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A hybrid algorithm for solving inverse boundary problems
with respect to intermediate masses on a beam

The inverse problem of determining the weight of three intermediate masses on a uniform beam from the
known three natural frequencies has been solved. The performed numerical analysis allows restoring the
value of only the second mass in a unique way. The inverse problem of determining the weight of three
intermediate masses has been solved uniquely except in the case when the first and the third masses are
located geometrically symmetric relative to the middle of the beam. The hybrid algorithm for the unique
solving inverse problem of determining the weight of three intermediate masses has been developed. The
first three natural frequencies of the beam are calculated numerically by using the Maple computer package.
Analytical relations between the masses are found.

Keywords: natural frequencies, beam equation, characteristic determinant, inverse problem, intermediate
elements.

Introduction

Oscillatory systems with attached masses or attached masses and elastic couplings have been studied since
the 18th century and enormous number of works were devoted to them [1–9]. In these works, mainly, problems
of eigenvalues of the beam were investigated. In the listed works above, firstly, the influence on the spectrum
of the geometry of the region on which the additional element is concentrated was illustrated. Secondly, the
difference in the behavior of natural frequencies at large and small loads was demonstrated.

In recent years, methods of analysis of direct and inverse problems for differential operators with concentrated
masses and elastic connections were actively developing [10–17]. These methods are paramount as they make
it possible to develop technologies to ensure the safety of people. In contrast to works [18–22], in this paper,
we develop a hybrid algorithm for solving the unique solution of the inverse problem of determining the weight
of intermediate masses at points non-end of the beam from the three known natural frequencies. The novelty
of this work is the geometrical symmetry of the location of the first and third masses relative to the middle
of the beam for ambiguous definition of concentrated masses, which has been found on the basis of numerical
calculations (see subsection 3.2).

*Corresponding author.
E-mail: nurakhmetov@math.kz

4 Bulletin of the Karaganda University

Buk
eto

v u
niv

ers
ity



A hybrid algorithm for solving ...

The problems of diagnosing the value of one concentrated mass were investigated numerically and experimentally
in [18, 19]. Since changes in the values of concentrated masses on a beam can characterize the degree of disc
frazzle, it is relevant to study mechanical systems with n elements (1 < n <∞) ([20], n = 2). The masses were
found uniquely up to rearrangement of their places in [20]. The sufficient conditions for the existence of a unique
solution to the problem of identifying the concentrated mass and spring stiffness at the points non-end of the
beam from the known first two natural frequencies were found in [21]. The inverse problem of determining the
stiffness coefficients of intermediate springs on the beam from the two known natural frequencies was solved
in [22]. The conditions on the disposition of intermediate springs were found in [22] where the spring stiffness
coefficients were accurately determined up to their transposition.

In this paper, a beam with three intermediate massesm1,m2, andm3 (kg) is considered. Units of measurement
and abbreviations for all physical parameters considered in the article are standard.

The main goal of this work is to reveal the conditions for the geometric disposition of the concentrated
masses for the nonunique solution of the inverse problem of restoring the concentrated masses with the known
first three eigenfrequencies in advance.

The authors of this paper propose a hybrid algorithm that allows to calculate all three weights for concentrated
masses with geometric symmetry of the location of the first and third masses relative to the middle of the beam.
Note that the numerical method for solving the inverse problem allows to determine only the value of the second
mass.

To solve the inverse problem, methods of the spectral theory of differential operators are applied. Justification
of the proposed hybrid algorithm is carried out by using numerical calculations and analytical relationships (see
subsection 3.3). The results of this study will contribute to the development of methods for solving inverse
problems with multipoint internal elements.

2 Formulation of the main problem

Let the first mass be located at a distance a from the left end of the beam, the second mass at a distance
b, respectively, and the third mass at a distance c, respectively (Fig. 1). As a result, the beam is divided into 4
sections: − l

2 < x < a− l
2 , a−

l
2 < x < b− l

2 , b−
l
2 < x < c− l

2 , c−
l
2 < x < l

2 .

Figure 1. A beam with intermediate masses

The equation of free transverse vibrations of a beam of length l at − l
2 < x < l

2 , t > 0 is written as

ρA
∂2w(x, t)

∂t2
+ EJ

∂4w(x, t)

∂x4
= 0,

where w(x, t) is transverse displacement, m; ρ is material density, kg/m3 ; A is the cross-sectional area, m2; E
is the elastic modulus of material, N/m2 ; J is the moment of inertia of the beam cross-section, m4.

