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Analytical and numerical research based on one modified“sefined
bending theory

In the article, an analytical and numerical study based on one modified refined bending theoryas presented.
By the finite difference method, a general numerical calculation algorithm is deweloped.= The solution
obtained by the proposed method is compared with the results of known solutiénsfimamely, with the solution
of the classical theory, the exact solution, the solution in trigonometric series, agiwell as with experimental
data. Comparison of the results obtained by the method given in the article'with the solutions determined
by other methods shows sufficient accuracy, which indicates the reliability of the proposed method based
on one option of the modified refined bending theory. Classical theoryiis not applicable to such problems
under consideration.

Keywords: modified refined bending theory, finite differencegnethodjlagrange variational principle, differential
operator, discretization of a system of equations

Introduction

The rapid development of scientific and{technological progress requires the creation and implemen-
tation of new progressive materials and%tructures with predetermined properties. These requirements
are fully met by composite materiad§; 9 particular, multilayer composites, which have a wide range of
performance properties that gannot be aghieved using traditional materials.

The use of multilayer compeositeimaterials in modern apparatuses and devices required taking into
account their structural feafures Jtle physical and mechanical properties of the materials used, the
number, structure and atran@emient of layers for the composite material in mathematical research, as
well as the creation of newgymethods that refine existing theories for the mathematical calculation of
the stress-strain state ofssuch structures.

In multilayerteompesite structures, the layers are made of such a material and these layers are
arranged so d8to endew the structure with a number of predetermined positive properties. At the same
timegthe materialsd@re selected in such a way that, in an optimal combination, they give a qualitatively
new gypefof construction. Or, in other words, in multilayer composite structures, the layers are arranged
so that,under operational conditions, the structure better corresponds to its functional purpose.

The technical, mathematical and mechanical properties of structures made of multilayer inhomo-
geneous materials differ significantly in the thickness of their packages. Therefore, the features study
for the operation of structures made of multilayer inhomogeneous materials in the thickness of their
package by use refined theories is important in the mathematical study and the design of new innovative
lightweight structures made of multilayer materials. Bending theories clarifying mathematical and
technical theory should take into account the most important operational characteristics of multilayer
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composites, such as strain in the orthogonal direction to the layers, interaction of layers, strength,
high resistance to fracture, etc. Each construction of a new multilayer composite that provides an
increase in technical characteristics, as a rule, requires the development of new calculation methods
based primarily on analytical mathematical research, and later on the numerical implementation of
this research and its practical application.

One of the elements for multilayer composite spatial systems is a rectangular plate, which has
numerous independent applications. An example of a rectangular plate, clamped with one edge, is
a vertical panel, and an example of a plate, elastically clamped with three edges, is the wall of a
rectangular reservoir. It should be noted that multilayer plates are a very extensive type ©of plates
and are more often used in many fields of science and technology. The plate can be applied as an
independent structure or can be part of the used lamellar system. For example, in‘the cénstruction
plates have all kinds of applications in the form of floorings and wall panels, reinforced conerete slabs to
cover industrial and residential buildings, slabs for the foundations of massive structureshetcherefore,
knowledge of the theory for rectangular plates bending and of classical methods forgealemlating them
is necessary for a modern scientist.

Many analytical and numerical calculation methods are used to studg the problems of plate
bending [1-12]. An exact solution in analytical form for such proplemspis possible only in some
particular cases for the geometrical type of the plate, the load and\the gonditions for its fixation
on the supports, therefore, for practical applications, numerical, buisuffiéiently accurate methods for
solving the considered problem are of special importance.

When considering the plate bending problems, the finite difference method is the most interesting
because of connection with their possible numerical implemengation in software package.

1 Initial positions and hypotheses

We consider a rectangular plate made of a“multilayer composite material. The sides of the plate
are equal to a and b, the thickness of the plate equals®h. The study of the deformation of the plate is
carried out in a rectangular coordinate system x1, x2, x3 = z. The number of layers is arbitrary. The
layers of the plate are orthotropic. Orfhetropic materials are more difficult to analyze than isotropic
materials, because their properties@d@pend on'the direction, so we place the directions of the Oz and
Oz9 axes on the axes of the grthotropy ofithe layers. There is a coordinate plane at an arbitrary height
of the plate section. The axesi@z1 andgOx, lie on this coordinate plane.

The total number of layers indhe plate is denoted by n. We number the layers as usual, starting
from the bottom edge of thegplate. The number of an arbitrary layer of the plate is denoted by k. The
layer number in ghe cordinatedplane is denoted by m. The totality of all n layers of the plate is called
a package of layers:

In the general, case, let’s assume that the layers of the package have different thicknesses and
different stiffftess, the,mechanical properties of which do not change in their thickness [13]. We suppose
that ghe numberyofdayers and their placement in the package are arbitrary.

