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Simplified maximum principle of the Navier-Stokes equation

In the work the validity of principle of maximum for the Navier-Stokes equations (NSE) is shown. On what
basis in the chosen space are proved uniqueness of weak generalized solutions and existence of strong solu-
tions of a problem for NSE as a whole on time ¢ €[0,7], VT < .
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1. Introduction. The main unsolved problems of the Navier-Stokes equation (NSE) theory for homoge-
neous fluids are given in [1-3], etc.

In [3] Ch. Fefferman poses two problems for the Navier-Stokes equations:

I*" Cauchy problem and 2" problem with periodic in space variables boundary values and he considers
that «only those solutions which are infinitely smooth functions make physical sense.

And in [2] O. A. Ladyzhenskaya has posed the following:

Problem 1. «Do the Navier-Stokes equations with initial and boundary values give us a deterministic
description of the dynamics of an incompressible fluid, or not?

When solving Problem 1 a choice of the phase space and the class of generalized solutions must be giv-
en to the researcher, without assigning it beforehand infinite smoothness or any kind of smoothness of solu-
tions. Only one thing must be demanded: that the accentuated class of generalized solutions has the unique-
ness theorem. It makes sense to begin the study of any initial-boundary problem (and the Cauchy problem)
by finding uniqueness classes».

The aim of this work is the study of problem:1 and, as a result, showing the uniqueness and existence of
a solution to the Navier-Stokes equations from the following function classes respectively

C(0.7; C(Q) W, (@) C(0.7; C(Q) NI ().

The results of exploratory research aimed at proving the maximum principle for the NSE are given in a
number of works written by the author [4-6], etc. In order to do that a nonlinear parabolic type equation for
kinetic energy density was deduced from the system of NSE and an important property was shown — the
maximum principle. With the help of the latter it was shown that the maximum principle is true for NSE,
which is key from the mathematical point of view. However the proof of the last statement is given with the
help of a very hard and complicated technique. These obstacles were overcome in [7] by directly studying
the initial system of NSE for the application of the maximum principle (a simplified version of a proof of the
maximum principle for a'system of NSE). Based on this we prove the uniqueness of weak and existence of
strong solution of the NSE in our chosen space in time ¢ €[0,7'], VT < .

Herethe main results are summed up and proven with strict mathematical rigor.
2. A statement of the problem

Consider the initial-boundary problem for NSE [1] relative to the speed vector U = (U,,U,,U,) and
pressure P inregion Q =(0,7]xQ:

aa—(t]— BAU +(U,V)U +VP = f(t,x); (1a)
divU =0; (1b)

U(0,x) =D(x); (1c)

U(t,)] =0, xedQ, (1d)

where x€e Qc R;; QO — convex domain, filled with homogeneous fluid, and 62 — boundary of the do-
main Q, 1 €[0,7], VT <0; 0 < p— dynamic viscosity; A, V— Laplace and Hamilton operators respec-
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0
tively. Let J(€)— the space of solenoidal vectors, and G(Q) consists of V1, where 1 is a single-valued
0
function in Q. It is known from [1, 8], that the orthogonal resolution, L,(Q) = G(Q) ® J(Q), where elements

0 0
of J(Q) in V¢ belong to J(€); fand @ — vectors of functions of external forces and initial data respective-
ly, that satisfy the following conditions:

— 0 — 0
i) f(t,x) e CQNJ(Q); i) D(x)e CQ)NW,,(QNJ(Q).
3. The Principle of maximum
Rewrite the vector equation (1a) in the form of a system of scalar equations:

U, —pAU, +(U,VUa)+a—P: a=1,3, (2)
ot Ox

where (, ) — is the scalar product of vectors.
Theorem 1. Let Q be the closed and bounded domain in R, with boundary 0Q, and @=[0,T]xQ — be

the cylindrical domain in the variable space of t, x. Suppose that functions U € C(Q)NC*(Q)A P e C'(Q)
and they satisfy equations (la), (1b). Then, if in some O function f,(t,x)<0 (f,(x)=20) is.in Q, then func-
tion U, takes on its positive maximum (negative minimum) in the cylinder O on the bottom base {0}x Q or on
the side surface [0,T]x 0, i.e.

