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O6 omHOpoOaHOIT mapabomdeckoii 3ajiade B O€CKOHEeYHOIA
YTJIOBO# obGJiacTH

Paccmorpena omnoponnas 3amada CosonankoBa-PazaHo 1T ypaBHEHUS MapabOJIMIeCKOrO THUIA B BbI-
pokiaroneiicss 6eCKOHEYHO yIJIOBOI 00JIACTU CO CIIEIUAJILHBIMUA MPAHUYHBIME YCJIOBUSIMU HA TTOABUKHON
rpanunne. Vcnonp3ys TenIoBble IOTEHINAJIBI, JaHHas 33/a9a CBeJIeHa K PENIeHHI0 0COO0ro MHTErPaILHOIO
ypaBueHusi BosibTeppa BTOPOro pojia, K KOTOPOMY HEIIPUMEHMM METOJ, IIOCIEIOBATEIbHBIX TPUOINKEHHIA.
Pemtenne muTerpasbHOrO ypaBHEHMsI HaliIEHO METOJOM HHTErPajbHBIX Npeobpasosanwuil. [lokazano, dro
B KJIacCe CYNIECTBEHHO OTPAHMYEHHBIX (DYHKIHUH C 3aJaHHBIM BECOM OJHOpOnHas 3anada CONOHHUKOBaA-
PazaHo, TOMIMO TPUBHAJIBHOTO PEITICHHsI, UMEET HEHYJIEBOE PEIIeHNe C TOYHOCTHIO JI0 MOCTOSTHHOTO MHO-
JKUTEJIS.

Karouesvie crosa: KkpaeBast 3a7jada, ypaBHEeHIE 1apabOINIeCKOr0 TUIIA, TEIJIOBbIe IIOTEHIINAIbI, NHTEIPAJIb-
HOe ypaBHeHHe Tuna Bosibreppa BTOporo pona, npeobpasosanue Jlamnsaca.

Beedenue

PaccmarpuBaercs ogHopo/iHas rpannydHnast 3a/1a4a

du(z,t) o2 0?u(x,t)

ot D2 =0, {yteG={x,t: 0<x<t, t>0}; (1)
Qu(x,t), [ Qu(rt) dult)
o 1R" Joo =t =0 @)

rie u(t) = u(t, t).

OrmernmM, uro 3azaua (1), (2) sBisiercs OMHOPOIHBIM CJIydaeM 33/1a49u, n3yueHHol B [1], npudem mist mpoc-
TOTHI KO DUIUEHTH U3 YKa3aHHOI Pa0OThl NPUHSITHI paBHbIMU k = b = 1. DTu u3MeHeHUs HEe TPOTUBOPE-
4aT mocTaHoBKe 3a1a4un u3 [1]. Kak ermedeno B [1], ciyuait HeOJHOPOIHON IPAHUIHON 33/]a9H <... OKA3bIBAETCS
ITOJIE3HBIM TIPU U3y9IEeHUM HEKOTOPBIX 38,449 CO CBOOOIHBIMU IpaHmMiaMu». Hanpumep, mist omaodasHoN 3a1a-
qn «... Credana npu cieAyOnmx HPEIIOJOKEHUsX: KuKas (asza ¢ HOJI0KHUTEIbHONH TeMuepaTypoil u(z,t)
3aHUMaeT oTpe3ok 0 <z <. s(t); mpum & = 0 3a7aeTcsl MOJIOKUTENBHBINA IOTOK TeIlia, a CBOOOJIHAS TDaHU-
na x = s(t) HaunHaeTcss y TBepyoil creku x = 0, T.e. BeiosHsieTcs: yesosue $(0) = 0». B [1] ycranosiena
Teopema 00 OTHOZHAMHON PaspeNMMOCTH PACCMATPUBAEMON TaM IPAHMYHON 3819 B BECOBBIX T'€/IbJIEPOBCKAX
MIPOCTPAHCTBAX:

B macrosimeit pabore, Hapsily ¢ TPUBUAJIBHBIM PEIIEHUEM, Mbl YCTAHABIUBAEM B KJIACCE CYIIECTBEHHO OTDa-
HUYECHHBIX (byHKIH/Iﬁ C 3a/JTaHHBIM B€COM CYIIIECTBOBaHNE HETPUBUAJILHOI'O PEHIeHU A C TOTYHOCTBIO 0 ITOCTOAHHOI'O
MHOXKHTEJISI M TIOCTOSTHHOTO CJIaraeMoro. BBesieM 9TOT KJIace CIEYIOMUM 06pa30M:

(z+ %) u(z,t) € Loo(@), BI. u(x,t) € Loo(G; (z +t1/%)71). (3)

1 ITpeobpasosanue 3adavu (1), (2) u ceederue ee K UHMELPANLHOMY YPABHEHUIO

ITpeo6pasyem 3agaqy (1), (2). Has sroro Beesem dyuKImo v(x,t) = %. Hanee, bopmanbao audde-
peHnupys 1o TepeMenHoit x ypasuenue (1), mosyuaem
ov(x,t 0%v(x,t

( )—a2 ( ):0,0<:c<t,t>0; (4)

ot 0x2
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ov(z,t) 2
v(x,t)|z=0 =0, < o + GQU(x,t) le=t = 0. (5)
Pemenne 3anaan (4), (5) wmimeMm B BHJE CyMMBI IIOTEHIHAJIOB JBOMHOIO M HPOCTOrO cjaos |[2; 476-479|:

2

v(x,t) 4a3f/ 3/2 p{—4a2(t_7_)}1/(7)d7'+

T / T T R ©)

rie dbyukmun v(t) u (1) SBISIOTCS HEM3BECTHBIME U IIOJIJIEZKAT OIIPEIEIICHHUIO.
YaosnersopuM perernue (6) nepsomy u3 ycsosuit (5). Vmeem

7_2

V) 1 [ 1 4
20t + 2z | G A "
0

Orciona BeipasuM dysxnuio v(t) depes ¢(t)

V(2,t)|2=0 =

2

Ucnonbsys upencrasienue (6) u paBeHcTBO (8), IMOLyUnM CIEIYIONIEe BbIPAYKEHME JJisi DElIeHus 3a1a9u

(4), (5):

Jnst Toro 4robbl yIOBIETBOPUTH BTOPOMY IDaHHIHOMY- yciaoBuio u3 (5), Haiinem u3 (9) ee MPOU3BOHYIO 110

IepeMEeHHON X:
ov(x,t) x+T o (z+7)*
Oz 4a3\f T)3/2 P 12 (t—7)

S S {_4@(;_))” o(7)dr (10)

CoruiacHO BropoMy rpaHUIHOMY ycsoBuio u3 (5) mmeem

dulz,t) § 2 olt) t+r (t+7)?
( 2% a2l yF, )Izt 242 4a3\f )72 Xp{_w}w(T)dT—

asf/ |~ ) o

-

1 1 t—T
_ =0. 11
+a3ﬁ = exp{ 12 }(p(T)dT 0 (11)
0

Ucnons3yst paBeHcTBa
t+r=2t—(t—71), (t+7)%=(t—7)%+4tr,
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u3 (11) mosyYnm MHTErpajbHOE ypaBHEHHEe OTHOCUTEJILHO Hen3BeCTHON dyHKImu o(t):

1 / 2t tr t—1
A0+ 2a+/7 / (t —7)3/2 P {aQ(t —7)  4a? } p(r)dr—
0

tT t—rT1

_2a?/7? O/ @ flf)l/z exp {_a2(t 5 A } p(r)dr+

t—T1

t
3 1
+2aﬁ/(t—7)1/2 exp{—W}w(T)dT—O, t>0. (12)
0

Pemenme wnTerpaibHOro ypapmemms (12) mbr Gygem wmckath B kmacce Vit o(t). € Lo (G), Te.
o(t) € Lo V).

OTmeTnM, 9TO MOMOGHBIE UHTETPAbHBIE YPABHEHUsT BOobTeppa BTOPOTO POJia HAMHA OBLIN UCCIEIOBAHBI B
paborax [3-5].