Puring theytransition from layer to layer we assume that static conditions

E o k-1 E k-1
0j3 =0;3 » 033 =033
and kinematic conditions
uf =uf (i =1,2,3)

1

are fulfilled, where Ufj (i,7 = 1,2,3) are stresses, u¥ (i = 1,2,3) are displacements of the k-th layer.
This corresponds to the operation of their layers without slipping and tearing.

Let a normal load g(x1,x2) act on the upper surface of the plate. The normal load q(z1, z2) varies
according to an arbitrary law. The positive direction of the normal load coincides with the direction

of the normal axis z3 = z.
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On the plate surface, the boundary conditions take the form
o4y = q(x1,m2), 0}y =0, 0;3 =0, i=12, j=1,2,3.
The conditions of the deformation continuity for the coordinate surface have the form [13]
Xiil — X12,i = 0,

€11,12 — 2€12,12 + €22.11 = 0

where ¢; ; is strains, x;;; is the shear function of the coordinate surface.
As the main assumptions for constructing a new refined model of the stress-strain ered
plate of an asymmetric structure with orthotropic layers, we accept the following sys hypotheses

Uzl‘c3 = G§31/)£€,3(Z)X,ia ‘7153 == Zn':)fi(z)x,nw uz = (1)
i=1
where G% is the shear modulus of the material, 1, n are distribution f s¥or the k-th layer of the

package, W and x are the sought deflection function and the sou t@iction of the coordinate
surface, depending on the coordinates x1 and xo. The distribution fungti pend on the z coordinate.

Hypotheses (1) are derived from the hypotheses mad® ofy A.Sh. Bozhenov [1], with the
exception of those components that are not of great importa in calculating the stress-strain state
of the plate. Hypotheses (1) guarantee the joint operafionfef layers without separation from each
other and displacement, as well as conditions on p surfaces and determine the nonlinear law
of variation of transverse shear stresses and norma nsyerse stresses in the plate thickness. It is
assumed that normal displacements are equal %0, deflections.

For the distribution function in expressions ave the following formulas

k—1 .
1 i z bj—01 .
ubs(e) = g )~ i Da§ o) = [ atase Y [T Al
i3 bp—1—61 j=1 bj_1—061
k ‘ k b k ? ko k k
n;(2) :/ d Blzdz, nj3;(2) :/ Gist(2)dz + Cg;, (2)
bg—1—6 j=17bj—1—=01 bg—1—01
where 01 is the distanie T e coordinate plane to the bottom edge of the plate, and the constants

have the form

& k=l - o
Cy=> / Glyip! 4(2)dz.
j=17bj-1-01

what follows, the notation introduced in [1] is adopted. For the components in formulas
e following expressions

k k k k k k k k k ko k
A7 = 0.5{B;;(1+v;;) + G}, B =05B;(1+v;) +GYy, By = Ejvy,

k

x _ oy E_ E k1 E _ ( k ko k\, k

o; = o vy = (1—viorsy) , By = (v3; + vijvs) o,
14

where Ef is the modulus of elasticity and ij is the Poisson modulus for the k-th layer of the plate
[13].
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2 Analytical research

Based on the hypotheses (1) we have adopted, we carry out an analytical study of the stress-strain
state for the layer package. First, we present the relationships that we use to derive the calculation
formulas for stresses and strains.

We have the relations of Hooke’s law

kK k k Ik k kK
= Blel +2BY,e5, + Blyels, oty = 2Ghael,, ol = 2Ghek. (3)

(A

Inverse expressions of Hooke’s law have the form

Z
7 Ezk i Ek i Ek 33

k
ko Lk Va1 k V32
= 011 — 22
33 E§ 33 Ek Ek ’

1
kE _ k k
2e53 = ar Oi3, 2€15 = k ‘712
i3

The Cauchy relationships are the following formulas

k k

_ k _ .k k
€i; = Ui, 2€79 = Uy o+ Uy ;. 2els 3 U3 ;s ehy = U3 3 (4)

We determine the transverse shear strain e ( from Hooke’s law (3) by substituting the

2e;3 ; . (5)

We find normal transverse strains ek (1, 79, 2) from the last Cauchy relation taking into account (1)
k

e33 = 0. (6)

