Bulletin of the Karaganda University. Mathematics Series, No. 2(114), 2024, pp. 165-177

https://doi.org/10.31489/2024M2/165-177 Research article

Modeling of dynamics processes and dynamics control

R.G. Mukharlyamov!*, Zh.K. Kirgizbaev?

L Peoples’ Friendship University of Russia named after Patrice Lumumba (RUDN University), Moscow, Russia;
2South Kazakhstan state pedagogical university, Shymkent, Kazakhstan
(E-mail: robgar@mail.ru, info@okmpu.kz)

Equations and methods of classical mechanics are used to describe the dynamics of technical systems
containing elements of various physical nature, planning and management tasks of production and economic
objects. The direct use of known dynamics equations with indefinite multipliers leads to an increase
in deviations from the constraint equations in the numerical solution. Common methods of constraint
stabilization, known from publications, are not always effective. In the general formulation, the problem of
constraint stabilization was considered as an inverse problem of dynamics and it requires'the determination
of Lagrange multipliers or control actions, in which holonomic and differentialfconstraints are partial
integrals of the equations of the dynamics of a closed system. The conditions 6f stability)of the integral
manifold determined by the constraint equations and stabilization of the consts#&int imythe numerical solution
of the dynamic equations were formulated.
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Introduction

The main task of modeling the dynamics is\the construction of differential equations of a closed
system, the solutions of which have the required properties. The kinematic properties of the motion of a
mechanical system and the required propettieS\of the state change of the controlled system are usually
given by the constraint equations. The preblemPof determining the right-hand sides of the equations of
dynamics of controlled systems due fpsthe formation of control functions, in essence, refers to the inverse
problems of dynamics [1-9]. Metheds"ef,classical mechanics are successfully applied to construct the
equations of dynamics of a systeniigbn§isting of elements of various physical nature [10]. The description
of analytical dynamics and Systems of differential-algebraic equations is proposed in [11]. The analogy
between the dynamics of a"point of variable mass and the process of change of the simplest economic
object allows us to aise the equiations of classical mechanics to solve problems of control of economic
objects and securifigs gortfolios [12—14]. The works [15-17] are devoted to the study of direct and inverse
problems of stochastigdifferential equations describing the dynamics of mechanical systems subject to
random influences. In classical mechanics, contact constraints are used, meaning that the initial state
and subsequent motion of the system correspond to the constraint equations [18]. In control systems,
the equations of servoconstraints [19] are usually introduced, supported by additional control forces.
Additional conditions imposed on the solutions of the dynamics equations corresponding to the motion
of the image point along the manifold described by the constraint equations and in its vicinity lead to
the need to introduce the concepts of program constraint and equations of perturbations of constraints
in control systems [20]. The expressions of the controlling influences that ensure the fulfillment of the
constraint equations are determined by the relations between the phase coordinates of the system.
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1 Problem Statement

The dynamics of a controlled system with mechanical constraints, the phase state of which is

determined by the vectors ¢ = (¢', ..., ¢"), v = (v!,...,v™), is usually described by a system of differential

equations

da® . dvt . .

diqt =a'(q,v,t), dlt =0"(q,v,t) + " (q,v,1t) u, (1)
with initial conditions

¢ (to) = gh,v' (to) =0}, i=1,....,n, k=1,...,s. (2)

In equations (and further) summation is assumed for the repeated indices. Control forces are chosen
so they satisfy the consraint equations

ff(q,t) =0, ¢"(qv,t)=0, u=1,....m, v=m+1,.. .5 Bs, (3)

along with a given accuracy in the numerical solution of a system of equationg (1) (2).
In particular, the dynamics of the mechanical system on which fhescomstraints are imposed is
described by the equations

dq’ . d 0L oL
=V, —a= == i(q,v,t
a0 diovi aqﬁQ(q” )+

O™ u At B ot
R A, YA

Here L =T — P(q) is the Lagrangian, the doubledfkitteti¢ energy 27 = m;;(q)v'v?, i, j = 1,...,n,
P = P(q) is the potential energy, Q; = Qi(g, v, t)hare, non-potential generalized forces. Lagrange
multipliers \;, are considered as control functions, which must be selected so that the coordinates ¢
and the velocities v’ of the system satisfy the conStfaint equations (3). The system of equations (4)
resolved with respect to derivatives is redugedyto the form (1) with notation