2 Pewenue unmezpaavrozo ypasnenus (12)

Ecnu BBecTn HOBYIO Hem3BecTHYIO (DYHKIUIO

To u3 (12) caenyer, uto

or(t) + ajﬁo/t(t_i)m exp{_%}mﬂm_

5 1 tT 3 / 1
“oavm | G exp {—m} p1(T)dr + Savr / TEESTE 1(T)dr = 0. (13)
0 0

B unrerpaibaom ypapaenun (13) npousseieM 3aMeHy HE3aBUCUMON IIEPEMEHHO U BBEJIEM HOBYIO HEU3BECT-

HYI0 QYHKITHAIO:
1 1

1
t=— 7=, pot)) = ——ey (1]t
t T T pa(t1) /7751901( /t1),

B pesyJibrare 3roro u3/(13) moayanm

(1) + — 7 ! Ll rydn-
p2(l1 av/r ] (=t exp a2(r — t1) p2(T1)am
t1

2a1\/%j - _1751)1/2 {5 exp {a2(7—11—tl)} - 3] %@2(7’1)6[7’1 =0. (14)

OxnMeTM, 9TO U3 PellleHrs] HHTerpajbHOrO ypaBHeHus (14), BO3Bpamasch K IePBOHAYAILHOMY HE3aBUCHMO-
My [IEPEMEHHOMY U MCXOJIHOIN HEM3BECTHOM (DYHKITUH, MBI MOXKEM IOJIYYUATh PEIIeHNe UCXOJHOIO HHTErPaIbHOTO
ypasuenus (12).

o pernenust ypasuenus (14) 6ynem ucnosnb3osars npeobpasosanue Jlamiaca. Mmeem

1o {-255)

@2(p) — 2a;_—p [5 exp {—z\/jp} - 3} 7@2(Q)dq =0. (15)
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3zech GBIIM UCHOMB30BAHEL coeLylomue GopMy/Isl npeobpasosanus Jlamwraca [6; 472] u [7; 158]:

L U:O k(t; — 7'1)<,02(7'1)d7'1:| = k(-p) - $2(p);

L]l - 7¢2<q>dq.

Iepetinem or unTerpaabaoro ypasuenus (15) K muddepennuajibHOMy yPABHEHUIO, BBOJIsl HOBYIO HEU3BECT-
HyI0 QYHKIINIO-00pa3:

e. o (16)

nJI

di[)(p) _ 5exp{—%\/?p} —3
i) - 2ay=p[L+exp [~ 2yl L (17)

Nurerpupys ypasuenue (17), noaydum

. M . 5exp{—2,/—p}—3 B
1 < ¢ >_ /QQ\/TP[HQXP{—E\/——P}]@_

2
N

. \ Vo
_ _2z_4/%%zﬁ _ —gz—4ln(1+exp{—z}) -
— .= _z\/_—p,‘ - g\/jp+ln <1+exp{j\/jp})4] . (18)

N3 (18) 6yxem umers

1&(]?) -~ C. exp {gﬁ} - C. €xXp {7%\/77]9} ) (19)
(1+exp {2v=p})" (1+exp{~2v=p})"

Ucnonbsyst dopmyay (16), u3 pasencrsa (19) HaxonuM pelleHre MHTErPAJLHOrO ypasHeHus (15):

et
220) =575 (1+e><1;>{—%\/jf"})4Jr

I 3 e d e ) i J
(1+exp{-2y=p})° ay/=p

exp {—5v=p} {_‘Z <1+exp{—z¢?p}> +4exp{_z\/ij

ay/=p (1 +exp{~2y~p})°
LTI By P J VD
el e e (20
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Jasiee jijig HAXOXKECHUsT OPUTHHAJA JIJId (DYHKIUE Po(p) OyIeM MOJIL30BATHCSL CJICLYIONIAM PA3JIOKEHUEM:

1 = 2
A+zp D (=1)FARF, 2 =exp {a¢p} , 2l <1 (21)

k=0
e

A e D4 2)(k 4 3)(k +4)

b A1 '
OrMmernM, 9TO ecyid z = 1, TO BEPHO PaBEHCTBO
1 1
(1+2)5|,_, 32

Ucnonb3ys pasmnoxenune (21) u3 pasencrsa (20), noaydum npejcrasienue GyHKIUN Ho(p) B BHIE psija

