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Existence and uniqueness results for
the first-order non-linear impulsive integro-differential
equations with two-point boundary conditions

The article discusses the existence and uniqueness of solutions for a system of nonlinear-integro-differential
equations of the first order with two-point boundary conditions. The Green function is:constructed, and
the problem under consideration is reduced to equivalent integral equation. Existence and uniqueness of a
solution to this problem is analyzed using the Banach contraction mapping/ principle. Schaefer’s fixed point
theorem is used to prove the existence of solutions.
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Introduction

A lot of problems of physics, engineering, biology and economy are described by differential and integro-
differential equations. Such differential equations were studied rather well in [1-8]. In the above mentioned
papers mainly the differential equations with local conditions are studied. However, in the last years there is
a great interest to differential and integro-differential equations with nonlocal boundary conditions, by which
a number of practical processes are described. Today, there exist a great number of works devoted to ordinary
differential and integro-differential equations with nonlocal boundary conditions in which the theorem on the
existence of solutions are proved for different types of nonlocal conditions [9-20].

Note that numerical methods for multipoint and integral boundary problems for first-order ordinary di-
flerential equations were developed in [21,722].

It should be noted that the authors know about the study of boundary value problem as the form of

i(t)=f(tx(t), tel0,T], (1)
Az (0) + B (T) = C

from [23, 24|, where A, B.€ R"*™ are given matrices, f € R™ is a given function and it is assumed that the
condition detB# 0 is satisfied. An approximate solution of the problem (1) was constructed using a numerical-
analytical method developed by Samoilenko with the given initial conditions. In [11] the boundary value problem
was investigated as follows:

@)= [f(tx@), t€[0,T], t#ti, i=1,2,..,p,
Az (0) + Ba ( >= 7 (2)

Here A, B € R™*™ are given matrices, f, I; € R", i =1,2,...,p are given functions and
det(A + B) # 0. Theorems on the existence and uniqueness of the solution of the boundary value problem (2)
under suitable conditions have been proved. In this article the generalization of the boundary value problem
(2) for the Volterra-Fredholm type system of integro-differential equations with two-point and impulse effect is
studied.
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Problem statement

In this paper we study the existence and uniqueness of solutions of nonlinear integro-differential equations
of the type

&= f(t,z, 9z (t),0x(t), te€[0,T],t#t, i=1,2,..p (3)
with two-point boundary conditions
Az (0)+ Bz (T) = « (4)
and impulsive conditions
Az (tz) =1I; (SC (ti)) , 1=12...,p, 0=t <t; <..< t, < Tp+1 =T, (5)

where A and B are constant square matrices of order n such that det N #0, N = A+ B; f: [0,T] x R x R™ x
XR" - R" and I; : R* — R", i =1,2,...,p are a given function and
T

ox (t) = ftp(t, s)x (s)ds, gz (t) = [~ (t,s)x(s)ds, where pu,vy: R x R — R"*"
0 0

with ¢9 = max ||é (¢, 8)]| < oo, 70 = max |7 (¢ )] < oo,
t,s€[0T t,s€[0,T]

Az (t) =z (t])—a(t;), i=12,..p,
where
z () = hlir(r)l+ z(t;+h), z(t;) = hlirg x(t; 4+ h)
— 50—

are the right-hand and left-hand limits of z (t)) at ¢ = t;, respectively.

In this work for the Green function is constructed for the two-point boundary value problem and the
considered problem is reduced to the equivalent integral equations. Then the existence and uniqueness of the
solutions is studied using the Banach contraction mapping principle. The existence of the solution is also proved
by applying Schaefer’s fixed point theorem.

This paper is organized as follows. In Section 2, we introduce definition and lemmas, which are the key tools
for our main result. Section 3 focuses the theorems on the existence and uniqueness of the solution of problem
(3)—(5) established under some sufficient conditions on the nonlinear terms. An example is included.