o
o

U, (t,x)<max{ sup U (t,x), sup U,(t,x)}, (t,x)e Q; (3a)
t=0AxeQ te[0,T ]AxedQ
(Ua (t,x)= mln{t:})?iﬁ U,(,x), te[o,lrr]lAfxeag U,(t,x)}, (tx)e Q). a=1,3. (3b)

To prove theorem 1 we need to introduce some statements. first.
. : oU
Let us introduce the notation R = 5 AU - f(t,x),
t

Apply the div operation to the vector equation (1a). Then considering (1b), we get the Neumann prob-
lem for Poisson equation, which binds the pressure P to.the speed vector U:

—AP =div/, where [ =(U,V)U (4a)
and
9Pl _o.1efo.1], (4b)
on |

since Rn|aQ =0and 1n| - = 0-tespectively, due to Re } (Q) and (1d), where # is the unit vector of the out-
ward normal in point x of the boundary 0Q.
By the condition/of theorem 1 function div / is continuous in a bounded domain Q when V7 e[0,7],
thus
diviel, (Q), p=1Vie[0,T]. %)

Moreover fdivldx = Ilndx =0. So the necessary and sufficient conditions of the Neumann problem
Q oQ

are satisfied (4). And the solution consists of the sum P =F, + F,, where F,— harmonic in Q.

Let's consider volume potential
R == [ O e v epo,7). 6)

4y, r(x,8)

On a condition of the theorem 1 vector function / =(U,V)U is continuous and has continuous deriva-
tives of the first order inside €2 then function F,(x) satisfies inside €2 to the equation (4a).

Following [9], we note one known property of the volume potential (6).

Lemma 1. If (5) is true for density div1, then the function P(x) is defined by formula (6), it is harmon-

ic with every domain, complementing ) and thus function P in the same place is harmonic.
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Proof. It is clear that within the domain Q there is a finite or countable number of domains
Q,, j=12,..., complementing Q. Let (2, — one of such domains. Take an arbitrary sub domain Q_'i rela-

tive to Q2 and let xe Q', Then in the integral (6) the distance 7 is bounded below by a positive number
equal to the least distance between boundary points of domains €2; and Q;. It follows from the theorem on
the properties of potential type integrals, that £ (x)eC” (Q; ); since Q_'i is an arbitrary sub domain of Q,
then £ (x) e C"(Q;) and, particularly,

1
r(x,8)

the function £, is harmonic in domain €; and thus function P in the same place is harmonic, since F, har-

Azq(x)=4injdiv(1(§)) Ax{ }dazo, xeQ,, (7)

monic in Q. Lemma 1 is proved.
Proof of theorem 1. To do this we will apply a known method from [10]. Suppose the contrary, i.e. The

function U, (¢, x) reaches its maximal value in some point M (¢°,x") inside the domain Q =[0,7]x Q.

Uu(M0)>max{ sup U, (t,x), sup Uu(t,x)}zczo. ®)

t=0AxeQ) t€[0,T1AxedQ
Denote by m=U (M ,)—C >0 and introduce a function
m t
H (t,x)=U_(t,x)+—| 1-—|.
n-0+2(131)
Then for all (¢,x) from 0Qx[0,T] or {0} x Q) we have

Hu(to,xO)ZHa(t,x)wL%.

In other words the function H,(z,x) also takeson its maximal value in some point M (¢',x') e O, and
H_(M,)>H,(M,)>m. Let at that moment of time ¢ a function P(z,x) reaches its extremum in some other
point x° € Q.

