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New exact solutions of space-time fractional
Schrodinger-Hirota equation

In this study, improved Bernoulli sub-equation function method (IBSEFM) is presented to
exact solutions of the nonlinear conformable fractional Schrédinger-Hirota equation (I‘H
the traveling wave transformation FSHE turns into the ordinary differential equation (O
aid of symbolic calculation software, new exact solutions are obtained. 2D, 3D figures a
is powerful,
effective and straightforward for formulating new solutions to various types of no nal partial
differential equations in applied sciences.
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1 Introduction ¢

Fractional differential equations are the generalizatio ssigal differential equations with integer
order. In recent years, fractional differential equationsibecome the field of scientists to investigate
the expediency of non-integer order derivatives in e reas of physics and mathematics. These
equations have become a useful tool for desctibing numerous nonlinear phenomena of physics such
as heat conduction systems, nonlinear chaotic s iscoelasticity, plasma waves, acustic gravity
waves, diffusion processes [1-3]. Many nuanerical and analytical methods have been developed and
successfully employed to solve these equatigns such as modified Kudryashov method [4], homotopy
perturbation method [5], new extended lgebraic method [6], fractional Riccati expansion method
[7], modified extended tanh methgd [8

During the last few yea S %

orward definition of conformable derivative has been given
[9]. The conformable derivati erator which is compatible to many real-world problems provides
some properties of classi ulus: derivative of the quotient of two functions, the chain rule, the
product of two functions . Inl addition, many techniques have been applied to find exact solutions
for conformable linear al differential equations [11-16].

In this study; nsidered as follows:

1 ) ,
1) 4 Stea +lal* g+ iMuae =0, 20, 0< p < Li= VT, (1)

nlinear dispersion term, ¢ is the function of the independent variables of z and ¢. The

epresents a conformal derivative operator defined only for a positive domain of ¢ [10].
Before beginning the solution procedure, let us give some properties of the conformable derivative:
The conformable derivative of order av with respect to the independent variable ¢ is defined as [9]:

l—ay _
D (y(t)) = lim y(t + 7t . ) —y(t)

, t>0, a€(0,1],

for a function y = y(t) : [0,00) — R.

*Corresponding author.
E-mail: volkanala@mersin.edu.tr

Mathematics series. Ne3(107)/2022 17



V. Ala

Theorem 1. Assume that the order of the derivative a € (0,1] and suppose that u = u(t) and
v = v(t) are a— differentiable for all positive ¢. Then,

i. Df(cru+ cv) = c1 D (u) + ca D (v), for V ¢1,c2 € R.

ii. D{(tF) = ktF=2 V k € R.

iti. D(X\) = 0, for all constant function u(t) = A.

iv. DY (uv) = uD{(v) + vD§(u).

. D? (%) — UD?(“)U_QUDZI(U) .

vi. D (u) (t) = tl_“%.

The conformable differential operator satisfies some critical fundamental properties like the chain
rule, Taylor series expansion, and Laplace transform.
Theorem 2. Let u = u(t) be an a— conformable differentiable function and‘ Mt is a
differentiable function. Then, 3\
D (uow)(t) =t (1) (v(2)). 6

The proofs of these properties are given in [17] and [9] respectively.

The rest of the paper is organized as follows: in the second sectio ripton of the IBSEFM is
given; in the third section, the application of IBSEFM is mentio the last section, this study
provides conclusions.

4

2 Description of the I

/1

IBSEFM. This method is direct, significant,
utions for both nonlinear and nonlinear
present five main steps of the IBSEFM as

In this section, we give the fundamental properti
advanced algebraic method for establishing
fractional partial differential equations [11,12,
follows:

Step 1: Let us take account of the following conformable partial differential equation of the style

2
N (D, Dg(gta)v, ) =0, (2)
where Dia) is the conforma T derivate operator, v(z,t) is an unknown function, P is a
polynomial and its partial desiyva contain fractional derivatives. The aim is to convert conformable
nonlinear partial differe eguation with a suitable fractional transformation into the ordinary
differantial equatdon. T'he ransformation as
’U(.CC,t) = V(g)a §:£(x7ta)' (3)
Usin n e properties of conformable fractional derivate, it enables us to convert (2) into an
O m
NV, V' V" .)=0. (4)

If we integrate (4) term to term, we obtain integration constants which can be determined later.
Step 2: Hypothesize the solution of (4) can be presented as follows:

V({) _ z;)aiFl(‘f) _ a0+a1F(§)+a2F2(§)+manFn(§) (5)
& 2 —
2 biFI(E) bo + bLF(€) + by F2(E) + ...by F™(€)
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where ag, a1, ...,a, and bg, by, ..., b, are chosen arbitrary constants of the balance principle and the
form of Bernoulli differential equation is as follows:

F'(&)=0F(&) +dFM(¢), d#0,0 #0, M € R/{0,1,2}, (6)

where F(€) is a polynomial.

Step 3: The positive integers m,n, M are found by balance principle that is both nonlinear term
and the highest order derivative term of (4).