Preliminaries

In this section we present some basic definitions and preliminary facts which are used throughout the paper.
We denote by C ([0, T]; R™) the Banach space of all continuous functions from [0, 7] into R™ with the norm

fJor|| = max {| (£)] - ¢t € [0, T},

where || is the norm in the space R".
We define the linear space

PC ([0,1);R") ={x:[0,T] = R"; x(t) € C((t;,tix1];R™),i=1,2,...,p,
x (tl_) and x (tj') exist, i =0,1,...,p and x (tz_) =z (t;)}.

Obviously, PC([0,T]; R") is a Banach space with norm

ol pe = max {2l 1,y = 01,

For the sake of simplicity, we can consider the following problem:

p(t) =y(t), tel0,T], (6)
Az (0) + Bz (T) = «, (7)
Az (t;) =a;, i=1,2,...,p. (8)

Lemma 1. Let y € C ([0, T]; R™) and a; € R™. The unique solution z (t) € PC ([0, T]; R™) of the boundary
value problem for differential equation (6) with boundary conditions (7) and impulsive conditions (8) is given
by
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x(t) :N_1a+/G(t,T)y(7')dT+ Z G (ti, tg) ag (9)
0

0<tp<T

for t € (t;,ti41],7=0,1,...,p, where

N71A, 0<7<t,
G(“):{ _N-IB, t<7<T.

Proof. If function x = z(-) is a solution of the differential equation (6), then for ¢ € (0,7

/y(s)ds - /Jb(s)ds = [a(tr) — 2(0)] + [a(ts) — 2(tr)] + oo + [2(t) — 2(t)]

=—z(0) - [z(ti") —a(t1)] — [x(ta®) —a(t)] — ... — [x(t:T) — x(ts) | (1),
where x( is an arbitrary constant vector. Using this formula and condition (8), wecan write
t
x(t) = z(0) +/ y(s)ds + Z a;. (10)
0 0<t;<t

Now we define x¢ so that the function in equality (10) satisfies condition (7). Then we have

T
(A+B)o:(0):a—B/y(t)dt—B >
0

0<tp<T
This obviously implies
T
xO:Nfla—Nle/y(T)dT—Nle Z ag. (11)
0 0<tp<T
Now in (8) we take into account the value.zo determined from the equality (11) and yield

t

T
x(t):N_la—N_lB/y(T)dT—N_lB > ak+/y(s)ds+ > a (12)
0 0

0<t<T 0<t; <t

Since equality
(E-N"'B)=N"'4
is true, then we can introduce the following function:

N71A, 0<7<t,
G(t’T):{ _N-IB, t<7<T.

Using this function, equality (12) can be written as an impulsive integral equation (9).
Lemma 2. Assume that f € C([0,7] x R™; R™). Then the function z (¢) is a solution of boundary-value
problem (3)—(5) if and only if x (¢) is a solution of the impulsive integral equation

T
(t) :N71a+/G(taT)f(Tny(T),be(T)NPﬂf (P)dr+ > G (titw) I ( (1)) - (13)
0 0<t; <T

Proof. Let x (t) be a solution of the boundary value problem (3)—(5). This lemma can be derived by a similar
argument to Lemma 1. By checking directly, we make sure that the solution of integral equation (13) satisfies
the boundary value problem (3)—(5). Lemma 2 is proved.
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Main results

We introduce the following conditions:
(H1) The functions f: [0,7] x R" x R® x R — R™ and I; : R — R" i =1,2,...,p are continuous;
(H2) There exist a constants M >0 and I; > 0, ¢ = 1,2, ...,p such that

|f (t,x1, 22, 23) — f (6 y1,y2,¥3)| < M (|1 — yi| + w2 — y2| + |23 — w3),

|Li (v1) — L (1) < liler — ], i =1,2,..,p

for each ¢ € [0,T] and all z1,x2, z3,y1,Y2,ys € R™;
(H3) There exists a constants K, k such that |f (¢t,2)| < K, |J; (z)] <k, i=1,2,...,p for each t € [0;7] and all
r € R™

Theorem 1. Assume conditions (H1) and (H2) hold, and

p
LS(TM(1+T(M0+70))+ZZ,;> <1, (14)
i=1
where S = max ||G (¢, 7).
(0,T]x[0,T]

Then boundary-value problem (3)—(5) has a unique solution on [0, 7.