We use a method that is also applicable to beams with different types of fixation. For definiteness, we
consider only a hinged-hinged beam. The problem of transverse vibrations of a beam of length l by replacement
w(x, t) = y(x)sin(ωt) is reduced to the following spectral problem:

EJyIV (x) = ω2ρAy(x), x 6= a− l

2
, x 6= b− l

2
, x 6= c− l

2
, (1)

[EJy′′′(x)]x=Pi
= −miω

2y (Pi) , i = 1, 2, 3. (2)

[y(x)]x=Pi
= 0, [Ey′(x)]x=Pi

= 0, [EJy′′(x)]x=Pi
= 0, (3)
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y(x)|x=− l
2

= 0, EJy′′(x)|x=− l
2

= 0, (4)

y(x)|x= l
2

= 0, EJy′′(x)|x= l
2

= 0, (5)

where P1 = a− l
2 , P2 = b− l

2 , P3 = c− l
2 and

[f(x)]x=c = lim
ε→+0

[f(c− ε)− f(c+ ε)] .

It means the jump of the function at the point x = c. Denote p4 = ω2ρA
EJ , where ω is frequency parameter, Hz.

3 Material and methods

This section describes the main methods for solving the inverse problem of determining the concentrated
masses from three known natural frequencies of the hinged-hinged Euler-Bernoulli beam. For this, it is necessary
to write down an explicit form of the characteristic determinant of problem (1)–(5), which is important for
calculating the first three natural frequencies. Then, we obtain a system of three nonlinear equations with
three unknowns by using the known first three natural frequencies and the explicit form of the characteristic
determinant. To find the physical parameters of the concentrated masses, the Maple computer package is used
[23]. Some explicit relationships between the masses are found with the help of recurrent transformations, which
are confirmed by numerical calculations.

3.1 The problem of transverse vibrations of a beam with intermediate masses

To calculate the natural frequencies of problem (1)–(5), an explicit form of the characteristic determinant
is required. Let us formulate the main lemma.

Lemma 1. The values of the natural frequencies of problem (1)–(5) are determined from the equation

∆ (a, b, c, l, p,m1,m2,m3) = α (a, b, c, l, p)m1m2m3 + β1 (a, b, l, p)m1m2+

+β2 (a, c, l, p)m1m3 + β3 (a, b, l, p)m2m3 + γ1 (a, l, p)m1+

+γ2 (b, l, p)m2 + γ3 (c, l, p)m3 + ∆0 (l, p) = 0,

(6)

where

α (a, b, c, l, p) = − p3

ρ3A3
(2 (sin(p(a+ b− l)) + sin(p(a− b+ l))) (cosh(p(a− b+ l))− cosh(p(a+ b− l))) +

+2 (sin(p(b+ c− l))− sin(p(b− c+ l))) (cosh(p(b+ c− l))− cosh(p(b− c+ l))) +

+2 (cos(p(a+ b− l))− cos(p(a− b+ l))) (sinh(p(a− b+ l)) + sinh(p(a+ b− l))) +

+2 (cos(p(b+ c− l))− cos(p(b− c+ l))) (sinh(p(b− c+ l))− sinh(p(b+ c− l))) +

+2 (cos(p(b+ c− l))− cos(p(b− c+ l))) (sinh(p(2a− b+ c− l))− sinh(p(2a− b− c+ l))) +

+2 (cos(p(a− b+ l))− cos(p(a+ b− l))) (sinh(p(a+ b− 2c+ l)) + sinh(p(a− b+ 2c− l))) +

+2 (cosh(p(a+ b− l))− cosh(p(a− b+ l))) (sin(p(a+ b− 2c+ l)) + sin(p(a− b+ 2c− l))) +

+2 (cosh(p(b− c+ l))− cosh(p(b+ c− l))) (sin(p(2a− b+ c− l))− sin(p(2a− b− c+ l))) +