Now construct the inner domain Q_; complementing Q in such a way, that points M, (¢',x') e Q, and
M(t',x*) € Q,. Then, using the statement of Lemma 1, we obtain VP| o, =0

We can write all the necessary conditions for function H to reach its maximum in M, :

OH

a“ZO;AHGSO;VHuzo;Von. ©)
t
From equation (2) with properties (9) we can find a chain of inequalities for point M,
OH oP m _ m
LH =—*—-pAH +(H,VH)+—M)) - f, +—=2—>0.
(3 at “’ o ( u) axu ( 1 ) fu 2T 2T

It means that inequality (8) is wrong. Hence (3a) is true. Theorem 1 is proved.
Following [ 10]; it is easy to obtain from Theorem 1 the proof of the following statement:
Corollary. If vector-functions f,@ satisfy conditions i) and ii), then the solutions U (t,x) of problem

(1) can be estimated
"U”C(Q) < ”@"C(Q) + T"f"C(Q) = Al’ VT < 0, (10)

where |U|.. . = maxsup|U, (t,x)|.

— U’
c(Q) 1<a<3 Qp

4. Weak generalized solutions

— 0
Multiply the equation (1a) by an arbitrary vector-function Z(¢,x) € C(Q)NW, (Q)NJ(Q), equal to zero
when (t=T) A (x € 0Q). Integrate the product on the region Q and integrating by parts we obtain the deriva-
tives from the first two and fourth summands and take them from U to Z. As a result we get
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3
[ (—UZ, +u> VU VZ, + (U,V)UZdedt = [ DZ(0,x)dx + j fZdxdt. (11)
0 k=1 Q 0
Once again we multiply the equation (la) by the gradient of an arbitrary single-valued function
0
ne L,(0,T;W,(Q)). Then integrate again by the region Q, using the orthogonality of subspaces G(Q), J(Q)
from [8]. As a result we obtain the equation
[vPVndxdt =—[ (U, VUV dxdt. (12)
0

Definition”1. A weak generalized solution of an initial-boundary value Navier-Stokes problem (1)'is the
vector-function U and function P from the subspaces

U e C(O)N L, (O0.T5L, @) NL, (0,752, ()N J(Q);
PeL,(0,T;1,()) (IP(t X)dx =0,¢ [0, T]j (13)

satisfying equalities (11), (12) for any

— 0
Z(t,x)e C(Q) NW,(Q)NJ(Q) A (Z|(t=T)A(X€DQ) = O); n(t,x) €L, (0,73, (Q)).
For this definition to be true all integrals in (11), (12) must be finite for any Z,n from the denoted clas-

ses.
Lemma 2 [4-6]. If the input data of problem (1) satisfy conditions i), ii), then the following estimations
are true for weak generalized solutions of problem (1):

H U Him ((O,T];LZ(Q))S 2 || ® Hiz(g) +4T2 Hf ||iw((0,r]; Lz(ﬂ)): A; (14)
3t
1 2 2T
ZI”VU ( )”LZ(Q) _”@"LZ(Q) X L, (0,T; L, (Q)) = AZ; (15)
k=1 [ u
IVPIE o <IN I} 19, <947 4, = 4. (16)

Inequalities analogous to (14), (15) were known for a long time, for example from [1, 184]. To prove
(16) we use the following chain

|w, V)U||L o j (U, VU

L. (Q) ZIHV kllzy (@) dt. (17)

Here we consequently apply the Cauchy—Bunyakovsky inequality for vector product and Holder’s ine-
quality for p =0 A g =1. From (12) and (17), based on estimations (10) and (15), follows (16). Lemma 2 is

proved.

The uniqueness of a solution for problem (1) follows from the maximum principle and the acquired a
priori estimates:

Theorem 2 [4—6]. If the input data f and @ satisfy conditions i), ii) respectively, then problem (1) has
a unique weak generalized solution U and P satisfying equalities (11), (12) for any Z and v from definition 1.

