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The goal of the current study is to investigate the complete lift of Lorentzian a-Sasakian ,manifolds ‘to
the tangent bundle TM. We also examine the complete lift of the different four types of Lorentziania-
Sasakian manifolds and find that (TM, g“) is an n-Einstein manifold in each instance. In_ordetito show
that a Lorentzian a-Sasakian manifold exists on TM, a non-trivial example by means of partialdifferential
equations is built in the final section.
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Introduction

The geometry of trans-Sasakian manifolds received sigmificant contributions from Blair and
Oubina [1]. An almost contact metric manifold (M, &, myg) with dim = (2n + 1) was defined due to
Blair [2]. The geometry of the almost Hermitian manifold (M; .J, G) helps to determine the geometry of
the almost contact metric manifold (M, ¢, &, n, g)ythat offers various structures on M (Sasakian, quasi-
Sasakian, Kenmotsu, etc.) [1,3-6], where M = M XuRy"J represents the almost complex structure and
G stands for the Hermitian metric. A structure (¢, &, n, g, «, 3) on M is referred to as a trans-Sasakian
structure where «, 3 are smooth functiens using the structure in the class Wy on (M, J,G). On the
nearly Hermitian manifold (M, J, G)gsixteen different types of structures are known to exist [7].

It is noted that cosymplectic [2], f-Kenmotsu [6] and a-Sasakian [6] are trans-Sasakian structures
of type (0,0),(0,3) and («, () respectively. De and Tripathi 8] have explored trans-Sasakian mani-
folds and achieved outstanding findings. Lorentzian a-Sasakian manifolds were the subject of Yildiz
and Murathan’s research’ [9]¢ Yeoldas developed a few classes of generalized recurrent a-cosymplectic
manifolds [10-12]. We cite [13,44] for additional research on the aforementioned subject.

Assuming that (Myg),n = dimM > 3 is connected semi Riemannian manifold of class C*° and
represent by V it§Levi-Civita connection. We write the Riemannian-Christoffel curvature tensor R, the
Weyl conformal curvature tensor C, the conharmonic curvature tensor K [13|, the projective curvature
tensorP and the concircular curvature tensor C of (M, g) by

R(s1,82)s3 = Vs, Vs, 83 — Vs, Vs, 83 — Vs1,52] 53
C<31,82>83 = R(81,82)83

1
n—2

[S(s1,83)s2 — S(s2,83)51 + g(51,53)Qs2 — g(s2, 53)Qs1]

T

- m[g(sl, s3)s2 — g(s2, 83)s1],
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K(Sl, 82)53 = R(Sl, 52)83
1
n—2

[S(s2,53)s1 — S(s1,53)52 + g(s2,53)Qs1 — g(s1,53)Qs2],

1
P(s1, 52)s3 = R(s1,52)53 — ——[9(s2,53)Qs1 — g(51, 53)@s2],

C(s1,59)83 = R(s1,59)83 — m[g(sh s3)s2 — g(s2, 83)51],

respectively. In this scenario, @ is the Ricci operator as defined by S(s1,s2) = g(Qs1, 52, S1,82, S3 €
33(M), S is the Ricci tensor and 7 = tr(S) is the scalar curvature.

The fundamental characteristics of curvature tensors and the idea of the liftings of tensor fields
and connections to their tangent bundle was developed in [15]. In their study, Dida and, Hathout [16]
looked into Ricci soliton structures on tangent bundles of Riemannian manifolds.«INumerous scholars
have examined several connections and geometric structures on the tangent bundle’and established
their fundamental geometric features [17-22].

These works serve as our inspiration as we investigate the compléte lift of Lorentzian a-Sasakian
manifolds to tangent bundle TM. Additionally, we investigate the ‘complete’lift of ¢-conformally flat,
¢-conharmonically flat, ¢-projectively flat and ¢-concircularlyaflat Lorentzian a-Sasakian manifolds
and derive (TM, g¢) as an n®-Einstein manifold in each instance where g is the Lorentzian metric.

Notations. The notations below appear in several places, thteughout the text: Both 3%(M) and
34 (TM) stand for the set of all tensor fields of typé(a;®). [23,24].

