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On recognizing groups by the bottom layer
The article discusses the possibility of recognizing a group by the bottom layer, that 'g, e
its elements of prime orders. The paper gives examples of groups recognizable by the bot layer,
almost recognizable by the bottom layer, and unrecognizable by the bottom layer. Results ar ta fo
recognizing a group by the bottom layer in the class of infinite groups under some additio estrictions. The
notion of recognizability of a group by the bottom layer was introduced by analogy gnizability
of a group by its spectrum (the set of orders of its elements). It is proved t all finj imple non-
Abelian groups are recognizable by spectrum and bottom layer smlultaneousl class of finite simple
non-Abelian groups.
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Introduction

The article discusses the possibility of resto ups the bottom layer under additional
conditions.
The bottom layer of a group is the set of i
A group is called recognizable by the botto
reconstructed by the bottom layer under these con

A group G is called almost recognizablesby the bottom layer under additional conditions if there

lements\of prime orders.

bottom layer as the group G.
A group G is called unr

an infinite number of pairwi

bottom layer as the grou

Many results for ith a given bottom layer describe some of the properties of the groups.
For example, V. uro ved that a group with a bottom layer consisting of elements 2, 3, 5, in
which all other no elements are of order 4, is locally finite [1]. If the bottom layer of finite

s of orders 2, 3, 5 and the group contains no non-identity elements of other
oved that this is a group of even permutations on five elements [2].
roup recognition by the bottom layer were reported at the conferences [3-5] and
rnals [6-8].

Main part

Let us give an example of a group recognizable by the bottom layer in the class of finite groups.
If the bottom layer of group G consists of elements of order 2 and the group contains no non-identity
elements of other orders, then G is an elementary Abelian 2-group. That is, group G is recognizable
by the bottom layer in the class of finite groups.
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An example of unrecognizability by the bottom layer in the class of finite groups is given by the
following infinite series of groups: in the infinite row of the cycle groups of the orders p, p?, p?,... for
some prime p the same bottom layer consisting of p—1 elements of order p. In this example, the groups
are unrecognizable by the bottom layer in the class of finite groups.

Recall that a group G is called layer-finite if it has a finite number of elements of each order. This
term was introduced by S.N. Chernikov. The definition of a layer-finite group arose in connection with
the study of infinite locally finite p-groups provided that the center of the group Z(G) has a finite
index [9].

The groups in the following example are almost recognizable groups by the bottom layer in the
class of infinite layer-finite groups. V.P. Shunkov proved that if the bottom layer in an infinite layer-
finite group consists of one element of order 2, then the group G is either quasi-cyéligporfam infinite
generalized quaternion group. The groups from the result of V.P. Shunkov are almogt regognizable by
the bottom layer in the class of infinite layer-finite groups.

Earlier the recognizability of a complete group with a layer-finite center afid agperiodic quotient
group by it is obtained in the class of infinite groups:

Let G be a complete group in which Z(G) is layer-finite and G/Z(G) 18ya periodic group. If the
bottom layer of group G consists of an element p"~! of order p, thenggroup G¥is recognizable by the
bottom layer in the class of groups satisfying these conditions [6].

Let us recall some results on the recognizability of groups in someiclasses of groups obtained earlier
by the authors.

If G is a complete group in which Z(G) is layer-finite and G/Z(G) is a periodic group containing
for each prime p only a finite number of p-elements, then group, Gis recognizable by the bottom layer
among groups with such properties [6].

Definition 1. Layer-finite group is called @, thin layer-finite group if all of its Sylow subgroups are
finite.

Let G be a group in which the center contains¥aseomplete layer-finite subgroup R such that the
factor group G/R is a thin layer-finite group. The group G is recognizable by the bottom layer among
groups with such properties [6].

Let G be a complete nilpotent pf8Ffoup with a finite bottom layer. Then group G is recognizable by
the bottom layer among groups with such properties [6].

Let G be a complete periodig groupgn which for each prime p there is only a finite number of Sylow
p-subgroups and for everygpFime pythere is at least, one Sylow p-subgroup in G, which is a layer-finite
group. Then the group i regdgdizable by the bottom layer among groups with such properties [6].

A complete nilpotent p-grefip with a finite bottom layer is recognizable by the bottom layer in the
class of groups satisfyingethese conditions [6].

In articles |7,8), théyrecognizability by the bottom layer of the complete group is considered under
slightly_diffefent conditions: layer finiteness of the group or the existence of a layer finite subgroup S
in thé center of thef@roup G such that G//S is layer finite group. In the same papers, it was proved that
a group 4§ recognizable by the bottom layer among locally solvable group without involutions with the
minimality céndition.

It is comvenient to consider the recognition of groups by the bottom layer in the class of layer-finite
groups. However, we can also consider other classes of groups.

Now we consider under which conditions it is possible to recognize groups by the bottom layer in
the class of infinite groups.

Periodic complete Abelian groups are not necessarily layer-finite. The next theorem establishes the
recognizability of a group by the bottom layer in this class of groups.