Proof. Let the pairs of functions {U,P} and {U",P"} — be two solutions of problem (1). Suppose
V=U-U'y{R=P-P", then applying the usual method from problem (1) we can move to equation

I(%—IZV WAVV +(V VYUV + (U ,VVV + VRdexdr =0, Vt(0,T]. (18)
QI
0
Due to the orthogonality [1, 8] of subspaces J(Q) and G(Q) the fourth and fifth members disappear
(18). All others are transformed by integrating by part. Hence obtaining from (18)

05V @)} ) + uz j V7@, o, j Z v, aU Jdd. (19)

* . . . . . . .
Because of the maximum principle, here the weak solutions are considered in a more narrow class of functions,
than in [1].
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The integral in the right-hand side can be estimated step by step using Holder’s inequality for
p=oAq=1 and Jung’s inequality for p =2, obtaining the inequality

2 34

2 _ 24
L@ dt, 4, = e

L, ()

o, o
[>n — LU dvdu< g2y [Iv7.@|
0, k=1 B k=10

Considering estimates (10), (15) and, applying the last inequality for e=2p/4, from (19), we find

d
E(exp(—AJ)”V(t)"iz (Q)) <0, Ve (0,T].

Then it follows that V' =0, V¢ (0,T], i.e., the solutions U and U'coincide.
Now using the functional equation (12), and taking into account the uniqueness of U, that we’ve just
proved, we get an integral correlation for VR J. VRVndxdt =0, Vt €[0,T].
0

di+ A, f @)
0

It follows that ¥Vn, we get VR =0, i.e. the gradient of pressure P from definition 1.is unique and ob-

tained from the vector-function U. Theorem 2 is proved.

5. Strong solutions

Definition 2. If the solution of the initial-boundary Navier-Stokes problem (1) in domain Q has all pos-
sible generalized derivatives of the same order as the equations themselves, then this generalized solution is
called strong.

Theorem 3 [4-6]. If the initial data for problem (1) satisfy conditions 1), i) and the boundary of domain

0Q e C?, then the problem (1) has a unique strong generalized solution U and.P from spaces
0
U e W, (Q) N J(Q): Pe L, (0.T; W, (Q)) A(jpdx —0,Vie [O,T]J,
Q

satisfying equations (1a) and almost everywhere in Q and.they possess the following estimation:
2

aa_ltj 1,(©0) ) Mki:"Vq)k”;Q) il i(o,T;uQ» =4s; (20)
|AUT, s A1 = 4; 1)

VU, ;(O,T;IQ(Q»SAS/HEAwkzﬁ; 22)

IVP o rn iy <3474 = 4y (23)

11, 0.2 0 < A NAUL o, » A — const; (24)

1Pl foraz iy < A NAPLL 0 < AUl 00z ) 4y Ac— comst. (25)

To prove inequalities (20)from equation (1a) we find the equation
[ U, —pAUY dvdr= [ (f - (U, V)U - VP) dxd.
QI QK
We will square the integrands. Then we transform the product in the left-hand side using integration by
part, and strengthen the ones in the right-hand side by applying Jung’s inequality for e=1 A p=2. Then we

get inequality
3
I U’ dxdr+p I (AU)dedT‘H,lZﬂVUk |2dx <
0, 0, k=1¢Q

< Hi [IVe, [ dx+2[ f2axduts [ (U, VU dxdr.
k=lo 9 o

Taking (16) into consideration we obtain from the last inequality the estimations (20)—(22) for strong
generalized solutions for problem (1). Note that (22) is a better estimate than (15).

We multiply equations (1a) by VP and integrate the result on region Q. Thus we will obtain the ine-
quality
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[[vP[ax< J|U|2Z3:|V U, [ dx.
Q Q k=1
Estimating the right-hand side by Holder’s inequality for p =14 ¢ =, we get

flvPlax<3|u@; jiw U,|" dx, vt €[0,T].
- Q k=1

Q
From this, using (22), we get (23).
Now let us show that AP e L,(Q). Since the boundary of region 6Q € C*, find the estimation (24), us-

ing inequalities from [1; 26], true for any function U(x) € WZ2 Q)N sz,o (Q):
"U w3 () < 4 ||AU||L2(Q) , Vi €[0,T], A;— const.