1 /0m; om; omii\ ,
l _ ik _ = ik Jjk J i,]
b (Qavat) m <Qk (q,’l),t) 2 ( 6(]j + aqi aqk ) vv > ’

K
wop Ik, __ <l
Tk mmy; = 0,

0 =1, IR N5 =0, 14, i,5,k1=1,...,n.

b (g, v, h=m

2 Formulas and theorems

In the case of contact constraints, the initial conditions are
q" (to) = ¢b, v (to) = v} (5)

satisfy the constraint equations: f*(qo,to) = 0, ©*(qo,v0,t0) = 0, and the Lagrange multipliers are
determined from the conditions

=0, p=1,..,7. (6)

From the equalities (6), taking into account the equations (1), a system of linear algebraic equations
follows to determine the expression:
op?

F (V" (q,v,t) + b (q,v,t) us) +

AP . OpP
LR )

oq’ ot
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If the initial conditions (5) are not consistent with the coupling equations (3):

(g0, to) = 18, ¢” (qo,v0.t0) =¥, p=1,...,r, (7)

it follows from the equalities (6), (7) that with the numerical solution of the system (1), deviations
from the coupling equations increase over time:

=+ ebt, ¢ (q0,v0,t0) = ©f.

The problem of constraint stabilization arises, for the solution of which it was proposed [21] to use
a linear combination of constraint equations with their derivatives:

d fr af#
k
Tz T

dﬂ
+ kof* =0, d% v (q,v,t) . (8)

In essence, equalities (8) are equations of perturbations of constraints. Obviously, when the constraints
are satisfied k1 — const, kg — const, k1 > 0, ko > 0, v(q,v,t) > 0 trivial solagions of f* =0, p” =0
of equations (8) are asymptotically stable. So in the simplest case, the ‘equations with respect to
perturbations of holonomic constraints of equation (8) can be represemtedyby alinear system with
constant coefficients [22]

I 12
% = ", ddi; =koff' kO, p=1,m Np,r=1,...,r

To limit deviations from the coupling equations in the numeérigal solution of the dynamics equations,
additional conditions should be imposed on the coefficighty ofsthe equations (8). Various modifications
of the J. Baumgarte method were proposed, for examplep|22; 23|, which were reduced to the selection of
numerical methods for solving dynamic equatiofis and Tecommendations for the selection of coefficients
of the equations of the system (8). In [22], a hybsd scheme of integration of a controlled system
consisting of a non-rigid mechanical subsystem and a rigid controlled subsystem is described. J. Baum-
garte is also used to stabilize constrajmts Mohigher-order control systems [23]. To determine the
expression of the multiplier A in the,zight side of the equation of the system

atm dtm=1"
a linear combination of th@&coustraint equation with derivatives up to the order of m > 2 is used,
which leads to a differential equation of the constraint perturbations:

m m—1
d—@( L t)+B(q,t>A, f(a,t)=0

w - ¢y

dtm’

The coefficients o, of the differential equation should be chosen so that the roots of the characteristic

equation ay,k# = 0 have negative real parts, for which it is proposed to use a polynomial of the form

aukt = (k+ k)™, k — const. In this case, the solution of the equation of constraints perturbations is
represented by the expression

iy =0, y=f(z1), y p=0,...,m

y:(AMt“)e*kt, w=0,....,m—1.

The integration constants are determined by the choice of the initial conditions y*) (to) = b,
p=0,...,m—1, and for small values of t, the value of y may be significant. So, for m = 2 and initial
conditions (5) corresponding to the equalities

0 0
f(QOatO):Oy (aqf,;>0 0+<a{> = 0,
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change deviation from the constraint equation f (¢,t) = 0 defined by the expression y = vote ** and
it can reach a significant value when numerically solving the dynamical equations (Fig. 1).

y=v{0)texp(—0,4t) 1,,-r=\,'[[])te:u:pl:—t)
4 2 1,2
1
15
0,8
2 1 0,6
0,4
0,5
0,2
0 ] ]
0 10 20 30 0 5 10 15 0 2 4 6

Figure 1. Graphs of the change in the value y = f (¢,t) at vo = 1;2;3;4 and K= 0,4,k =1,k =2

correspondingly . \

8 Construction of systems of differential eq

The concept of program constraints is associated with the ¢ ctlon of systems of differential
equations with given partial integrals [24, 25| and to stabilize t straints it is necessary that the
constraints equations constitute partial integrals of the d‘/n% ations. The behavior of solutions
in the vicinity of a set of points determined by the co equations must correspond to the
operating conditions of a real system.