+ sin(p(2a− l)) (cosh(p(2b− l)) + cosh(p(2c− l))) + sin(p(2b− l)) (cosh(p(2a− l))− cosh(p(2c− l)))−
− sin(p(2c− l)) (cosh(p(2a− l)) + cosh(p(2b− l))) + cos(p(2a− l)) (sinh(p(2c− l))− sinh(p(2b− l))) +

+ cos(p(2b− l)) (sinh(p(2c− l))− sinh(p(2a− l))) + cos(p(2c− l)) (sinh(p(2b− l))− sinh(p(2a− l))) +

+ sin(p(2a− 2b+ l)) (cosh(pl)− cosh(p(2c− l))) + sin(p(2a− 2c+ l)) (cosh(pl)− cosh(p(2b− l))) +

+ sin(p(2b− 2c+ l)) (cosh(pl)− cosh(p(2a− l))) + sinh(p(2a− 2b+ l)) (cos(p(2c− l))− cos(pl)) +

+ sinh(p(2a− 2c+ l)) (cos(p(2b− l))− cos(pl)) + sinh(p(2b− 2c+ l)) (cos(p(2a− l))− cos(pl)) +

+2 (sinh(p(2a− l))− sinh(p(2c− l))) cos(pl) + 2 (sin(p(2c− l))− sin(p(2a− l))) cosh(pl)+

+2 (cosh(p(2b− l))− cosh(pl)) sin(pl) + 2 (cos(pl)− cos(p(2b− l))) sinh(pl)−
− (cosh(p(2a− 2b+ l)) + cosh(p(2b− 2c+ l))− cosh(p(2a− 2c+ l))) sin(pl)+

+ (cos(p(2a− 2b+ l)) + cos(p(2b− 2c+ l))− cos(p(2a− 2c+ l))) sinh(pl)+

+ cosh(p(2a− 2b+ 2c− l)) sin(pl)− cos(p(2a− 2b+ 2c− l)) sinh(pl)) ,
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β1 (a, b, l, p) = − 1

ρ2A2

(
4p2 (sin(pl) sinh(p(2a− 2b+ l))− sinh(pl) sin(p(2a− 2b+ l)) +

+(cos(pl)− cos(p(2b− l))) cosh(p(2a− l)) + (cos(pl)− cos(p(2a− l))) cosh(p(2b− l))+
+ (sinh(p(2b− l))− sinh(p(2a− l))) sin(pl) + (sin(p(2a− l))− sin(p(2b− l))) sinh(pl)+

+2(cos(p(a− b+ l))− cos(p(a+ b− l))) cosh(p(a− b+ l))+

+2(cos(p(a+ b− l))− cos(p(a− b+ l))) cosh(p(a+ b− l))+
+ (cos(p(2a− l)) + cos(p(2b− l))) cosh(pl)− 2 cosh(pl) cos(pl))) ,

β2 (a, c, l, p) = − 1

ρ2A2

(
4p2 (sinh(pl) sin(p(2a− 2c+ l))− sin(pl) sinh(p(2a− 2c+ l)) +

+ (cosh(p(2a− l))− cosh(pl)) cos(p(2c− l)) + (cosh(p(2c− l))− cosh(pl)) cos(p(2a− l))+
+ (sinh(p(2a− l))− sinh(p(2c− l))) sin(pl) + (sin(p(2c− l))− sin(p(2a− l))) sinh(pl)

+2 (cosh(p(a+ c− l))− cosh(p(a− c+ l))) cos(p(a− c+ l))+

+2 (cosh(p(a− c+ l))− cosh(p(a+ c− l))) cos(p(a+ c− l))−
− (cosh(p(2a− l)) + cosh(p(2c− l))) cos(pl) + 2 cosh(pl) cos(pl))) ,

β3 (b, c, l, p) = − 1

ρ2A2

(
4p2 (sin(pl) sinh(p(2b− 2c+ l))− sinh(pl) sin(p(2b− 2c+ l)) +

+(cos(pl)− cos(p(2c− l))) cosh(p(2b− l)) + (cos(pl)− cos(p(2b− l))) cosh(p(2c− l))+
+ (sinh(p(2c− l))− sinh(p(2b− l))) sin(pl) + (sin(p(2b− l))− sin(p(2c− l))) sinh(pl)+

