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Развиваемые в работе математический аппарат на основании специальной функций типа 
Бесселя, Ханкеля или гипергеометричеких функций ранее опробирован при разработке 
физико-математической модели нелинейных электрофизических и магнитных явлений для 
автоматически уплравлемых систем на основе протонных полупроводников и диэлектриков 
[5] 
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Geometric properties of soliton surfaces of the toda lattice equation 
 

The geometric properties of surfaces have found a number of applications in mechanics, 
engineering, and optics. Special classes of surfaces are studied by the methods of the soliton theory. 
Of great interest is the study of the relationship between integrable systems with differential 
geometry. One of the important surface characteristics is the first and second quadratic 
(fundamental) forms, Gaussian curvature, etc[1,2]. The first and second quadratic forms allow us to 
describe the internal and external surfaces of the investigated object. In the geometric interpretation 
of surfaces, the Sym-Tafel formula plays a significant role.Using these characteristics, it is possible 
to study soliton surfaces using the example of the Toda lattice equation.The Toda lattice is a non-
linear evolution equation describing an infinite system of masses on a line that interacts through an 
exponential force. The Toda lattice is considered as a simple model of the nonlinear one-
dimensional crystal in solid state physics. It is defined by a lattice of particles with the interaction of 
the nearest neighbor, described by the equations of motion [3,4]. 

The main transformation for the Toda lattice [5]  
௡௧݌  = ௡ݒ − ,௡ାଵݒ ௡௧ݒ = ௡ିଵ݌)௡ݒ −  ௡)                                                                                   (1)݌

 
 which is derived from the compatability conditions, i.e. the discrete zero-curvature equation 
 ܷ௡௧ − ௡ܸାଵଵ + ܷ௡ ௡ܸଵ = 0,                                                                           (2) 
 
of the eigenvalue problem  
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ܧ ௡ܻ(ߣ) = ܷ௡(ݑ, (ߣ ௡ܻ(ߣ), ܷ௡(ݑ, (ߣ = ൬0 ௡ݒ−1 ߣ −  ௡൰,                                                            (3)݌

 
 and the auxiliary problem  
 ௗௗ௧ ௡ܻ(ߣ) = ௡ܸଵ(ݑ, (ߣ ௡ܻ(ߣ), ௡ܸଵ(ݑ, (ߣ = ቌଵଶ ߣ − ௡ିଵ݌ ௡ݒ−1− ଵଶ  ቍ,                                                     (4),ߣ

 
 where ݑ = ,௡݌) (ߣ)௡)் is a 2-component potential function vector and ௡ܻݍ = ( ௡ܻଵ(ߣ), ( ௡ܻଶ(ߣ))். Here, the shift operator ܧ and the inverse of ܧ are defined by  
(݊)݂ܧ  = ݂(݊ + 1) = ௡݂ାଵ, ଵିܧ ௡݂ = ௡݂ାଵ, ݊ ∈ ܼ.                                                                    (5) 
 
(3) and (4) equations are the Lax pairs of the Toda lattice (1). 
We using (3) and (4) equations in quadratic forms. First quadraticform  
ܫ  = ଶݔԦ௫ଶ݀ݎ + ݕ݀ݔԦ௬݀ݎԦ௫ݎ2 +  ଶ,                                                   (6)ݕԦ௬ଶ݀ݎ
 
Second quadratic form 
ܫܫ  = −݀ ሬ݊Ԧ ⋅ Ԧݎ݀ =  ௫ଶ,                                                                (7)ݎ
where  
±௫ݎ  = ଵ௫ݎ ± ,ଶ௫ݎ݅ ,ଵݎ) ,ଶݎ (ଷݎ =  ,Ԧݎ
  
 tݎ(ݎ௫ଶ) = ଷ௫ଶݎ)2 + ௫ିݎ௫ାݎ ) = ଵ௫ଶݎ)2 + ଶ௫ଶݎ + ଷ௫ଶݎ ) =  .Ԧ௫ଶݎ2
  
Often geometric problems associated with soliton equations use the Sym-Tafel formula, which 

is as follows   
  
ݎ  = ΦିଵΦఒ,                                                                                                                              (8) 

 
where, Φ௫ = ܷΦ	and Φ௧ = ܸΦand derivative of ݎ by ݔ and ݕ gives 
௫ݎ  = Φିଵ ఒܷΦ, (9) 

௬ݎ  = Φିଵ ఒܸΦ,                                                                          (10) 
 ሬ݊Ԧ = ௥Ԧೣ ∧௥Ԧ೟|௥Ԧೣ ∧௥Ԧ೟| = ௥Ԧೣ ∧௥Ԧ೟√௚ .                                                                                                                    (11) 

 
Build a soliton surface through ݎ௫, ,௬ݎ ሬ݊Ԧ. We need to find next tݎfor the Toda lattice:  
 tݎ(ݎ௫ଶ) = 1, tݎ(ݎ௧ଶ) = ଵଶ , tݎ(ݎ௫ݎ௧) = ଵଶ. (12) 

 
 The first quadraticform of a soliton surface for the Toda lattice  
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ܫ = ଶݔ݀ + ݐ݀ݔ݀ + ଵଶ  ଶ.                                                                          (13)ݐ݀

 
Now you need to find the normal for the second quadraticform 
 ݊ = Φషభ[௎ഊ,௏ഊ]Φටିభమ௧௥([௎ഊ,௏ഊ]మ),                                                                                                                    (14) 

 
 for Toda lattice 
 [ ఒܷ, ఒܸ] = ఒܷ ఒܸ − ఒܸ ఒܷ = 0,                                                                          (15) 
 
 
 so ݊ = 0 and the second fundamental form of a soliton surface for the Toda lattice equals 

zero: 
ܫܫ  = 0.                                                                          (16) 

 
Using the data obtained, you can get the surface area  
 ܵ = ∬  ඥ݃dݔdݐ = ∬ Ԧ௫ݎ|  ∧  (17)                                                                                        ,ݐdݔԦ௧|dݎ
 ݃ = det൫݃௜௝൯ = det ൬ݎԦ௫ଶ Ԧ௫ݎ ⋅ Ԧ௫ݎԦ௧ݎ ⋅ Ԧ௧ݎ Ԧ௧ଶݎ ൰ = det ൬1 00 Ԧ௫௫ଶݎ ൰ = Ԧ௫௫ଶݎ = ݃.                                          (18) 

 
 Area of surfaces for Toda lattice:  
 ܵ = ∬  ඨଵଶ tݎ ൬ݒ௡ 00 ௡൰ݒ = ∬  ඥݒ௡݀(19)                .ݐ݀ݔ 

 
As a result of the study of soliton surfaces using the example of the classical Toda lattice, the 

first and second quadratic forms and surface area are obtained. An interesting result was obtained, 
where the second quadratic form vanished. Which does not allow to study the Gaussian curvature 
and requires the study of other variants of the Toda lattice equation. These results allow a better 
understanding of the nature and properties of surfaces in mathematical physics. 
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