If the values of control actions u;, are defined as ions uy = ug(q,v,t) of variables ¢, v, then by
introducing the phase state vector x = (g,v), thésystem of equations (1) and constraint equations (3)

can be represented equalities
Q Xi (1) ()

P (z,t) = ,0—1 ,r<2n,i=1 2n (10)

Since functions (10) are part@e als of the system of differential equations (9), the right-hand
sides of X* must satlsfy th%

0 op”

+__Fp f7907$7t)7 (P:(Spla"'vsor)a (11>

1trary functions that satisfy the equalities F'*(0,0,x,t) = 0. From equality
> right—hand sides of the equations of system (9) should have the following

where FP(f, ¢, x,t)%i
(11) it follows that t
structure

where ¢ is an arbitrary value, X is the corresponding component of the vector product

) Ox2n

X, =" [Vl .. Vel VP = (%;Lf, o M) )

— (AP P p _ Op
v@p_(sol""’QDZn)’ Yi = Bzt
1 ... ¢! are arbitrary vectors ¢ = (c{,...,c5 ), 0 =r+1,...,2n—1,

X}, = 0Upfwa,FP, 69 =0, i#],

522 = 17 (wap) (wp’y) ! Y wp’y = Lplpé"’]sp;y, i = 17 R 2”7 OZ?FYMO = 17 R 77,"
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The system of equations represented by equalities (1), (3) constitutes a system of differential
algebraic equations. The functions uy in equations (1) are control actions that ensure the fulfillment
of constraint equations (3). To stabilize the constraints (3), we determine possible deviations from the
constraint equations (3) by the quantities

yt = Mg, t), 2 =¢"(qu,t), p=1,....m, p=1,...;r, r<s. (12)
We define new variables y#, z* as solutions to the system of constraint perturbation equations
a4

=z —
dt dt
satisfying the equalities Z”(0,0,q,v,t) = 0 and the initial conditions

= Z°(y,zq,v,t), (13)

yg:fu(qmtO)a Zg:@p(q071}07t0)7 :U’:]-a"'uma P:L--'ﬂ"- (14)

Equalities (13) define a system of equations for constraint perturbations, which, when

ZH = — WPyt — 202", Z¥ = —y(q,v,1) 2",  o,w —eons

corresponds to the method of J. Baumgarte [21]. Constraint equations £1295 supplemented with conditions
(13), (14), constitute the program coupling equations.
From equalities (1), (12), (13) follows a system of equations forsdetermining the control actions wuy:

plmun:hpa
dpP OPR dpP . P
PR = b, b = Z° t) — ——b' t) — —a" — =
p 8’[}1 ) (f’ @7(1)’07 ) a’UZ (q)v7 ) aqla at ) (15)
f:(flv"'vfm)v @Z(Wla"wsop)a
p=1....r, k=1,...,8, re«s.

If the rows of the matrix (pg) are linearlysndependent, then the expressions of the control actions
uy, are determined by solving the system ofjlinear equations (15):

U = GO [pl yoptd L cs_l] + (5/3,{p°‘5waphp,

co is an arbitrary value, c® 2(€21,.7., c’s) is an arbitrary vector, 8, = (8}, ...,%),

pP = (ppl,...,pps), dgg =1, dp. =0, B # &,
WA g W
WapWME ST, 65 =1, 67 =0, a#v, a,p,y=1,...,1, Bs=1,...,s.
As a result of substituting the resulting expressions into the right-hand sides of the equations, the
closed system of equations (1) is written in the following form:

da’ ) dvt . )
dit =a'(q,v,t), d—i =0 (q,v,t) + b (q,v,t) ux (q,v,1),
U (q,0,) = uko (q,v,t) + w1 (v, 2,q,v, 1),

a + -

oq’ ot

opP i 0pF (16)
ovt ’

