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Connection of Jonsson theory with some Jonsson polygons theories

The main result of this article is connected with some Jonsson theory of polygons and is-<devoted to
obtaining a description of the characteristic of such polygons using invariants related to them. With this
limited consideration (the group is a strong particular case of a monoid) were obtained for such a theory of
the property of perfection and Jonsson property. Thus, for some existential complete and perfect Jonsson
theories, there is the same Jonsson theory of polygons, in which two Jonsson theories. are syntactically
similar.
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In this article we will consider the connection of the Jonsson theory with a certain Jonsson theory of polygons.
In particular, the Jonsson theory will be existentially complete and perfect. These restrictions are connected
with the fact that the Jonsson theories are generally not complete and existential completeness is the minimum
possible requirement for formulas with quantifiers. On another hand, in the imperfect case, we have very few
algebraic examples to achieve any more descriptive results. The most striking example of imperfect Jonsson
theory is the theory of groups, for which it has been proven that it does not have a model companion. All our
previous achievements in the field of the study of Jonsson theories have been associated with the technique of
working on a model companion of the theory under consideration [1-4]|. The main idea that prompted us to write
this article was the idea of transferring the syntactic similarity of the complete theories from [5] to the syntactic
similarity of Jonsson theories [6-8]. In [5], it was:shown that any complete theory is syntactically similar to
a certain polygon (i.e, the theory of this polygon). Im English literature, the term polygon over the S monoid
usually uses the term S — acts [9-12]. Inthis article, we follow the terminology of Professor T.G. Mustafin,
whom he first defined and formulated model-theoretical concepts and issues related to polygons [13-16].

We give a list of the necessary definitions of concepts and their necessary model-theoretical properties. The
following definition belongs to T.G. Mustafin [5].

Definition 1. Let Ty and T5 be complete theories. We will speak, as T} and T5 are syntactically similar, if
f: F(Th) — F(T») exists bijection such that:

1) restriction f to F),(7}) is isomorphism of Boolean algebras F),(T1) and F,,(T3), n < w;

2) f(Funs19) = Juat1 fl) 0 € Fropr1 (T)n < w;

3) f(’Ul = ’U2) = (’Ul = Ug).

Let T be an arbitrary Jonsson theory, then E(T') = |, ., En(T), where E,(T) is a lattice of I-formulas
with n free variables, T is a center of Jonsson theory T, i.e. T* = Th(C), where C' is semantic model of Jonsson
T theory in _the sense of [14].

The following definition was introduced by first author of this article.

Definition 2. Let T7 and T are arbitrary Jonsson theories. We say, that 77 and T5 are Jonsson’s syntactically
similar, if exists a bijection f : E(T1) — E(T2) such that:

1) restriction f to F,(T}) is isomorphism of lattices F,,(T1) and E,(T»), n < w;

2) f(Fvn+19) = Fons1f(9), ¢ € Ena(T), n < w;

3) f(’l}l = ’1)2) = (Ul = 'UQ).

Definition 3. The Jonsson theory of T' is called perfect if every semantic model of T' is a saturated model
of T™*.

Definition 4. By a polygon over a monoid S (or we called as S — acts) we mean a structure with only unary
functions (A; f, : @ € S) such that:

1) fe(a), Va € A, where e is the unit of S;

2) fap(a) = fa(fsla)), Yo, B € S, Va € A.

74 Bectuuk Kaparanmuickoro yuusepcurera



Connection of Jonsson theory ...

Definition 5. A theory of T is called model complete if, for any model of A and B of theory T, such that
A C B = A =< B. Equivalently, every isomorphic embedding is an elementary embedding.

Consider the concepts of model completeness, model companion and model consistency theory T' [17].

Definition 6. T and 77 is mutually model consistent, i.e. any model of the theory T is embedded in the
model of the theory T7. And simultaneously the inverse statement is true.

Definition 7. Let T, T* be L-theories. T is a model completion of T if:

(1) T and T* are mutually model consistent;

(2) T* is model complete;

(3) If M, then T U D(IM) is complete.