Theorem 1. Group G is recognizable by the bottom layer among periodic complete Abelian groups.
Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 1, the complete Abelian
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group G decomposes into a direct sum of subgroups isomorphic to the additive group of rational
numbers or to quasi-cyclic groups, possibly for different prime numbers. There can be no rational
groups in this extension, since GG is a periodic group and, therefore, there are no elements of infinite
order in it. Since the direct product of quasi-cyclic groups is restored from the bottom layer, the group
G is recognizable by the bottom layer among groups with the properties as in the theorem. The theorem
is proved.

Definition 2. A group is called radically complete if for any of its elements a and for each natural
number n the equation 2™ = @ has at least one solution in it [10].

Theorem 2. Group G is recognizable by the bottom layer among periodic radically complege groups
satisfying the normalizing condition.

Proof. Indeed, let group G satisfy the indicated conditions. By Proposition 2 the eleinentsyof finite
order of the radically complete group satisfying the normalizing condition G form agomplete Abelian
group. As G is periodic, such a group G by Theorem 1 is recognizable by the _bottom layer dmong
periodic complete Abelian groups. So G is recognizable by the bottom layer amionggperiodic radically
complete groups satisfying the normalizing condition. The theorem is proved:

Radically complete groups are not necessaryily layer-finite. For example,“direct product of infinite
number of quasi-cyclic groups for the same prime number is radicallyfcompletey but it is not a layer-
finite group.

The notion of recognizability of a group by the bottomglayer was, introduced by analogy with the
recognizability of a group by its spectrum.

The spectrum of a finite group is a set of orders of its elementSPA finite group G is called recognizable
by spectrum if any finite group which has the spectrum eeinciding with the spectrum of GG is isomorphic
to G. A group G is called almost recognizable by its\$pecttum if there are finitely many pairwise non-
isomorphic groups with the same spectrum as¢he group'&. A”group G is called spectrum-unrecognizable
if there are infinitely many pairwise non-isomorphic groups with the same spectrum as G.

Results on groups recognizable by spectrum could®e found in the works of A.V. Vasil’ev, V.D. Ma-
zurov, A.M. Staroletov, A.A. Buturlakin, M\A. Grechkoseeva, and others [11-21].

An example of a group that is not“feeognizable by spectrum is group Ag with the spectrum 2, 3,
4,5, 8,9 (there are infinitely manygfgréups, one of which is group Ag) [12]. Also the group L3(3) with
the spectrum 2, 3, 4, 8, 9, 13y 16, 27 is umrecognizable by spectrum [12].

It is proved in [14] that the'syanmeétsi€ groups S, are recognizable by spectrum for n ¢ {2, 3,4, 5,6, 8,
10,15, 16,18, 21,27, 33, 35439945 | 3lfr 1994, W. Shi and R. Brandl proved the recognizability of an
infinite series of simple linea# gfoups La2(q), ¢ # 9 [15,16].

A.V. Vasil'evestablishedytlic result on the almost spectrum recognition of the group Us(5) in the
class of finite groups:

Let G be a fimite Simple group Uy(5) and H be a finite group with the property w(H) = w(G).
Then Hge GRor H SHG(y), where v is a field automorphism of the group G of order 2. In particular,
h(G)f= 2.

By i(G) 1t is denoted the number of pairwise non-isomorphic finite groups G with the same
spectruniy| 14}.

Thus, the group Uy (5) is almost recognizable by its spectrum in the class of finite groups.

We established previously [6] that the group Uys(5) is recognizable by both the spectrum and the
bottom layer in the class of finite groups:

If G is a finite simple group Uy(5), H is a finite group with the property w(H) = w(G) and the
bottom layer is the same as for the group Uy(5), then H = G. That is, U4(5) is the only finite group
with such a spectrum and such a bottom layer.

Almost all finite simple non-Abelian groups are recognized by their spectrum in the class of finite
simple non-Abelian groups. However, there are some exceptions: different groups of this set have the
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same spectra.
Theorem 3. All finite simple non-Abelian groups are simultaneously recognizable by spectrum and
bottom layer in the class of finite simple non-Abelian groups.
Proof. Let us show the possibility of recognizing by the bottom layer such finite simple non-Abelian
groups with the same spectrum using the example of the groups Sg(2) and Of (2).

The group Og (2) is simple, has order 174182400 = 212-35-52.7. With the help of the GAP package,
it was established that there are 69615 involutions (elements of order 2) and 24883200 elements of order
7 in it.

The group Sg(2) has order 1451520 = 27 - 3* . 5. 7. Using the GAP package, it was fou
contains 5103 involutions (elements of order 2) and 207360 elements of order 7.

that it

Thus, the groups S(2) and Og (2) have different numbers of elements of the se venth
orders on the bottom layer and thus are recognized simultaneously by the spectr the battom
layer in the class of finite simple non-Abelian groups.