B HoP .
o (q,v,t) = codx [pl ptdtloes 1] — (5,{5pa6wap (gobl (q,v,t) +

U (Y5 2, ¢, 0, 1) = 0rpp®PwapZ” (y, 2, q,0, 1),
Y= f(Qat)v Z = QO(vivt)'

The system of equations (16) has partial integrals determined by the constraint equations (3).
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4 Stability of the integral manifold

Using notation
i _ i

m:(wl,...,x%),xi:qi, " v
n= (0 n™) gt =yt g =2, an
9’ (x,t)=0, c=1,...,m+r,
==, p=1....m, p=1,...,m
let us rewrite the system of equations (12), (13), (16) in a compact form:
n” =g (x,t), (18)
& = X5 (), s=1,...,2n, (19)
%:Tg(n,x,t), c=1,....,m+r, (20)

X' (y,a,t) = 2", X" (n,2,t) = X§ (2, 6) + X7 (n,2,1)
Xg”ri (x,t) = b (x,t) + b (x,t) uwo (z,t), X{‘H (n,z,t) = bk ()14, x, 1),
TH (n,x,t) =y™ T, X" (n,x,t) = ZP (n,x,t).

Setting z°(tg) = z{,n° (to) = 1§ = ¢ (xo,to), we determin€ fhestability conditions [24]| of the
integral manifold of system (18), given by equalities (17).

Definition 1. The integral manifold of the system of equationsy(19), defined by the equality n(z,t) = 0,
is stable if for any e there exists a § such that for all inigial cenditions x(ty) = x¢ corresponding to the
inequalities |no| < d, the value n = n(t) will satisfy®héteondition |n(t)| < e for all t > t.

The stability of a trivial solution to the system of éguations (20) depends on the choice of functions
Y (mtp) (n, z,t). Stability conditions can be obtaindd uging Lyapunov functions. If the functions Y (m+p)
are represented by a linear combination of colistraint perturbations, then the system of equations (20)
turns out to be linear:

dn’
dt

To study the stability of thefrivial*solution of system (20), we take as the Lyapunov function a
positive definite quadratic form withfconstant coefficients V' = 0.5¢,,n°n*. Then there are constants
c1, co corresponding to theqconstraints 01|77]2 <V < 02\77|2. If the derivative of function V', calculated
by virtue of the equations of §ystem (21),

=N (zt)n*, o,a=1,....,m+r. (21)

dV
W =WPdc (x7t)7707]a7 Poa (Jf,t) = Cochg (3371:)7 0-7047C = ]-7° . '7m+r7
will be limited:
dv < 4| ‘2
— < —a
at ="

then the inequality will be satisfied |n|? < g—f|77%|et_t0, A= %Z, and the integral manifold (17) of the
system of equations (19) will be stably exponential. If the coefficients hZ of the equations of system (21)
are constant, then the stability of the trivial solution is determined by the roots of the characteristic

equation.

5 Constraint stabilization of in the numerical solution of dynamic equations

The asymptotic stability of the trivial solution of system (20) is not enough to limit deviations
from the constraint equations when numerically solving the dynamic equations
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dx®

dt

The requirement to stabilize the constraints imposes additional conditions [26] on the right-hand
sides of the constraint perturbation equations (19), which are determined by the value of the limitation

of deviations from the constraint equations and the choice of the numerical method for solving
system (22) [25-28|. Let || < € and let the difference scheme be used to solve system (22)

= X*(g(x,1),2,t), 2°(to) = g (22)

xi =] + (Ax®),, (Az®), =7X% (2, ty), T=tp1 —t, L=1,...,N. (23)

Let us represent the functions nf, | = 9% (w141, t111) by series expansions in powers of 7:

” " aga ago 72 ~‘7(2)
o i) = o7 () + (55 ) ey r () + 53, (21)
or taking into account equalities (23), (24):
2 o(2)
T’lo——i—l = nlo + TT;T (y7 z, t) + ?gl

After expanding the function Y7 = Y{(n, z,t) into a series in powess 6fmagnitude 7;*, the last equality
will be rewritten in the following form:

w2l o o)

T -
My =10+ 7RG (@ )0t eI+ 5g (25)
From equalities (25) the following estimates,follows

3 o o a(2)

g ag T -~ ag g
Wl <165+ 78 (o, ) i | D, + 50 o 00=0, ofa, 6=1,

and statement.