+2(cos(p(b− c+ l))− cos(p(b+ c− l))) cosh(p(b− c+ l))+

+2(cos(p(b+ c− l))− cos(p(b− c+ l))) cosh(p(b+ c− l))−
+ (cos(p(2b− l)) + cos(p(2c− l))) cosh(pl)− 2 cosh(pl) cos(pl))) ,

γ1 (a, l, p) =
16p

ρA
((cosh(pl)− cosh(p(2a− l))) sin(pl) + (cos(pl)− cos(p(2a− l))) sinh(pl)) ,

γ2 (b, l, p) = −16p

ρA
((cosh(pl)− cosh(p(2b− l)) sin(pl) + (cos(pl)− cos(p(2b− l))) sinh(pl)) ,

γ3 (c, l, p) = −16p

ρA
((cosh(pl)− cosh(p(2c− l))) sin(pl) + (cos(pl)− cos(p(2c− l))) sinh(pl)) ,

∆0(l, p) = −64 sin(pl) sinh(pl).

Here ∆0(l, p) is the characteristic determinant without masses. To find ω the vibration frequencies from relation
(6), the values p are first determined and then we find ω =

√
EJ
ρA p

2.

The proof of this lemma is carried out similarly to the method of in [22], and checking it is easy. To limit
the volume of the paper, we present only a scheme for the proof of Lemma 1.

The scheme of the proof:
1. Let us write the fundamental systems solving equation (1) in four intervals.
2. We construct the solution of equation (1) on four intervals, which contain 16 constants.
3. Further, it is required that the solution of equation (1) satisfies the internal conditions (2), (3), and the
boundary conditions (4), (5). Thus, we obtain a system of homogeneous nonlinear equations.
4. A priory for the existence of natural frequencies, it is necessary that the determinant of the resulting system
of nonlinear equations is equal to zero.

3.2 Numerical calculations

In this subsection, a series of numerical calculations are carried out to reconstruct the quantity of the
concentrated masses from the known first three natural frequencies. The experimental model consists of a steel
beam with a radius of 0.01 m, a length of 6 m and simply supported at the ends. Then EJ = 1649.34 (Nm2),
ρ = 7800 (kg m−3), A = 3.14 · 10−4 (m2).
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T a b l e 1

Determination of the quantity of the masses from the known first three natural frequencies

ω1 ω2 ω3 a b c m1 m2 m3

6.796 27.355 63.587 2 3 4 0.499 0.1 0.3
0.3 0.1 0.499

6.926 27.35 60.08 1 3 5 0.5 0.2 0.299
0.299 0.2 0.5

6.9 27.737 61.477 1.3 3 4.7 0.149 0.299 0.25
0.25 0.299 0.149

T a b l e 2

Determination of the quantity of the masses from the known first three natural frequencies

ω1 ω2 ω3 a b c m1 m2 m3

6.799 27.308 63.799 2 2.5 4 0.3 0.1 0.499
0.433 0.099 0.366

6.801 27.282 63.925 2 3.7 4 0.3 0.099 0.5
0.585 0.1 0.215

6.982 27.228 60.863 1 4 5 0.299 0.1 0.5
0.344 0.1 0.454

T a b l e 3

Determination of the quantity of the masses from the known first three natural frequencies

ω1 ω2 ω3 a b c m1 m2 m3

6.785 27.459 63.479 2.2 3 4 0.3 0.099 0.499
-0.162 0.139 0.953

6.827 27.178 63.170 2 3 4.3 0.299 0.099 0.5

The results of numerical calculations illustrate that the geometrical arrangement of the first and third masses
plays an important role in the ambiguous reconstruction of these quantities. It follows from Tables 1, 2 that the
symmetrical arrangement of the first and third masses relative to the middle of the beam leads to ambiguous
restoration of the values of these masses. Note that the location of the second mass between the first and third
has no significant effect. It can be seen from Table 3 that the violation of symmetry with respect to the middle
of the beam when the masses are located makes it possible to restore the values of all three masses uniquely.
We calculate the natural frequencies of problem (1)–(5) with an accuracy of ε = 10−6. Here ε means that for
fixed values of a, b, c, l, m1, m2, m3 condition |∆(a, b, c, l, m1, m2, m3)| < ε, i = 1, 2, 3 is satisfied.