Integrating the third Ca
(5), we obtain formulas for calc

; (4) with respect to z, as well as using the relations (1) and
angential displacements

uf = u — W, + X, (7)

where u; are tang isplacements and W; are the sought deflection functions of the coordinate
surface, depending onjthe coordinates x; and xo. Normal displacements are considered equal to
deflecti

conditions for the joint work of the layers of the package

uf = uf_l(i =1,2,3)
and conditions on the layer located in the coordinate surface
u"(z1,22,0) = u(21, 22)

we find the distribution function 1pf in the form of the following expression

b;—01

z ) bm—1—01 bj—61 .
oy =/ ¢z3d3+2/ §3dz+/ Yizdz — Z/ 15dz.
by—1—01 =6 0 ’
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Tangential deformations are found from the first Cauchy relations (4), substituting expressions for
tangential displacements (7) into them. As a result, tangential strains are expressed by the following
formulas

et =€ — Wi+ wle,n,
ehy = €90 — 2W 22 + 1/112§X227 (8)
6’51 =¢e91 — 2War + 0.5(¢§ + wlf)X,m.

Taking into account formulas (1) and expressions for tangential strains (8), the stresses of the
generalized Hooke’s law (3) are found by the formulas [13]

2
oty = By (e11 — 2Wa1 +¥ix 1) + Bly(e22 — 2Woas + ¢ x 22) — Bl 2&
i=1
ok, = BY, (e22 — 2Wao + WhX, 22) + BY, (e11 — 2Wa1 + PrX, 1) ( X, iis

oty = 2GFy[e22 + 0.5(YF + ¥5) x 12 — 2 W]
Based on formulas for calculating displacements (1), and strain ) it is possible to

determine the components of the stress-strain state of the p rbltrary pomt of the k-th layer.
Using the Lagrange variational principle and the relatio B&wrﬂw d taking into account hypotheses
(1), we obtain a system of equations for bending ade, of'multilayer composite material with
orthotropic layers. We notice that the number and a ent of layers is arbitrary. Then we introduce
force functions into the system of equations ystem of equations in a mixed form

Ao+ DWW Al3)x =0,
Algp + (D35 — ARW + (A — Mgy — Alg)x = —4, (9)
D+ ( W + (A% — A3y — Aps)x = 0.

This system describes the b ultilayer plate with an asymmetric thickness structure with
orthotropic layers.
The system of resolvi of a layered plate is presented in a transformed form in [1].
The general order of syStem of equations (9) is equal to twelve. The system of equations (9)
thel tra e shear and the interaction of layers. The functions of the coordinate
tion ¢, the deflection function W and the shear function y are the sought
f equations (9).
ial operators in the system of equations (9). A is a second order differential
a fourth order differential operator. These differential operators have the following

NG = AT('"),1111 + A§(--'),1122 + Ag(-"),2222=
ANg = Bi () 1y + B3 () 59 (10)

where A% (j = 1,2,3) and B} (i = 1,2) are coefficients in equations (10). These coefficients depend on
the stiffness of the package layers.

For different values of f and g, the coefficients of the operators take different values, which are
shown in Table 1 [14]. When solving the system of equations (9), one should take into account the
boundary conditions for fixing the edges of the plate with respect to the force function, the deflection
function, and the shear function [12].
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3 Numerical calculation

Using the finite difference method, the system of equations (9) and the boundary conditions of
the plate were discretized. |3, 15]. The exclusion of unknown functions of the system of equations (9)
outside the grid area of the plate is made in a matrix form.

An algorithm for numerical calculating the bending of multilayer composite plates with orthotropic
layers, where the number of layers, their structure and arrangement are arbitrary, was developed by the
finite difference method. This algorithm is implemented by a software package on a PC. This software
package consists of a head program and several subroutines when using the FortRUN programming
language.

The flowchart of the head program is divided into several blocks. Each block is @autonemous and
designed to perform specific functions. For the convenience of performing calculations; all magnitudes
with dimensions are determined in a dimensionless form [12].

Below we describe the functions for these blocks of the flowchart of the head program.

In the first block, all the initial data and parameters of the task are ifitroduced! In the second
block, the stiffness characteristics are set for a multilayer composite plate with otthotropic layers. In
the third block, systems of equilibrium equations for the plate under gonsideration are compiled and
then solved. In the fourth block, the stress-strain state of the multilayergplate is calculated.

Conclusion

Using hypotheses (1), Lagrange’s variational principlef"the system of equations of the twelfth order
is obtained. This system of equations describes thg,bending fop a multilayer plate of an asymmetric
structure in thickness with orthotropic layers. Three fanctions of the coordinate surface are unknown:
the function of forces, the function deflection ‘and the fumction shear.

The boundary conditions consist of two groupsyof relations. The first group of boundary conditions
is similar in form to the conditions of the classical theory of plate bending and describes the boundary
conditions for the coordinate plane of the plate [12|. The second group of equations simulates the type
of deformation of the end surface for the plateland assumes the presence of various types of diaphragms
at the end of the multilayer platef Thej¢ombination of the conditions from the two groups makes it
possible to obtain various design features on the contour of the plate, i.e. it allows you to vary the
boundary conditions on the edgeés of the plate.