Theorem. If the inequality |no["< ‘@wis satisfied and the functions Y™*P(n, z,t), n* = fH(z,t),
n"tP(t) = pP(x,t) for all valug§ of 2%t corresponding to the solution of system (22), satisfy the
conditions 1 + 7z, t < 0 €1 §T2 4 g2 < 1—Oe, then for all [ = 1,..., N the inequalities |n| < ¢
will be satisfied.

Ezample. Determine ghe entrol function u = u(q', ¢%) for the system

' dg*
dit = —4¢* = ¢'b (¢", ¢*) u, dit =q' —4¢°0 (¢",¢%) u,
(26)
b(d',q%) = 5, ¢ (0)=2, ¢*(0)=0,

(4")* + (¢?)
ensuring the existence of the partial integral y = 0.5(¢")? + 2(¢?)? — 2 = 0 and its stabilization when
g gral y

solving system (26) numerically using the Euler method with a step 7 = 0.001. Constraint perturbation

equation
d
Y~ ky, k>0,

dt
has an asymptotically stable trivial solution y = 0. Control u = k((¢")? + 4(¢?)? — 4) ensures the
fulfillment of the constraint equation 0.5(¢")? 4 2(¢?)? — 2 = 0 with an accuracy of € = 0.001 at values
of k that satisfy the restrictions: 200 < k£ < 1800. Figure 2 shows graphs of changes in calculation error
values corresponding to the values £ = 50; 300; 2050.
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Figure 2. Deviations V&lu&)Q@

6 C’oncluQ
Methods of constraint stabilization, based en the truction of systems of differential equations
with asymptotically stable partial integrals, repr ffective ways to model solutions to problems of
determining the reactions of constraints and &ontrolling the dynamics of systems for various purposes.
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JlnHaMuKa IIpollecTepiH Moaefbaey >KoHe DailjlaHbICTAPAbI
TYPaKTAHALIPYAbI €CKEPEQTHIPHIN, XKVIiieHiI Oackapy cuHTe3i

P.I. Myxaparnvios!, K. K. Kuprustaes?

! ampuce JTymymba amotdazpl Peceti zarvsmap docmuien, yrusepcumemi, Mackey, Peced;

2M. Oyesos amwindazo, Onmycmik Kazakcman memaexemmir nedazozuxanvs; yrnusepcumems, Hlvmxenm, Kaszaxeman
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Op TYpJi PUBUKAABIKNCUTTARTAFBI SJIEMEHTTEP/IEH TYPATHIH TEXHUKAJBIK OacKapy KyHesaepiHin JTumHaMu-
KaCblH, OHAIPigfTieH) 9KOHOMMKAIBIK, 00 bEKTIIep Il 2KOocapay KoHe 0acKapy MiHIETTEDIiH CHIATTAY VIIiH
KJIACCUKAJIBIK MEXAaHWKAHBIH TEHJIEYJIepl MeH OJicTepl KOMIaHBbLIaAbl. AHBIKTaJIMaraH (akTopapbl 6ap
Genril [uHAMUKAJIBIK TEHIEYIEPIl TiKelel maiaiany CaHIBIK, IIEMIeri OallylaHbIC TeHIEYIEPiHEH aybl-
TKYJIaP/bIH apTybIHa 9KeJeni. BacbuibiMaapaan Oesrisi 6afianbicTapabl TYPAKTAHIBIPYIBIH KEH TapaJjraH
amicrepi opaaiibiM TriMal 60ma 6epmeiimi. 2Kaanbl ecenTiH, KOWBLIYBIHIA OallIaHBICTAPIbI TYPAKTAHIBIDY
ecebl MUHAMWKAHBIH Kepi ecebi peTiHe KapaCTBIPBLIFAH YKOHE T'OJIOHOMHUKAJBIK OailyTaHbICTAp MeH Jud-
depeHImaIIbIK OaillaHbIcTap TYHBIK KYyiie TMHAMUKACHI TeHJIEYJIepiHiH jepbec mHTEerpaapbl O0JIBIT Ta-
ObLaThIH JlarpaH:k akTop/apblH HEMece HacKapy ocepJsiepiH aHBIKTayIbl TaJall eTe/i. baitjaHbic TeHIe-
yJIepiMeH aHBIKTAJFAH WHTETPAJIIBIK, KOMOSHHETIKTEP/IiH TYPAKTHIIBIFEI YKOHE JTUHAMUKAJIBIK, TEHIEYIEPI
CaHIBIK, IIelry/ie 6aillaHbICTapAbl TYPAKTAHIBIPY IIAPTTAPBI TYZKBIPBIM/IAJIFAH.