1 o0

o= e el (142) 29

3 3\ 2
_ e+ 2)2,/=
\/—peXp{ < +2) a p}
Tak kak umeer mecro dbopmyia obpaienns s obpasa Jlamaca [6; 497]

~i [exp{=aya@}] _ exp{—a?/(411)} g
L { 7a = , 0<ty < o0,

, g Vp e {p: Re{\/—p}> 0. (22)

\/ﬂ'tl

To u3 (22) nmeem HYHKIUIO-OPUTHHAI (9 (t1) 1utst Beex 0 < /<00

5\% 1 3\? 1
56Xp{—<k‘+§> %}—Sexp{—<k‘+2> aztl}]

Jastee, BO3BpaIasich K UCXOIHON He3aBucuUMOM nepeMenHol 0 < ¢ < 00, MOIydIuM

kAk:

waltn) = Za\/ﬁ Z

e = YR [0 - 20 (23)

5Ay 5\% ¢ (2) _ 3AL 3\? ¢
2a\/7_1_exp{— <k—|—2> a2}, tpl)k(t)—2aﬁexp - k+§ (- (24)

Takum 06pa3oM, UCKOMOE pELIEHNe NCXOAHOIO HHTErPaJbHOro ypasaenus (12) onpempensierca 1o (opmyiie

rje

1
Pi() =

i Vet - W], 0<t <o, (25)
k=0

e
1 1 t 2 2 t
A0 = ellwen{ - d0 = slmen {5}, (26)
Pérenne (25) neficTBuTebHO TpuHAIEKNT Kiaacey Lo (G v/1).
3 Pewenue epanuunot 3adavu (1), (2)

Pemenne v(x,t) rparnanoit 3amauan (4), (5) onpenensiercst cormacuo dopmymam (9) u (25), (26), a pernenne
HCXOMHON rpanuuaHol 3ajaun (1), (2) Gyzer umeTsh B

x

w(w,t) = O / W(€,8)dE + Cy = Cyiifx, £) + C, (27)

0
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TaK KakK ee pellleHne HaXOIUTCsl ¢ TOUHOCTBIO JI0 TTOCTOsTHHOTO MHOXKHUTess Cy u nocrosHHOro ciaaraemoro Cy,
rie v(z, t) onpenensiercs coriacHo dbopmyie (9).

Jns ycTaHOBIIEHNST OMPaHIYEHHOCTH IOJIydeHHOro perenus u(z,t) (27) samaun (1), (2) HAM HEOOXOAMMO
u3yuuTh CcBoiicTBa permenus v(x,t) (9) samaum (4), (5). Tak xkax p(t) € Loo(Ry, v/%), To HAM HEOGXOMUMO
OLICHATDH ¥ [IOKa3aTh OrPaHUYeHHOCTDb uHTerpasa I(x,t) mia scex {z,t} € G:

I(x, / x,t,T) exp {\f‘mz } dr, (28)
0

re )
Lz, t,7) :()/(t_lﬂl/2 {—exp{—m} +exp{—MH d (29)

Beruncsmmym unTerpad (28). jist 9T0ro mocse 3aMeHbl

H xET dzq
o

=— dz= ————
2aN/t — T 2a+/t — T

3 (29) nmeem

L(z,t,7) = ay/m [—erf (%) +erf (%ﬂ . (30)

U nanee, noacrasiss 3uadenue uarerpaia I1(z,t,7) (30) B (28), moswyunm

OTCroma HENOCPEACTBEHHO BBITEKAET OLEHKA NI mHTerpasa (31):

Vt/(2a) Vi
I(z,t) <4a / exp{—&E2}d¢ = 2a\/7 exf (2&) . (32)