In Table 2 [14], the s6lutions €alculated by the method described above are checked against the
results of solutions determifted by known methods, namely, with the solution of the classical theory,
the exact solutionjthe solutién in trigonometric series, and the error of the solutions is calculated. In
Table 3 [14], a comparison®sf the obtained solution with experimental data for three-layer plates with
different plate parameteérs is presented.

Comparison, of the obtained solution by the finite difference method with solutions determined
using knowngmethiods, as well as with experimental data, shows a sufficiently acceptable accuracy in
solvingéuch problems and indicates the reliability of the proposed relations. It is impossible to apply
classical\gheéry for the problems under consideration.

It should be noted that when calculating the multilayer plates with orthotropic layers by analytical
methods in the most general formulation: with arbitrary boundary conditions (including elastic),
different types of load, complex shapes and different sizes of plates, different thickness of layers and
different elastic characteristics, etc., we have to face with great mathematical difficulties, and in most
cases to obtain an analytical solution of the problem under consideration is not possible. Such problems
can be solved by applying a very efficient finite difference method, which gives a sufficiently high
accuracy of solutions.
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Bip moandukalmsananral HaAKThIJIAHFAH Uy TeOPUsIChI Heri3iHe
AHAJINTUKAJIBIK 2KoH€ CaHAbIK 3€epPTTey
Maxkanana 6ip Mo UKAIUSITIAHFAH HAKTBIIAHFAH ULy TEOPUSIChI HETI3IHIE aHAJIUTUKAJIBIK KO
3epTTeyJiep KYPriziaren. AKbIPJIbl afbIpMAaIIBUILIKTAD OJICI Heri3iHje CaHIbIK, eceHTey)"( Bl a.
puTMmi >KacajraH. Y ChIHBLUIFAH dJlicTeMe OOMBbIHINA AJIBIHFAH IHEITiM Oesrijii menriMIep it HIBI Kt iMeH,
aTapiaps

aTaln afTKaHIa, KJIACCUKAJIBIK TEODUSHBIH IIelliMiMeH, J9JI IIelliMMeH, TPUTIOHOMETDPUSIBI

JArbl MIEMIMMEH, COHBIMEH KaTap 9KCIEPUMEHTTIK MOJIIMETTEPMEH CAJIBICTBIPBLIA/IbI. pceTis-
PeH OJIiCIIeH aJIbIHFaH HOTHKeJep/i Oacka oJlicTepMeH aHbIKTAJFaH IIeliMepMeH eTKITIKTI
JOIIKTI Kepcereai. By uinynin MmoaudukanusianFaH HAKThLIAHFAH TEOPUSICHIH 6ip H bl HETi3iHe
VCBIHBLIFAH 9MICTIH CeHIMILTINH maJresaeiiai. KapacThIpbLIbIl OTBIPFAaH €CEITe 1 ACCUKAJIBIK TEOPUA
KOJIJTAaHBLIMAMTBI.

Kiam coesdep: mogudukanusiIaHFaH HAKTHLIAHFAH Uiy TEOPUSICHI, AKBIPIIbLI BLIBIKTAP 9ici, Jlar-
paHXK BapHUALMSIIBIK, IPUHITAI, TudOEPEHITHATIBIK, oneparop,ge J1e VHECIH JTUCKPETU3AIULIAY.

Anagurndeckoe un e HuccJieJIoBaHne Ha OCHOBE OJIHOIA

Mop;md)n Ol yTOUHEHHOI Teopuu n3rnda
qe!

B crarpe nposeseno ¥ YHCJIEHHOE HCCJIEJIOBAHUE HA OCHOBE OJIHOM MOIMMDUIMPOBAHHON
YTOYHEHHO! TEOPUU U OCHOBE METO/[a KOHETHBIX Pa3HOCTEeN pa3paboTaH o0OIuil aJIrOPUTM IHUCTICH-
eH IOATPETIO’KEHHOM METO/IUKE PEIlleHre COTIOCTABIIEHO C Pe3yIbTATAMI U3BECTHBIX
eIleHNeM KJIACCUYECKO} TE€OPUU, C TOYHBIM DEIIEHHEM, C PelleHneM B TPUIOHOMET-
€ C 9KCIIEPUMEHTAJIbHBIMI JaHHbIMA. CpaBHEHHE PE3YIbTaTOB, MOJIYIEHHBIX IO
VKe, C PEIIEHUsIMU, OIPEIEIEHHBIMU APYTUMHU METOJAMH, TOKA3bIBAET JTOCTATOYHYIO
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