ha PEryJIsiPHBIX FapMOHUYECKHUX B () DYHKIHUAX.

Ocnosnoe ymeepotcderue

ITycres v(x) — perysipHoe pemenue 3aaun Jupuxise B obaactu 4, T.e. @
(CE) T € Q-‘rv
v(z) = <L weaﬁ (7)
) —

v (2)] < Cla]~¢

WsBectHo (cM., Hanpumep, [1; 73], uro ecau f(z) € C(0N), T e 38y1aun (7) CyIIeCTBYeT, e/JMHCTBEHHO
U [IpeJiCTaB/Igercs B BUJIE

rjie v(z) — pelenue 3a1a49n xJel (7).
CdopmymupyeM OCHOBH €P¥KIeHe OTHOCUTENBHO 3aja4u (3), (4).
Teopema. Ilycrs o T (09). Torga pemenne 3amaun (3), (4) cyImecTByer, eIUHCTBEHHO U TIPEJI-

CTaBJIdeTCd B BHJIE

() = J2 [v] (2), (9)
rae v( u dupuxie (7).
,ZZO’K? HyCTb pemeHI/Ie zagauan (3), (4) cymecrsyer u 310 u(x). pumenum k Gynknuu u ()
TO I/I 603Hath D“ J(z) =v(x). o npeamonoxenmio D [u] (z) € C(Qy UIN), Torma
). Hockonbky u(xz) — rapmonndeckasi byHKIus B ()4, peryiaspHas B GECKOHETHOCTH, TO B
BEPXKJIEHUsT JIEMMBI 2 doyHKm/I;{ v(x) TakKe sIBJISIETCs] TADMOHUIECKOH B obacTu () W perysisipHoii B
eanoctu. Kpome Toro,
v (@) o = D2 [u] (2) lon = f (@) -

ITpumennm k pasercTBy D [u] () = v (x) oneparop J2. IIoCKOJIBKY MHTErPAJ BAJIA

/lnT Tl (ra) dr
1

npu o > 0 umeer ciaabbie ocobeHHOCTH TIpU 7 = 1 W T = 00, TO OH HABJSETCH HEIPEPBIBHONW (DYHKIIHEH 10
x € Q4 U OS) upu HenpepbIBHOI peryiisipHoii rapmonndeckoil dyukuuu v(z) € C (Q4 U 9Q). Suauut, oneparop

Cepusi «Maremarukas. Ne 4(84)/2016 143



Bb.X. Typmeros, K.I. Ycmamos

J% npumennM K peryisipabiM dyaknusam u3 C (24 U 9Q). B cury nepsoro pasercrsa (6) nosyuaaem (9). Kpome
TOrO, B CUJLy yTBEPXK/JIeHUs! JeMMbl 2 dyHKIms J&[v](z) siBasgercs peryjaspHoit B 6eCKOHEUHOCTH.

Taxkum o6pazom, dyukuus v(x) asasercs pemenuem 3anaau Jupuxiie (7). pudem,eciu f(z) € C (992), To
pellienne 3Toi 3a7a4u cymecTByeT, equacTBerHo n v(x) € C (Q4 U 09Q).

ITycrs, maobopor, dyskimst v(z) sBasercs permenueM 3anaun Jupuxie (7) ¢ FpaHI/I‘{HBIM 3HaYEHUEM
f(z) € € C(09). Torna v(z) € C(Q4 UIN). Paccmorpum dbyuknmo u (z) = J*[v] (z). B cuny Broporo

pasencTBa u3 (6) GyueM uMeTh
D¢ [u] () = D2 [Jf [v]] () =v(x).
Suauut, dbyukiys u(x) sABIsercs rapMOHUYECKO B (), peryJspHoil B 66CKOHEYHOCTH U
D2 [u] () [oo = v () o = f ().
Teopema jrokazana.

Samenanue 2. B cayuae a = 1 dyukius (9) coBuagaer ¢ penieHueM BHEIIHEN 3aadL
9eHHBIM B pabore [14].

, TIOJTy-

Paboma evinoarena npu Bunarncosoti noddepaicke GUHAHCUPOSAMUA HAYO-MELHULCCKUT RPOZPAMM U TPO-
exmos KH MOH PK (npoexm 0819/T'®}).
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Beamniek perTi onepaTopJsibl HIETTIK NIAPTTHI Oip CHIPTKbHI €CEITiH,
OipMOH/II MIENTIMILJIIT TypaJibl

Makasaa peryiasapJibl TapMOHUKAJBIK, (DYHKIUIAD KIaChiHIa AaMap MarblHACBIHIA OOJIIIEK PETTi TybI
JBLIAP/IB KAJIBLIARTBIH, Kei6ip nHTerpasab-1uddepeHIuallIbIK, OllepATOPJIAD/IbIH KACUETTEP] 3ePTTeJIJIi !
Byu onepaTopiiap peryssipsibl rapMOHUKAJBIK, (DYHKINIAPBI PEryJIspJIbl TaPMOHUKAJIBIK, (DYHKINGIAPFa
OTKi3€e/Il JK9HE PEeryJIsipJibl TAPMOHUKAJBIK, (DYHKIMSIAD KJIACBIHIA ©3apa Kepi bosamel. Bipsi
CBIPTKBI O0JIBICHI YIITIH GOJIIIEeK PeTTi olepaTop KATBICKAH IIETTIK ecern KapacThipbuiran. O ec
paceiHga GeJIIIeK perTTi onepaTrop Karbichil, 6eriai Heiiman ecebin xkannbuiaiiasl. Ecentiy
GOJIyBI MEH JKAJFBI3IBIFBI TyPaJibl TeopeMa mastenaermi. CoHmaif-ak aBTopap 3ePTTEJTeH eCern
MHTErPAJIJIbIK, O©PHEKTEIYiH KeJITipreH.

B.Kh. Turmetov, K.I. Usmanov

On solvability of exterior boundary value p h boundary
operators of fractio'rjl orde

In this paper, in the class of regular harmonic functions we study th erties of some integro-differential
operators, generalizing the operators of fractional differentiation of Hadamard. These operators
convert regular harmonic functions in the same functions tually inverse on regular harmonic
functions. In the exterior of the unit ball studied the bo e problem with the boundary operator
fractional order. This problem generalizes the knowa roblem on the boundary operators of
fractional order. We prove a theorem on the exig niqueness of the solution of the problem.
Obtained an integral representation of the solutio
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