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Pa3BuBaembIe B paboTe MaTeMaTHYECKHI amnmmapaT Ha OCHOBAaHWH CIEIUAILHON (QYHKITUH THITA
beccens, XaHkens wiM TUNEpreoMeTpudekux (yHKIMNA paHee OompoOMpoBaH MpU pa3paboOTKe
(bu3MKO-MaTEMaTHUECKON MOJENIN HEIMHEWHBIX 3JEKTPO(PU3NUECKHX U MATHUTHBIX SIBICHUN IS
aBTOMATUYECKH YIUIPABIEMBIX CUCTEM Ha OCHOBE MPOTOHHBIX MOJYIPOBOJIHUKOB U JUAJIEKTPUKOB

[5]
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Geometric properties of soliton surfaces of the toda lattice equation

The geometric properties of surfaces have found a number of applications in mechanics,
engineering, and optics. Special classes of surfaces are studied by the methods of the soliton theory.
Of great interest is the study of the relationship between integrable systems with differential
geometry. One of the important surface characteristics is the first and second quadratic
(fundamental) forms, Gaussian curvature, etc[1,2]. The first and second quadratic forms allow us to
describe the internal and external surfaces of the investigated object. In the geometric interpretation
of surfaces, the Sym-Tafel formula plays a significant role.Using these characteristics, it is possible
to study soliton surfaces using the example of the Toda lattice equation.The Toda lattice is a non-
linear evolution equation describing an infinite system of masses on a line that interacts through an
exponential- force. The Toda lattice is considered as a simple model of the nonlinear one-
dimensional crystal'in solid state physics. It is defined by a lattice of particles with the interaction of
the nearest neighbor, described by the equations of motion [3,4].

The main transformation for the Toda lattice [5]

Pnt = Vn — Vnt1, Vne = Un(Pn-1 — Pn) (1)
which is derived from the compatability conditions, i.e. the discrete zero-curvature equation
Une — Vr}+1 + Unan =0, (2)

of the eigenvalue problem
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FYa) = U DT, U = (2, ), ()

and the auxiliary problem
LY, () = V@ DY), W) = | 2 ) 4)
_Un E )

where u=(p,q,)T is a 2-component potential function vector and
Y, (1) = (Y1 (A), (Y,2(1))T. Here, the shift operator E and the inverse of E are defined by

Ef(m)=f(+1) = fusn, E7 o = fran € Z. )

(3) and (4) equations are the Lax pairs of the Toda lattice (1).
We using (3) and (4) equations in quadratic forms. First quadraticform

I = #2dx? + 27,7, dxdy + 77 dy?, (6)

Second quadratic form

Il = —dn - dr
where

T 7

+ _ . — =
T = Tix T iy, (1,172, 13) =T,

tT(sz) = 2(7‘3296 +rr )= Z(lex + rzzx + r?:zx) = 27:)962

Often geometric problems associated with soliton equations use the Sym-Tafel formula, which
is as follows

r=0o"1D,, (8)

where, @, = U® and @, = V®and derivative of r by x and y gives

r, = O U, )
r= 0,0, (10)
S TyATy _ TxATe
M il ~ Vg ()

Build a soliton surface through 7, 75, 1. We need to find next trfor the Toda lattice:
tr(r?) = L,tr(r?) = %, tr(r,r,) = % (12)

The first quadraticform of a soliton surface for the Toda lattice
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I = dx? + dxdt + 5 dt2. (13)

Now you need to find the normal for the second quadraticform

n = 2 MUavalo (14)
—%tr([U;uVA]Z)

for Toda lattice

[Up, Vil = UpVy — VU, = 0, (15)

so n = 0 and the second fundamental form of a soliton surface for the Toda lattice equals
Zero:

I1=0. (16)

Using the data obtained, you can get the surface area

S =[] Jgdxdt = [[ |7, A7,|dxdt, (17)
=2 - -
_ _ Ty T Tt 1 0y L,
g= det(gij) = det (Fx 72 ) = det (0 szx) =Ty = 9- (18)

Area of surfaces for Toda lattice:

S=Jf [ttr ('6" gn) = [ Jondxdt. (19)

As a result of the study of soliton surfaces using the example of the classical Toda lattice, the
first and second quadratic forms and surface area are obtained. An interesting result was obtained,
where the second quadratic form vanished. Which does not allow to study the Gaussian curvature
and requires the study of other variants of the Toda lattice equation. These results allow a better
understanding of the nature and properties of surfaces in mathematical physics.
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