3.3 A relationship between the concentrated masses

It follows from tables 1-3 that the second mass is determined uniquely regardless of the geometric location.
Therefore, in this section, the analytical relationships of the first and third masses between the second mass are
shown.

Consider the inverse problem for determining the values of the mass. Assume that we know all the physical
parameters, the location of the intermediate masses, as well as the first three natural frequencies of the transverse
vibrations of the beam. It is required to determine the value of the first and third mass. Here, we assume that
the second mass is uniquely determined numerically; therefore, the parameter is assumed to be known.

Lemma 2. The parameters m1 and m3 are determined by the following formulas, respectively:
If bm1 < 0, then

m1 = − 2cm1

bm1 −
√
b2m1
− 4am1

cm1

, m3 = −a2m1m2 + a5m1 + a6m2 + a8

a1m1m2 + a3m1 + a4m1 + a7
, (7)

If bm1 ≥ 0, then

m1 = − 2cm1

bm1 +
√
b2m1
− 4am1cm1

, m3 = −a2m1m2 + a5m1 + a6m2 + a8

a1m1m2 + a3m1 + a4m1 + a7
, (8)
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where
am1

= (a1b2 − a2b1)m2
2 + (a1b5 − a2b3 + a3b2 − a5b1)m2 − b3a5 + b5a3,

bm1
= (a1b6 − a2b4 + a4b2 − a6b1)m2

2 − a8b3 + b5a7 − b7a5 + b8a3+
+(a1b8 − a2b7 + a3b6 + a4b5 − a5b4 − a6b3 + a7b2 − a8b1)m2,
cm1 = (a4b6 − a6b4)m2

2 + (a4b8 − a6b7 + a7b6 − a8b4)m2 − a8b7 + a7b8.

Proof of Lemma 2. Let p1, p2 and p3 be zeros of ∆ (p) := ∆ (a, b, c, l, p,m1,m2,m3) . Then, three equalities hold
a1m1m2m3 + a2m1m2 + a3m1m3 + a4m2m3 + a5m1 + a6m2 + a7m3 + a8 = 0,

b1m1m2m3 + b2m1m2 + b3m1m3 + b4m2m3 + b5m1 + b6m2 + b7m3 + b8 = 0,

c1m1m2m3 + c2m1m2 + c3m1m3 + c4m2m3 + c5m1 + c6m2 + c7m3 + c8 = 0,

(9)

Here
a1 = α (a, b, c, l, pi) , a2 = β1 (a, b, l, pi) , a3 = β2 (a, c, l, pi) , a4 = β3 (b, c, l, pi) ,
a5 = γ1 (a, l, pi) , a6 = γ2 (b, l, pi) , a7 = γ3 (c, l, pi) , a8 = ∆0 (l, pi) , i = 1.

Similar designations are valid for bk, ck, k = 1, 8 for i = 2, 3, respectively. We transform the system of nonlinear
equations (9) into the following form

(a1m1m2 + a3m1 + a4m2 + a7)m3 + a2m1m2 + a5m1 + a6m2 + a8 = 0,

(b1m1m2 + b3m1 + b4m2 + b7)m3 + b2m1m2 + b5m1 + b6m2 + b8 = 0.

(c1m1m2 + c3m1 + c4m2 + c7)m3 + c2m1m2 + c5m1 + c6m2 + c8 = 0,

(10)

Using a linear combination from system (10), we obtain a quadratic equation with respect to m1:

((a1b2 − a2b1)m2
2 + (a1b5 − a2b3 + a3b2 − a5b1)m2 − b3a5 + b5a3)m2

1+

+((a1b6 − a2b4 + a4b2 − a6b1)m2
2 − a8b3 + b5a7 − b7a5 + b8a3+

+(a1b8 − a2b7 + a3b6 + a4b5 − a5b4 − a6b3 + a7b2 − a8b1)m2)m1+

+(a4b6 − a6b4)m2
2 + (a4b8 − a6b7 + a7b6 − a8b4)m2 − a8b7 + a7b8 = 0

(11)

Let bm1
< 0. Then the corresponding solution to a quadratic equation of the form ax2 + bx+ c = 0 is defined as

x =
−2c

b−
√
b2 − 4ac

(12)

which is used in Muller’s method. Using formula (12) for the quadratic equation (11), we obtain the first formula
from (7). After finding m1, the second formula of (7) follows from (10). For the case bm1

≥ 0, the proof of (8)
is similar. Lemma 2 is proved.