T* is a model companion of 7" if (1) and (2) hold.

Theorem 1 [5]. For every T there is a polygon theory 711 that if the signature T is finite, then Ty is a hull
of T', and otherwise - almost a hull 7.

Theorem 2 [18]. Let T be Jonsson theory. Then the following conditions are equivalent:

1) T is perfect;

2) T has a model companion.

In the article [19] polygons over S was considered, where S is a group. The main result of this article is
obtaining the description of characterization of such polygons with the help of concerning invariants. Under
this restricted consideration (a group is strong particular case of a monoid) was obtained the properties of
perfectness and Jonssoness. By an occasion we paid attention from this work with the following lemma:

Lemma [19]. Let T be an o — Jonsson theory and all the completions of 7. admit the elimination of
quantifiers. Then

1) T is perfect;

2) T is 0-Jonsson.

And as a consequences of this lemma for us the point 1 from the following theorem is important.

Theorem 8 [19]. 1) Each a -Jonsson theory of polygons'is perfect and it is a Jonsson theory for all «,
0<a<w.

It is not surprised because from the article [20] follows that even for regular polygon there are non model
complete regular polygons. It means that there are sufficient many non saturated semantic models of polygons.

Earlier the first author of this work have got the link between both kind of similarities for existentially
complete and perfect two Jonsson theories:

Theorem 4 [21]. Let Ty and T be 3 — complete perfect Jonsson theories. Then following conditions are
equivalent:

1) T1 and T, are Jonsson’s syntactically similar;

2) Ty and Ty are syntactically similar (in the sense of [5]).

Essentially that the centers of Jonsson theories are complete theories and we can proceed to transfer the
elementary properties of centers. onto Jonsson theories. Eventually it is sufficient to check implementation of
similarity for Jonsson theories overlattices of existentially formulas.

The main result of this article is the following theorem.

Theorem 5. Let T be 3 - complete perfect Jonsson theory 3 - complete perfect then there is 77 - 3 - complete
perfect Jonsson theory of polygons, such that:

Theory T will be J syntactically similar to theory T".

Proof! For-proof, we note the following facts:

1) If Jonsson theory T is perfect, its center T* = Th(C) is Jonsson theory, where C is a semantic model
of T. The proof can be extracted from the fact that Jonsson theory is perfect if and only if its center 7™ is a
model companion of T

2) If two complete theories T} and T, are syntactically similar to each other in the sense of [5], then they
are semantically similar to each other in the sense of [5]. The proof can be extracted from [5].

3) Semantically similar theories in the sense of [5] are invariant regarding to the first order semantic
properties, which include the formula properties of elements and a subset of models of these theories.

Let us recall the definition of semantic property [5].

Definition 8. A property (or a notion) of theories (or models, or elements of models) is called semantic if
and only if it is invariant relative to semantic similarity.

For example from [5] it is known that:
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Proposition 1 [5]. The following properties and notions are semantic:

(1
(
(
(
(
(
(
(

)
3)
4)
5) Strong type;
6)
7)
8)
4)

) type;

2) forking;

A-stability;
Lascar rank;

Morley sequence;
Orthogonality, regularity of types;
I(X,,T) - the spectrum function.
Being a Jonsson theory is a semantic property. The proof follows from [5, 15].

Since for any complete theory from Theorem 1 there follows the existence of some complete theory of
polygons, we can consider in particular some complete Jonsson theory 77 that satisfies the condition of Theorem
4, i.e T} is the center of some 3 - complete perfect Jonsson theory 77. Then T} is syntactically similar in the
sense of [5] to some complete theory of polygons Ty1. By virtue of the above facts 1-4 and Theorems 1, 4, we
can conclude that 77 is a complete and model complete Jonsson theory. Then there is some Jonsson theory T}
that satisfies the condition of Theorem 4 and 77 is the center of the theory T};. Then, by virtue of Theorem 4,
we can conclude that T7; is the desired Jonsson theory of polygons satisfying Theorem 5, q.e.d-