0

Takum 06pa3oM, MbI YCTAHOBUJIM PABHOMEDHY O OIDAHUYEHHOCTH nHTerpasa (28) o nepemennnim {z, t} € G,
T.e. mOKazaay, 9ro pemenne U(z,t) (26) rpamuanoit 3axaun (1), (2) npunamzexur kaaccy Loo(G). 3amernm,
4O pemienue U(x,t) onpenessercd ¢ TOYHOCTBIO JI0 IOCTOoHHOrO MHOXKUTeNst Co, T.e. hopmyiia

u(z, t) = Cot(z,t) + C1, ul(x,t) € Loo(G)

ompeesisier obiree penieHre TpaHrnIHoi 3aaaun (1), (2). Onenka (32) Takske O3BOJISET HOJYIUTDH €€ HOPsI0K
MAJIOCTH TIpH JIOObIX {&, 1} € G{Tie. nMeeT MeCTO BKIIIOYEHNE

iW(x,1) € Loo(G; (z +'/%)71),

DTO caejyeT U3 ACUMITOTUKE Jjiyist pyHKImn erf (%) [P MaJIbIX 3HAYEHUsIX [epeMeHHOi ¢ (uMeroineil MecTo

1 st MaJIbIX 3HadueHuil ), a Jyist OOJbIINX 3HAYEHWIl IepeMeHHbIX {x,t} € G 3aBHCAT OT CBOHCTBA OrpaHU-
"eHHOETH pefnennsa u(x,t) ma G u orpammIeHHOCTH BRIpaxKkenns (v + /1)1 a(x,t).
4 OcrosHbie pe3ysvmamo

CdopmymupyeM OCHOBHBIE pe3yJIbTaThbl PaOOTHI.
Teopema 1. Tpannanast 3amada (1), (2) nmeer HApsiLy ¢ TPUBUAJIBHBIM PEIIEHAEM U HETPUBUAJIBHOE PEIeHIe

u(z,t) = Cyi(z,t) + Cy, tae u(x,t) € Loo(G, (x +vt)™1), u C1, Cy = const.

Teopema 2. B kiacce dyarmumit Ly (G; [w1te + t(HO‘)/Z]*l) rpannunas 3aa4da (1), (2) uMeer ToIbKO TPU-
BuajsibHoe pertenue u(z,t) = 0.
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BypoimThiK 00JIbICTaFbl Oip ITapadoiaJIbIK, €cernl »KalbIHIa

Makasaga Ko3raMaJIbl IIeKapaia apHaibl IMIeKapaJIblK MapTTAPbl 0ap MEKCi3 OYPBIMITHIK 00JIBICTA TYBIH-
ITAWTHIH TapabosaibiK TeHey tep yimi 6iprekti ComonankoB-@Pazano ecedbi KapacThIpblaabl. 2KbLTy moTeH-
IUaJIIapbIH KOJITaHA OTBIPHIN, OepiireH ecem exinii TekTi BombTep TUIITI epekiie HHTErpaaablK TEHIEYIIH
memiMin Tabyra kesaTipinagi. Myszait ecenrepre GipTiHIEN 2KYbIKTay 91iCiH KOJIZaHy MYMKIiH emec. Bepin-
reH CAJIMAFrbl Oap eJeyJii meKTeareH pyHKIusIap Kiaackmaa 6iprekti Comonrnkos-Pazano ecebinin HOMITIK
mrenrimMineH 0acka, TYpakKThl KOOEUTKIIIKe JeHiHrl I9J/IIKIIEH HOJIJIK eMec IIelliMiHiH 6ap 60J1aThIH/IbIFbI
JIPJeIeHT eH.

Kiam cesdep: 1mekapaJibIK, ecel, mapaboJiablK, TUNTI TEHZIEY, *KbLITy MOTEeHINAJIbI, eKiHnn TekTi Boabrep
THUITI UHTETPAJIBIK TeH ey, Jlamrac TypiaeHmipyi.

M.T. Jenaliyev, S.A. Iskakov, M.I. Ramazanov

On a parabolic problem in an infinite corner domain

The paper deals with homogeneous problem of Solonnikov-Fasano for parabolic equations in the degenerating
infinite angular domain with special boundary conditions on a moving boundary. Using heat potentials,
this problem is reduced to solving a special Volterra integral equation of the second kind, to which the
method- of successive approximations is not applicable. The solution of the integral equation was found by
the /method of integral transformations. It is shown that in the class of essentially bounded functions with
a given weight, the homogeneous problem of Solonnikov-Fasano, in addition to the trivial solution, has a
nontrivial solution, up to a constant factor.

Keywords: boundary value problem, parabolic equation, heat potentials, integral equation of Volterra type
of the second kind, Laplace transformation.
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