Kiam ce3dep: GaiimanbicTapabl TYPaKTaHIbIPY, CAHJIBIK 9JiCTep, 'OJOHOMHUSIILIK eMec Oaitinanbic, [eabM-
TOJIBIL IIAPTTAPHI.
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MopaenaupoBaHue IIPOIECCOB JMHAMUKN W CUHTE3 yIIPaBJICHUS
CHUCTEMOIl C y4eTOM CTaOUJIU3AINN CBA3eii

P.I. Myxapasmos!, 2K.K. Kuprustaes?

L Poccutickuti yrusepcumem Opyorcbvs napodos umeny Hampuca Jymymbu, Mocksa, Poccus;
2 . . .
FOoicno-Kazaxcmanckutl eocydapemeennniii nedazoeuveckut ynusepcumem umenwu M. Ayasosa, Hlvimrenm,
Kasaxcman

st onrcaHust IUHAMUKY TEXHUYECKUX CUCTEM YIPABJIEHUs, COAEPIKAIIUX IJEMEHTHI PA3JINIHON hu3mde-
CKOI TIPUPOBI, 3371249 [JIAHUPOBAHUS W YIPABJICHUS MPOU3BOICTBOM U SKOHOMHYECKHUMU OODBEKTAME WC-
MMOJIb3YIOTCSl YPABHEHUsSI U METOMbI KJIACCUYIECKON MexXaHWKH. HemocpecTBeHHOe NMPUMEHEHUE H3BECTHBIX
YPaBHEHU JTUHAMUKHU C HEOIPEJEJTEHHBIMUA MHOKUATEISIMU MIPUBOIUT K BO3PACTAHUIO OTKJIOHEHUHN OT ypaB-
HEHUi CBsA3e#l MPU YUCJIEHHOM peleHnn. PacrpocrpaneHHble METOAbI CTaOUIN3AIMU CBA3€eii, U3BECTHBIE TI0
Iy OJIMKAIMSIM, OKa3bIBAIOTCS He Bcerja 3(pdeKTUBHbIMU. B 00111eil mocTaHOBKe 3a/1a4a CTaOUJIN3AIUN CBSI-
3eif paccMOTpeHa Kak obpaTHas 3aJa4a JUHAMHUKHU, U OHA TpebyeT ompenesieHnst MHOXN#mTEEl Jlarpamxka
WIH YIIPABJISAIONINX BO3IEHCTBUM, IPU KOTOPHIX TOJIOHOMHBIE CBA3U U AudPepeHIInaaIbHbIe CBI3U SABISTIOTCS
YaCTHBIMYM UHTErpajaMyu yPaBHEHUN JUHAMUKY 3aMKHYTOH cucteMbl. ChopMympOBaH by e/ I0BHST YCTORIN-
BOCTH MHTETrPaJbHONO MHOTOOOPA3Wsl, ONPEIe/ISIEMOr0 YPABHEHUSIMU CBsI3eii, 1 GEaOMIM3aiuu CBsI3eil mpu
YUCJICHHOM DENICHUY yPABHEHUN JUHAMUKHY.

KJL’K)"‘LCS?)Le cnoea. CTa6HHH3aHHH CB}?{?)@IL/'I7 YUCJICHHbIE MeTO,Z[I)I7 HEeroJIOHOMHaA CBS{SB, yCJ'IOBI/IH FeJ'IbMFOJII)Ha,.
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