Proof. Transform the boundary value problem (3)—(5) into a fixed point<problem. Consider the operator
F:PC([0,T];R") — PC([0,T]; R") defined by

(Fz)(t) = N~ a+/GtTf(T z (1), ¢z (1), pu(m)dra Y G(tit) I (z (1)) (15)

0<t; <T

Clearly, the fixed points of the operator F' are solutions of the boundary problem (3)—(5).

—1
Setting I[nax |f(¢,0,0,0)] = Mf, |7 (0)| = myand let us select r > |~ a”j_NifTSerp. We show that

{ :2,...,p}
FB, C B,, where

B, ={x € PC([0,T)R") : ||lz|| < r}.
For z € B,, using (H1) and (H2), we get

IFz(t)] < [N~ ol + /lG(th)V (f (7, 2(7), g (1), y2 (7)) = £(7,0,0,0)| + | f(7,0,0.0)[) d7

p

+ |G (ta ti) | (T (2 (88)) = T (0)] + 1 (0)])

k=1
p
< | Ntd|| + S fy (M (2] + |g2| + hyal) + M) dt+S Y b |2 (t)] +mp
k=1
p
<IN + SMT (|« + T (¢o |2]) + 70 [2]) + MFTS + S 3 Iy || + mp
k=1
p
<|IN“la||+ S <MT(1 +T (¢0 +7)) + > zk) ||| + M;TS +mp <r.
k=1

In order to show that the operator F' is a contraction, let for any x,y € B, we have

T
[Pz — Fy| < / G (t,7) (f(7,2(7), ¢z (t) ;v (1) = f(79(7), ¢y (8) , v (1)) dT
0

Z (tir tr) (I (z () — Ir (y (tk)))’
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SMS/(|96‘(?f)—y(1t)|+|¢3j (6) = Gy (1) + Iy () =y () dt + 5 Y L o (t) =y (t)]]

k=1

p
< _
<S8 (MT(l +T (¢ +0)) + I;lk> max |lz(t) — y(t)|
or
[Fz—Fy|| < Lz -yl

It is seen that F' is contraction by condition (14). So the boundary-value problem (3)—(5) has a unique solution.

Theorem 2. Assume conditions (H1)—(H3) hold. Then boundary-value problem (3)—(5) has at least one
solution on [0, 7.

Proof. Let F be the operator defined in (15). We shall use Schaefer’s fixed point theorem to:prove that F'
has a fixed point. The proof will be given in several steps.

Step 1: F is continuous. Let {z,} be a sequence such that =, — z in PC([0,T];R"). Then, for each
te (tiati—i-l] ,1=0,1,...p

T
|(F) (t) = (Fan) ( / (t,7) (f(r2(7), ¢ (8) , ya (1) — [ (7, 2n(T), G2 ()70 (1)) dT
0
+ DG (i tr) (I (@ (1) = I (g (tk)))‘
k=1

<s (TM(1+T<¢0+%>> +sz> F U )] < Ll — 2]

k=1

From here we get ||(Fz) (t) — (Fx,) (t)|| = 0 as n — oo, which implies that the operator F' is continuous.

Step 2: F maps bounded sets into bounded sets'in PC'([0,77]; R™). Indeed, it is enough to show that for
any 1 > 0 there exists a positive constant w such that for-each x € B, = {x € PC ([0,T]; R") : ||z|| < n} we
have || F (z)|| < w. We have for each ¢ € [0,T]

|(Fz) ()] <|N "ol + S (TK + pk).

This implies that
|F @)L [N o + S (TK + pk) = w.