3.4 The hybrid algorithm for solving the uniqueness of the inverse problem

Subsections 3.2 and 3.3 allow to formulate the hybrid algorithm for solving the uniqueness of the inverse
problem of three concentrated masses from the known first three natural frequencies.
Hybrid algorithm:

1. All physical parameters of the beam are fixed, except concentrated masses.
2. The parameters of the first three natural frequencies are entered.
3. The value of m2 is numerically found.
4. Using formula (7), we find m1 and m3.

To test the proposed hybrid algorithm, consider an example.
1. The experimental model consists of a steel beam with the radius of 0.01 m, the length of 6 m and the

hinged fixation at the end. Then EJ = 1649.34 (Nm2), ρ = 7800 (kg m−3), A = 3.14 · 10−4 (m2). The masses
m1, m2, and m3 are located from the left end of the beam at distances of 2 m, 3 m, and 4 m, respectively.

2. ω1 = 6, 796, ω2 = 27, 355, ω3 = 63, 587.
3. m2 = 0, 1.
4. m1 = 0, 3, m3 = 0, 499.
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The considered example confirms the validity of the proposed hybrid algorithm. Note that for the proposed
algorithm the geometrical disposition of the concentrated masses does not matter. In the future, the practical
interest will be to investigate the inverse problem for a beam with a variable foundation coefficient when
the beam comprises some concentrated elements. The beams with the variable foundation coefficient without
concentrated masses for various fixations were investigated in [24].

Conclusion

It can be concluded that for solving the inverse problem regarding intermediate masses on the beam, the
geometric symmetry of the location of the first and third masses relative to the middle of the beam is essential
based on the performed numerical calculations (see Table 1, 2). The numerical analysis allows restoring uniquely
the value of the second mass, regardless of its location (see Table 3). The last formulated fact allowed us to
find the analytical relationships of the first and third masses between the second. We have developed the hybrid
algorithm for solving inverse problems for determining the weight of intermediate masses on a uniform beam
from the known first three natural frequencies based on the revealed patterns. Our results can be useful for the
development of methods of inverse problems in beam systems with attached elements.
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Бөренедегi аралық массаларға қатысты шекаралық керi
есептердi шешуге гибридтi алгоритм туралы

Белгiлi үш жиiлiкпен бiртектi бөренедегi үш аралық массаның салмақтарын анықтайтын керi есеп
шешiлдi. Жүргiзiлген сандық есептеулер тек қана екiншi массаның салмағын анықтауға мүмкiндiк
бередi. Бөренедегi үш аралық массаның салмақтарын анықтайтын керi есеп бiрiншi мен екiншi масса
бөрененiң ортасына қатысты геометриялық симметриялы орналасқан жағдайдан басқа жағдайларда
бiрмәндi шешiледi. Барлық үш аралық массаның салмақтарын анықтайтын керi есептiң бiрмәндi ше-
шiмi бар болуы үшiн гибридтi алгоритм жасалды. Алғашқы үш меншiктi жиiлiк Maple компьютерлiк
пакетi арқылы есептелдi. Массалар арасында аналитикалық қатынас табылды.

Кiлт сөздер: меншiктi жиiлiктер, бөрене теңдеуi, сипаттамалық анықтауыш, керi есеп, аралық эле-
менттер.
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Об одном гибридном алгоритме решения обратных граничных
задач относительно промежуточных масс на балке

Решена обратная задача определения веса трех промежуточных масс на однородной балке по извест-
ным трем собственным частотам. Проведенный численный анализ позволяет единственным образом
восстанавливать величину только второй массы. Обратная задача определения веса трех промежу-
точных масс решается однозначно, кроме случая, когда первая и третья массы расположены гео-
метрически симметрично относительно середины балки. Для однозначного решения обратной задачи
определения веса трех промежуточных масс разработан гибридный алгоритм. Первые три собствен-
ные частоты стержня вычислены численно с помощью компьютерного пакета Maple. Найдено анали-
тическое соотношение между массами.

Ключевые слова: собственные частоты, уравнение балки, характеристический определитель, обратная
задача, промежуточные элементы.
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