In paper [11], it was established that among the finite simple non-Abelian @gro apart from the

O7(3) and Of (3).
The first group O7(3) from this pair is simple non-Abelian, has or
Using the GAP package, it was established that there are 38211264¢ nts/of the fifth order in it.
The second considered group Og (3) has the order 4952‘798144 = -312.52.7.13. Using the
GAP package, it was found that it contains 8253633024 ele e fifth order.
"&
r

groups Sg(2) and Og (2), there is only one more pair of almost umrecogn{é y spectrum groups
35068

0=29.39.5.7-13.

Thus, the groups O7(3) and Og (3) have different nu fifth-order elements in the bottom
layer and thus are recognized simultaneously by ct and the bottom layer in the class of
finite simple non-Abelian groups. The theorem is p

In proving the results of the paper, we
propositions with the corresponding number.

Proposition 1 (Theorem 9.1.6 from [22]). A 0 complete Abelian group can be decomposed
into a direct sum of subgroups isomorphicito the additive rational group or quasi-cyclic groups, may
be for different prime numbers.

Proposition 2 (Theorem 2.8
condition, then the elements,of its

lowing theorems, which were referred to as

f a radically complete group satisfies the normalizing
yrder form a complete Abelian subgroup.

Conclusion

izing of some finite and infinite layer-finite groups by the bottom layer are
tained for recovering groups by the bottom layer in the class of infinite groups
onditions. It is proved that all simple non-Abelian groups are simultaneously
and bottom layer in the class of finite simple non-Abelian groups.

The possibilities offre
considered. Resul
with some addi a
recognizable &y speetru
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B.. Cenamos!, N.A. INapanyx?

'PFA CB Ecenmix modeavdey uncmumymas, Kpacnosapcek, Pecet;
2Cibip Pedepandn yrusepcumemi, Kpacrosper, Pecetl

Temenri kadbart 6olbIHIIA IPynHaJapAbl TAHY T I
MaxkaJiazia rpynnasbl TOMEHr1 KabaTTaH, siFHU OHBIH 9JIEMEHTTEPIHIH Kail peTTepi

Tipy MYMKIiHIiri KapacTeipbuiran. 2KyMbicTa ToMeHTi KabaT apKbIIbI TAHBLIATH MeHDi

JIBL JIEPJIK TAHBLUIATHIH YKOHE TOMEHIT Ka0aT apKbLIbl TAHBIIMANTBIH TOITAP/]

IITekci3 rpynnaJsap KjaachlHJarbl TOMEHIT KabaTTaH I'DYNIIAHbl KaiTa Kyp

mekTeysaep OofbIHIIA aJdbIHIALI. ToMeHri KabaT GOUBIHINA TPYIIaHbI T

najapabl TaHyFa (OHBIH JE€MEHTTEPIHIH KATAPJIAPbIHBIH YKUBIHTHIFDI ) ac 8L1i. BapiblK akbIpJIbI
>Kail abesb/likeMec rpyIiagap/blH, CIIEKTPI XKOHE TOMEHT'1 Ka6aﬁ1 6 TAHBLIYbl AKbIPJIbI KapalaibIM
b

abeJib/iikeMec Irpynnagap KJIAChIHIa 6ip yakbITTa JJIEJEHIeH.
Kiam cesdep: rpymnma, KabaTThl aKbIPJIbI TPYIIA, TOMEHT] AT, GLIe TAHBIM/IBLITBIK,

KAJIIbIHA KeJl-

abaT apKbI-
Japbl KeJITipijireH.
epl Keiibip KOChIMIIIA

i ri ¢imekTp OOMBIHIIA TPYII-

B!
TO

B.1. Cenamondy 1. AL Tlapamnyx?

! Hnemumym ewucaumenvrozoamodenuposarus CO PAH, Kpacwospek, Poccus;
2 Cubupcruti e LHBL yHusepcumem, Kpacnoapck, Poccus

O pac @ U I'Pynn 110 HU2KHEMY CJIOKO

OCCTAHOBJIEHUS I'PYNIIBI 110 HUXKHEMY CJIOIO, TO €CThb II0 MHOXKECTBY
pUBeJIeHbI IPUMEPHI PACIIO3HABAEMBIX 110 HUXKHEMY CJIOIO, IIOYTH Pac-
O ¥ HEPACIIO3HABAEMBIX II0 HIKHEMY cJjioio rpyiir. [losydens! pe3ynbrars
WKHEMY CJIOIO B KyIacce OECKOHEUHBIX IPYIIIT IIPU HEKOTOPBIX JOIOJIHATEIbHBIX
aCII0O3HABAEMOCTH T'PYIIIBI II0 HU2KHEMY CJIOIO BBEJIEHO II0 aHAJIOTUH C Paclo3Ha-

OTpaHUIEHUIX.
BaEeMOCTBIO I
KOHEYHBIX IMPOCTBIX HeabesIeBbIX IPYIII 110 CIHEKTPY M HUXKHEMY CJIOI0 OJIHOBPEMEHHO B KJIACCE KOHEIHBIX
Oe. IX TPy
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