Substituting (5) and (6) into (2) it gives us an equation of polynomial ©(F') of F as follows;

O(F(£)) = psF(§)° + . + 1 F(§) +po =0
where p;,i =0, ..., s are to be determined later. ¢ x
Step 4: Equatlng all the coefficients of ©(F(£)) which yields us an algebraic 6\
Step 5: When we solve (4), we get the following two cases with re@&md d,

pi=0,1=0,..,

Using a complete discrimination system of F(§), in the analytical solutions of (4) via Wolfram
Mathematica and categorize the exact soldtions of (4). To achieve better results, we can plot two and
three-dimensional figures of analytical golutions by considering proper values of parameters.

lication of the IBSEFM

In this section, we will a
Schrédinger-Hirota equati

e BSEFM to obtain the exact solutions to space-time fractional
t uS consider the following wave transform:

t tH
:U(f)exp( (wx-l—n )) E=2—2w—, (8)
K M
where the c cie nd w are constants that represent soliton frequency and soliton wave number
resp | g (8) we get
() _ / t
¢" = (—2wU’ +inU) exp wx +n— . (9)
e
- (U”—l—2in’—w2U)exp( (wac—l—nu)) (10)
1 tl“L
Qrzz = <U”’ + 3iwlU — 32U — zw3U) exp ( (wx +n— )) (11)
I

Substituting (9)—(11) into (1) and detaching the real and imaginary parts yield w = —3 and U(€)
satisfy the following ordinary differential equation:
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) 3
—(m—Fn)U—i—iU”—FUS:O, (12)

where U” = Ccl;U. When we reconsider (12) for balance principle, considering among U” and U3, the
relationship as follow:

M=n—-m+1. (13)

(13) shows us the different cases of the solutions of (12) and some analytical solutions can be constructed.

hold:
ap + a1 F(§) + aaF?(§) + asF3(€)
bo + b1 F(§)

(Y (§) = T(P'(E)
v2(£) ’

U(§) =

U'e) =

and

TV () - TEOY'(E) [TV (©)) ¥2(¢

U”(€) V2(g) P

: (16)

of polynomial of F' we get:

50,0178

where F' = oF+dF3, a3 #0,b; # 0,0 #0,d # 0. Usin M) i (13), obtained from coefficients
Fozag—naobg—mz(),
b

.92 2 Baiby | 3 2 9 b 3 2 _

F : 3agar — na1by — 553 + 50°a1bg — 2nag 29t — 50%agboby = 0,

F? : 3aga? + 3a3as — nashd — 22t 68%asb? — 2narboby — 2Bl — 3624, boby — nagh? — 204
1 oapay apa2 — Na20y — 51 a20y 1a10001 27\2 207410001 — NapbT — w52

3.2, 12
F3 .3 6 3 2

1 ay + bagaraz + sagas
9 2 2 baibf
50°azbob1 — narby — 57 =0,

5asb?
F*. Ba%a2+3a0a% Hﬁ a3+ 8d0'a2b%—277a3b0b1—%4—%02@3[)01)1—’0&21)?—ﬁ—f—%a%@b% =

2 _ Bashf | 272, 52 5agbob
° @ asby — =2 + 50 asbs — 6doagboby — 2nasboby — 2GR +

2
F5 . 3a1a§ + apasas + gd2a1b(2) + 36daagb(2) — %dQ(zobobl + 18doasboby — nazb? — E;Z?:\bgl +

3+ 3a0a§ + 12d2a2b3 + %dzalbobl + 48doagbob; — %dzaob% + 6doazb? = 0,
dazboby + Jd*asb? =0,

a3z + 3ala§ + %dzagbg + %d2a2b0b1 + 18d0a3b% =0.

When we solve above the system of the equations of F' using Wolfram Mathematica, the coefficients
are obtained as:
Case 1. For o # d,

T 9N iy - 0Ny i3 — 2t
0= \/? ;a1 = \/T ja9 = 22\/§db07 az = 271\/§db1, o= — 2

a

9\
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Substituting these coefficients along with (7) in (14), we obtain the following solution to (1) as follows:

i/ =3 — 9nA2 . .
6 Y 27'\/§d 6z(wz+n%) '

q (2,t) = o =5 i

3\ 2 77277;)\2(9572“;7)

Figure 1. 3D- plots of ¢i(x,t) for the values d = 0.4; w = 0.5; p
A=03;1=0.1; —10 < 2 < 10, —10 <

2 ¥ “/I\\ mr

Figure 2. 2D~ nd contour surfaces of qi(z,t).

ix /3
Case 2. For 0 # d, ag = i 3 obi; az = 2iV/3 dbo; az = 2iV/3 dbi; A = — L2 _%;302.