Step 3: F maps bounded sets into equicontinuous sets of PC ([0,7T]; R™). Let &1,& € [0,T], & < &,B;, be
a bounded set of PC ([0,7]; R™) as in Step 2, and let z € B,,.
Then, we have

F(z(&2) - F(z (&)
= (A4 B) VA [ f(r,a(7), ¢ (7) v (7))dr — (A+ B)~ Bff (1, 2(7), ¢z (1) ;v (7))dr

—(A+B)_1A/f(ﬂx(7),¢x(7) r(r))dr — (A + B)~ /fms b (7) vz (r))dr

0

&2 &2

—(A+B)'A / f(r2(r), da (7) .7z (r))dr + (A + B)"' B / f(ryx(r), () e (7))
&1 I3
&2
:/f(T,:U(T))dT.
&1
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As ty — t1, the right-hand side of the above equalities tends to zero. As a consequence of Steps 1 to
3 together with the Ascoli-Arzela theorem, we can conclude that F : PC ([0,T];R™) — PC ([0,T];R"™) is
completely continuous.

Step 4: A priori bounds. Now it remains to show that the set A = {z € PC([0,T];R") : x = AF ()
for some 0 < A < 1} is bounded. Let « € A. Then, x = AF (x) for some 0 < A < 1. Thus, for each
t € (ti,tiy1] i =0,1,...,p, we have

z P
z(t) = AN "ta + )\/G(t,r)f(T, x(71), px (1), v (7))dT + /\Z G (ti tg) I (z (tr)) -
0

k=1

From here
Izl < [N~ al| + 8 (TK + pk).
Therefore, the set A is bounded. The conclusion of Schaefer’s fixed point theorem applies and the operator
F has at least one fixed point. So, there exists at least one solution for the problems (3)—(5).on {0, Z].

Ezxample

Consider the following system of integro-differential equations:

21 = 0.529 + sin (O.Q fot tsxy (s) ds) ,
9 = 0.5x1 + cos (0.2 fol tsza (8) ds)

with two-point boundary conditions
X1 (0) = 0,.172 (1) =1
and impulsive condition
|z (0.5)]
(1 + a2 (0.5)])°

10 0 0 0.2ts 0 0 0
Wheret€[0,1]7A<O O),B<O 1)andu(t,8)< 0 0)77(t’5)<0 0.2ts>’and

S = 1, M = 05, Ho = Yo = 02, ll =0.1.
Then L =TSM (14T (1o +70)) =05 (1 +0.240.2) +0.1 = 0.8 < 1.
Thus, by Theorem 1, the boundary value problem has a unique solution on [0, 1].

Conclusion

The boundary conditions considered in this paper are general enough and can be used extensively in a
wide class of problems. In this article the existence and uniqueness of the solutions for the first-order nonlinear
impulsive differential equations with two-point conditions are established under sufficient conditions. Note that
the methods given here can be used in similar multi-point problems for the ordinary differential equations as
follows:

()= f(t,zt),px(t),yz (@), te0,T]

with.multi-point. and integral boundary conditions

m T
Zlix(ti)Jr/n(t)x(t) dt = a.
0

i=0
Here 0 = tp < t1 < ... < tpm1 <ty =T; n(t) € R™*™ is a given function; I; € R**™, i = 1,2,...,m are given
matrices; a € R"is a given vector and

T

det N #0, N:Zli—&—/n(t)dt.

=0 0
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M./Izx. Mapganos! 2, P.C. Mamenos®, C.IO. Kacymos?, S1.A. [Iapudos’:?

1 . o . .
Ozipbatiolcar ¥ ammok eviavim axademuacoinoy Mamemamuka ocone mexanuka uncmumymaos, Baky, O3ipbatiocar;
2Baky memaexemmir yrusepcumemi, O3ipbatiocan;

) )
3 Dsipbatiocan memaexemmin myHatl scone enepkacin ynusepcumemi, Baky, Dsipbalisrcan

Exi HykTesi mekapaJbIK MiapTTapbl 0ap OipiHII PETTI CHI3BIKTHI €MeC
UMITYJIbCTI HHTErpo-audPepeHnnaJJIbIK TeHAeYAep YIITiH MIenTiMHiH
Oap »KoHe KAJIFbI3 00JTYbI