. . 2, oU, oU,
We can find the estimate of AP from the ratio AP = z ¢
a1 Ox, Ox,

by applying the div operation and taking (1b) into consideration.
Squaring both parts of the last equation, integrating on the region (O, we make an estimation of the

right-hand side, acquiring the inequality

, found from the vector equation’(1a)

ou,
0ox,

So we have W} (Q)c W, (Q), Ve>0 from the Sobolev embedding theorem. It follows that when
¢ = 2, we have the inequality

4
dxdt, V't €[0,T]. (26)

j (AP)’dxdt <9 23: j
0

k,0=1 0

||Uk||W4‘(Q) < A9 ”U/f'
where 4, — is some constant. Based on the last inequality and (21), (24) we obtain from (26) the estimation

e » VEELOTT:

(25). Vector-function U and pressure function P subject to estimates (20)—(25), satisfy equations (1a) almost
everywhere in the Q region. Theorem 3 is proved.

Remark 1. Theorem 2 on the uniqueness of weak generalized solutions of problem (1) is also true for
their strong classical solutions.

Remark 2.This work was conducted with the suppott of the Kazakh fund of fundamental research, pro-
ject Ne 0112 PK 00832.
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A .. Axprmn

HaBbe-CToKc TeHaey iepi YIIiH bIKIIAMJAAJIFaH MAKCUMYM Karuaachl

Makamaga ym emmemni 6eiice3bikTel HaBbe-Croke Tenmeymepi (HCT) ymiH MakcHMyM HpHHIMIIHIH
OpBIHAANATHIHIBIFEl KepceTinreH. OHBIH HETi3iHAe TaHmanblHFaH KeHicTikte HCT-ra KobUFaH ecenTiH
Oapieik yakpIT ¢ €[0,7], VT <o apalbIFbIHOA 9JICI3 HICUIYiHIH KaJKbUIBIFBI MEH KOCa Ol HICUTyiHiH

6OJ'IaTI)IHIII)IFLI JIJICTIICHICH.

AT Ak

Ynpoménnblii npuHIUN MakcuMyMa A8 ypasHeHuii HaBbe-Ctokca

B crarbe nokaszana crpaBeJIHBOCTh MPHUHIUIA MakcuMyMa Jutsi ypaBHeHuid HaBee-Ctokca (YHC). Ha ocho-
BE YEro B BHIOPAHHOM IIPOCTPAHCTBE JIOKa3aHbl €AMHCTBEHHOCTb CJIa0BIX U CYLIECTBOBaHHE CHIIBHBIX pelle-
Huii 3agaun a1 YHC B nenom no Bpemenu ¢ €[0,7], VT < .

VK 378:658.336.3
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OcHOBBI NMPOCKTUPOBAHUA U CTPOUTEC/ILCTBA NIPOIrpaMm

B cratpe pacCMOTpEHA HOBAsl mapagnurma I/IHCbOpMaTI/IKI/I O MPOCKTHUPOBAHUU AJITOPUTMOB, CTPYKTYDP JaHHBIX
U NPpOrpaMMHBIX CTPYKTYDP. I/ISBCCTHO, YTO MHXXCHEPUS OIUPACTCSA Ha CHCLII/I(I)I/I'-ICCKI/Ie METOAbl 1 METOAWKH,
B TOM YHCJI€ O9BPUCTUYCCKHUE. OcHoBHas 11€Jb 3TOH CTaThU B TOM, YTO MHXXECHEPU IIPOrpaMMUPOBAHUS SABJISA-
€TCA (I)OpMaJ'II)HLIM IIpOLECCOM, KOTOpLIﬁ MOXXHO H3y4aTbh, BBIpaXaTb B MCTOAUKAX W COBCPUICHCTBOBATH.
C 91O TOYKH 3pCHUA U HaMUCaHA HACTOAMIAs pa60Ta. B Hell u310KeHb OCHOBOIIOIATAIOIINE W1 HOBOU
JUIA TIpOrpaMMUpOBaHMs TIapaTUTMBbI. Taxxe OIIPEJCIICHBI 3TAIlbl U JaHa XapaKTEPUCTHKA KaXXJ10I'0 U3 HUX.