2
Substituting these co ng with (7) in (14), we obtain the following solution to (1) as
follows:

Figure 3. 3D- plots of ga(x,t) for the values d = 0.3; 0 = 0.5; p = 0.3; ¢ = 0.2; w = 0.5; n = 0.1;
t=0.2,-10 < 2 < 10, —10 < ¢ < 10.
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Figure 4. 2D- plots and contour surfaces of ga(x,t).
2
4 Conclusions \

In this paper, the IBSEFM is applied for FSHE. Using a wave transf , JFISHE has been
converted into the ODE which can be solved according to the IBSEFM. m of this method,
exact solutions are obtained. The contourplot surfaces, 3D and 2D figu igukes 1-4) of all solutions
obtained by IBSEFM under the suitable values of parameters ar té by showing the main
characteristic physical properties of the solutions with the help o ¢ software. According to
the results, the formats of traveling wave solutions in two & imensional surfaces are similar

X

LR
———

to the physical meaning of results.

The solutions are solitary wave solutions. It is also clgar
better approximations are obtained. The conclusi
powerful. Thus, in mathematical physics, it is applica

more steps are developed and the
that’the IBSEFM is simple, effective, and
to®olve other conformable partial differential
ion funtion method is influential and suitable
in which the balance principle is satisfied.
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B. Ana

Mepeun yfusepcumemi, 2viavim sicone adebuem daryavmemi, mamemamuka darxysvmemi, Mepcun, Typrus

KeHnicTik 1meH yakbITTaH TOyeJal OeJIeK
ITpenunrep-Xupora TeHAEYiHiH »KaHa HAKTHI IHelliMaepi

Makasaia ChI3BIKTHL eMec Geuttiek Topiznec Ipenunrep-Xupora regaeyiniy (FSHE) nom memimzaepin Kypy
YIIiH 2KakcapThFan Beprysmn Kocankel Tergeyi dyaknuacersis oici (IBSEFM) yebabumran. 2Kbuikbr-
MaJIbl TOJIKBIH TYpJenaipyiniyg kemeriven FSHE komimri muddepennmanapik tregneyre (ODE) rypien-
Jipisesii yKoHe CUMBOJIJIBIK €CcenTeyiln HarmapiaMaiblK KAMTAMAChI3 €TY/IH KOMeriMeH »KaHa HAKThI IIe-
miMaep anbiaagel. 2D, 3D durypasapsr MeH mentiMaep/IiH, MOHIEPiHEeH aJbIHFaH KOHTYD 6eTTep CajIbIHFaH.
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Horukenep KepcerkeH e, YChIHBUIBII OTBIPFAH 9IC KOJAAHOAbI FBIIBIMIAPIAFEI 9PTYPJl THOTI ChI3bI-
KTBI eMec GeJek jepbec TYBIHABLIB auddepeHITnaiIblK, TeHIeYIep/IiH KaHa IIeniMIepiH )Kacay VIIiH
KyaTTbl, THIM/I] »KoHe KapamnaibIM 9/IiC.

Kiam cesdep: Gemiek Topiznec Tywipl, LlIpeguarep-Xupora Tenjeyi, xKakcapThlirad BepHyIIIN KOCAJIKbI
reneyinin dyakuumsicer agici (IBSEFM).

B. Ana

VYnusepcumem Mepcun, Mepcun, Typuus

HoBbie TouHBIE perieHus HpOCTpaHCTBeHHO-BpeMQ@

apobuoro ypaBHenus IlIpénuarepa-Xupo
Fs.g.

B craTbe npejicraBien ycoBepieHCTBOBAHHBIN MeTox DyHKIHI o/ ypaBHeHuil Bep#yst
TOYHBIX PEIIEHUI HEIMHERHOTO NpobHO-TTon06HOT0 ypasuenns 111pémunrepa- XupoTe, (
npeobpazoBanus Gerymeit Bosinbl FSHE npespariaercsi B 0ObIKHOBEHHOE T, H

OCTPOEHUS
C nmomoIbio
bHOE ypaBHeHUe,

a ¢ MCIOJIb30BAHUEM IIPOIPAMMHOI0 OOECIIEYEHNUsI JIJIsT CHMBOJIBHBIX BBIYHC [IGYIy JAFOTCsl HOBBIE TOU-
uole pemennsi. Ctposrcsa 2D, 3D duryper u KOHTypHBIE IIOBEDXHOCTH, IOIY bIe/ M3 3HAYECHAN peIeHni.
Pesynbrarer mokaspBaioT, ITO IIPEIJIOXKEHHBII METOI, sIBJISIETCS, MOIIHBIM, D UBHBIM U IIPOCTBHIM CIIO-

cobOM [j1si pa3pabOTKU HOBBIX PEIIEHUN PA3JIUYIHBIX TUIIOB HEJIMH pOOHBIX JnddepeHInaIbHbIX
YPaBHEHHI B YaCTHBIX ITPOU3BOJIHBIX B IIPUKJIAIHBIX HAYKAX.

Kmouesvie crosa: mpobHO-IONOOHAST TPOU3BOIHAS, YPABHGHIE €uATepa- XUPOTHI, YCOBEPIIIEHCTBOBAH-
HBII MeToJ1 MYHKIMI 1o1ypaBHennii Bepuysin.
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