Maxkasnama uMIyabCTiH ocepiHeH eKi HYKTesl IMeKapaJblK, maprrapbl 6ap OipiHin peTTi CHI3BIKTbHIEMEC
UHTErpo-a1udepeHIuaIIblK TeHIeyIep *KYHeciHiH, meniMaepiniy 6ap »KoHe KaJFbI3 O0JIYbl TAJTKBIIAHIHI.
I'pun GyHKIUICH KYPBULILI YKOHE KapPACTHIPBLILII OTBIPFAH €CEllKe SKBUBAJEHTTI WHTErPAJIILIK TEHJIEY
kesrripinai. Bys ecentin mernmiminin 6ap KoHe KaJIFLI3 O0TYbI OAHAXTHIH, CHIFBIMIAFAH OeiiHe ey HIH TpUH-
IUIIH KOJIJIAHA OTBIPBIN TaJaH bl. Ko3raaMmaiTeiH HyKTe TypaJsibl [lledep Teopemach mrenrimiep/iis 6ap
EeKEHJIITIH JpJIesIIey YIINH KOJIIaHbLI/IbI.

Kiam ce3dep: exi HyKTeJi meKapaJsblK _HIAPTTAP, UMIIYJIbCTIK XKyileaep, menriMHaig 6ap yKoHe KaJIFbI3 00-
JIybl, KO3FaJIMAWTBIH HYKTE TeopeMaJiapbl, Oipifmii perti quddepeHuaiblK, TeHIey.

M. Tzx. Mapganos’ 2, P.C. Mamenos®, C.IO. Kacymos?, S1.A. [Ilapudos’?

1 o . .
Huemumym mamemamuru 4 mezarury Hayuonarornol axademuu nayx Asepbaiioocana, Baxy, Asepbatidocan;
2 Bakumerut zocydapcmeennudl yrusepcumem, Asepbaioocan;

3 Asepbatioorcancruti 2ocydapemeennuitl yrusepcumem redmu u npomviuaernocmu, Baxy, Asepbatioocan

CyuiecTBoBaHIN€e U €UHCTBEHHOCTh PE3YyJIbTATOB /IJisi HEJIMHEHbBIX
AMILYJIbCHBIX MHTerpo-anddepeHIimaibHbIX YpaBHEHNI IIEPBOTO
HOpPAJKa C ABYXTOYE€YHBIMU I'PAHUYHBIMU YCJIOBUSIMU

B crarbe 06cykIeHbBI CyliecTBOBaHNE U €AMHCTBEHHOCTD PEIIeHUI CUCTEMbBI HEJTMHEHHBIX HHTErPO-audde-
PEHIMAJIbHBIX YPABHEHMII [IEPBOrO MOPSIIKA C JBYXTOUYEYHBIMU 'PAHUYHBIMU YCJIOBUSIMH [IPU MMILYIbCHBIX
pozeticTBusix. [locrpoena dyuknusa I'puna, u paccMaTpuBaeMasi 3aJa4da CBeIeHA K SKBUBAJEHTHOMY WH-
TerpajbHOMY ypasHeHuio. CyIecTBOBaHME M €IWHCTBEHHOCTb PEIEHUS STON 3aJa4uM MPOAHAJTMIUPOBAHDI
¢ HoMoIIbI0 GaHAXOBa NMPUHIUIA CXKUMaloliero orobparkenus. Teopema Illedepa o HEnoABUKHOI TOUKE
HCIIOJIB30BAJIACH TSI JOKA3aTEJbCTBA CYIIECTBOBAHUS PEIICHMUIA.

Kmouesvie cr06a: IByXTOUEIHBbIE TPAHUIHBIE YCIOBHUS, UMIIYJIbCHBIE CUCTEMBI, CyIIIECTBOBAHUE U €ITNHCTBEH-
HOCTBb DeIIeHNs, TeOPeEMa O HEIIOJABUXKHOI TouKe, nuddepeHnnaIbHOe YpaBHEHNE [IEPBOIO IOPSIKA.
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