Kniouesvie cnosa: IpoeKTHPOBAHKE, AITOPUTM, CTPYKTYpa JaHHBIX, METOJ, CPEICTBA U MPOLELYPHI, METOMKA,
TEXHOJIOTHS TIPOrPaMMUPOBAHUS, MIKCHEPHST POTPaMMHPOBAHUS, CHCTEMa aBTOMATH3HPOBAHHOTO MPOCKTH-
PpOBaHMS, IPOEKT, HHTEPENC.

AHanu3 COBPEMEHHOTO COCTOSIHUA U Pa3BUTHS MPOU3BOICTBA MTPOrPAMMHBIX H3AETHI TOKa3bIBAET, UTO
B HACTOSIIEe BpEMsI IPOrpaMMHUpPOBaHHE TPaHC(HOPMUPOBATIOCH B TIENYI0 MHAYCTpHIO. B paMkax nanbHeii-
mero oOopa3oBaHMs YK€ MaJl0 3HATh TOJBKO SI3BIK MIPOTPAMMUPOBAHHS W OTIEPAMOHHEIN MOIX0] K COCTaB-
JIEHUIO AJITOPUTMOB. BBITyCKHUK, Kak IPOQeCcCHOHABHBIN pa3paboTIrMK MPOrpaMMHBIX MIPOIYKTOB, TOJKEH
BJIaJIeTh TEOPHCH MPOCKTHPOBaHHA (Kak 0e3 o(OpMIIEHHOTO MPOEKTa BIIOJHE MOKHO MOCTPOUTH CKBOpPEY-
HUK; HO HEBO3MOXXHO CTPOUTEIHCTBO BBICOTHOTO 3/IaHMSA, TaK U 0€3 MPOEKTa MOKHO peain30BaTh JIUIIb He-
OOJBIYIO TIPOTPaMMy, HO HE aBTOMATH3HPOBAHHOE PadoUuee MECTO CHEIMAUCTA U T.J.), METOJAaMH aKTHBH-
3allid MBIIUICHUS (Ha paHHHUX dTalax pa3BUTHS MPOTPaMMHUPOBAHUS, KOTJa MPOTrpaMMBbl MHUCAIKNCh B BHUIIE
MOCIIEI0BATENIbHOCTE MAIIMHHBIX KOMaHJ, Kakas-TUOO TEXHOJIOTHS MPOrpaMMHUpPOBAHHUS OTCYTCTBOBAJIA,
MPOrpaMMUpPOBaHUE, KaK MPaBHUIIO, OBUIO pabOTON OTAENBHBIX OAAPEHHBIX JI0/IeH). EMy (BBITyCKHHKY) He-
00X0/TMMO YMEHHE OTIEPUPOBAHMS MOJEIISIMHU, METOJIaMHU T'€HEpalliy PElIeHUs U BHIOOpA MX ONTHMAIBHBIX
BapuaHTOB. HabnromaeTcst cTpeMUTENbHBIN POCT 00beMa U CI0KHOCTH M3y4aeMOro MaTepHana, 4To JienaeT
HEOOXOJIUMMBIM €T0 OTEpaTHBHOE OOHOBJICHHE M ()OPMUPOBAHHE MPHHITUITHAIBHO HOBOTO MOIX0/a K KOHCT-
PYHMPOBAHHIO COICPIKAHUS M OpPTraHU3aIul YIeOHOT0 MaTeprania.
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