All undetermined concepts in this article can be extracted from [21].
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A.P. Emkeesn, I'A. VYpren

Keiibip itoHCOHABIK Teopus IIOJUTOHIAPbIMEH
IOHCOH/IBIK, TEOPUSHBIH Oal/IaHbICHI

MakaJtaHbIH, Heri3ri HoTuKeci Keiibip HOHCOHABIK TEOpPUsL MOJUTOHBIMEH HOHCOHJIBIK, TEOPUTHBIH OaiIaHbI-
CBIH KOHE MHBAPUAHTTAPFa KATBHICTHI ITOJIMTI'OHIAP/IbIH KOMEriMEH aJIbIHFAH CUIATTaMaChl KapPACTBIPBIIIbI.
ITexrenren KapacTbIpyga (MPyIIa MOHOUZTHIH KATTHI JepOeC KarJailbl GOJIbIN TaObIIaAbl) TEOPUs YIIiH
KEMEeJIILTIK YKoHe HOHCOHIBIK, KacueTTepi ajablH bl COHBIMEH KAaTap 9K3UCTEHIIUAJIIBI TOIBIK, KeMeJ HOHCOH-
JIBIK TEOPUSICHI YIMH Keibip 9K3MCTEHIIMAJIIbL TOJIBIK, KEMEJ HOHCOHIBIK, TEOPUSHBIH, ITOJTUTNOHBI TaObLIbIII,
OCBI €Ki TEOPUSIHBIH, HOHCOH/IBIK, CHHTAKCUCTIK YKCAC OOJMATHIHABIFBI KOPCETIIII.

Kiam cesdep: HOHCOHIIBIK, TEOPUsl, CEMaHTUKAJIBIK MOJIE/Ib, KEMeJI TeOpHsl, ITOJIUTOH, MOJIE/Ib/i KOMITAHBOH,
MOHCOH/IBIK, TEOPUSIAP/IBIH, CHHTAKCUCTIK YKOHE CEMAHTHKAJIBIK, YKCACTBLIIBIFI.

A.P. Emkeesn, I'A. Ypken

CBs3p IOHCOHOBCKOII TEOPUHN C HEKOTOPOt
MOHCOHOBCKOI1I Teopueil NOJIMTOHOB

OCHOBHOII Pe3yJIbTAT JAHHOI CTATbUM CBSI3aH C HEKOTOPOW HOHCOHOBCKOW TEOpHell MOJIMTOHOB U MOCBSIIIEH
TIOJIy9€HUIO ONMMUCAHUS XaPAKTEPUCTUKH TAKUX ITOJIUTOHOB C IOMOIIBIO OTHOCSIAXCSA K HUM MHBAPHUAHTOB.
IIpu 500M OrpaHMYEHHOM PACCMOTPEHHMHU (IPYIIa SABJIAETCS CUIBHBIM YaCTHBIM CJIydIaeM MOHOHMJA) ObLin
TOJIYFEHBL JIJTsT TAaKOW TEOPUU CBOMCTBA COBEPIIEHHOCTH U HOHCOHOBOCTH. TakmM oOpa3oM, JJisi HEKOTOPBIX
SK3WUCTEHIINAJIBLHO IIOJTHBIX W COBEPIIEHHBIX HOHCOHOBCKHX TEOPHIl CyIIeCTByeT TakKas Ke HOHCOHOBCKas
TEOPHsl ITOJIUTOHOB, B KOTOPOU JIB€ HOHCOHOBCKME TEOPUU CUHTAKTUIECKHU IOI00HBI.

Kmouesvie carosa: TOHCOHOBCKAS TEOPHsi, CEMaHTUIECKAsI MO/IEJ/Ib, COBEPIIIEHHAs] TE€OPUs, IIOJUTOH, MOIE/b-
HBII KOMIIAHBOH, CHHTAKCUYECKOE U CEMAHTHUYIECKOE MOJ00MUsI HOHCOHOBCKUX TEOPHIiA.
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