1 Preliminaries

If there is a (1, 1)-tensor field ¢, a vector field &, a 1-form 7, and a Lorentzian metric g that satisfy
Vs1,52 € S§(M) [1,2,8,25]

n§ = -1, (1)
¢ = I+nw¢ (2)
g(Pst, psa) = g(s1,52) +n(s1)n(s2), (3)
9(s1,6) = n(s1), (4)
¢§ = 0, 77(¢51> =0,
then the differentiable manifold M is said to be a Lorentzian a-Sasakian manifold.
The following relationships are also true in a Lorentzian a-Sasakian manifold M [26-30]
Vslg = —apsi, (5)
(Vaim)s2 = —ag(ési, s2), (6)
and M becomes n-Einstein if its Ricci tensor S is given by
S(s1,52) = ag(s1, s2) + by(s1)n(s2), Vsi,s2 € SH(M), (7)

in above equations V represents the covariant differentiation operator w.r.t. g and a,b are functions

on M.
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For curvature tensor R, we have [§]

R(& s1)s2 = a?(g(s1,52)€ +n(s2)s1), (8)
R(s1,s = o®(n(s2)s1 + n(s1)s2), 9)
R(&s1)¢ = a*(n(s1)é + 1), (10)
S(s1,€) = (n—1)a’n(s1), (11)
Q¢ = (n—1)a” 57 (12)

5S¢ = —(n—1) (13)
S(ps1,¢s2) = S(s1,82) + (n — 1)a®n(s1)n(s2), (14)

where @ stands for the Ricci operator with S(s1, s2) = g(Qs1, $2).

2 The complete lift from a Lorentzian a-Sasakian manifold to its tamgent bundle

Let us consider a local coordinate system (2%),i = 1,...,n on differentiable mafifold M and let
(z%,9"), i = 1,...,n be an induced local coordinate system on tangent bundle TM. If s; = slladi is a
local vector field on M, then its vertical and complete lifts in the term of partial differential equations

are

. 0
\%4 7
S — S I
1 layz
0. 081" WO
Slc = 811 G 81. J

Dr O%a oyt

Let 71, s1 and ¢, respectively, represent 1-form, vector field, and a tensor field of type (1,1). Denote
the complete and vertical lifts of 7, s; and ¢ by, 4%, ¢¢ and 7", 51", ¢V, respectively. Then by
using mathematical operators on 7, s; andggp, we have [15,31]

" (s19) =1%s1%) = n(s1)", 19(519) = n(s1)€,
0”519 = (¢51)", 0951 = (¢51)C,

(51, 52) V&€, 521 = [51Y, 529, [81782]0 = [5103320]7

VSes26e (Va52)9,  Vies = (Vys),

V¢ is used for the complete lift of V on TM.
Using the complete lift on (1)—(7), we conclude

9% = 7€) =0 n9E&")=n"(") =1, (15)
()¢ = I+n°®&" +0" ¢, (16)
9% ((¢51)%, (#32)°) = %519, 529) + 1% (519" (52°)
+ 0" (s19m% (529,
9°(519,€%) = n%(s19),
¢ = ¢V¢V =99 =¢V¢" =0, (17)
1%(¢s1)¢ = 1" (¢s1)" =1%0s1)" =n"(¢51)" =0, (18)
V519, 5% € S§(TM), and
VOt = —a(¢s1)",
(VEen)se® = —ag®((¢s1)°, s2°).
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When the complete lift of Ricci tensor S holds for
S9(51,529) = ag®(519, 529) + b{n° (519" (52%) + 1" (519" (529)},

then the Lorentzian a-Sasakian manifold M on TM is thought to be n®-Einstein.
Taking the complete lift on (8)—(14), we infer

RC(gC" 810)820 _ a2{90(810,820>§v + gC(Slv,SQC)§V
— n%529)s1Y + 10V (529517,
RY(519,59¢9 = a*{n%(529)s1" + 1" (529)81°

— %19 s2Y + 1V (519)2°,
RE(EC,519)¢C = o?(n%(s19)6Y + 10V (519)€C + 5“1,

S919,69) = (n—1)a’n%(s1),
(Q9° = (n—1)a’¢,
S99 = —(n—1)a?
SC((#51)%, (¢52)¢) = 89519, 529) + (n — 1) {1 (1M (529

+ V(5199 (29},
where SC(Slc, 520) = gC((Qsl)stgc) and S(Slv,SQC) = gC((Qsl)V,SQC).

8 Main Results

Definition 1. Consider a differentiable manifoldy,(M®%¢) with n > 3. Then M is said to be
e ¢-conformally flat if
0*C(¢s1, ps2)gss = 0, (19)
e ¢-conharmonically flat if
¢* K (¢s1, Psa) sz = 0,
e ¢-projectively flat provided
WP (¢s1, ps) s = 0,
e ¢-concircularly flat if
¢*C(ps1, psa)pss = 0.
Theorem 1. Let M™ be ¢-conforimally flat Lorentzian a-Sasakian manifold and denote by TM its
tangent bundle. Then (TIMyg® )is an 7°-Einstein manifold, ¢© being the Lorentzian metric of TM.

Proof. For theygiven assumptions, we see that

O*C(ps1, psa)psz = 0 <= g(C(ps1, psa)ps3, psa) = 0, (20)
VSl, 89,88554 € S(l)(M)
Gomplete liftsgon (1) produce
60(8107820)830 _ RC(810,320)83C
o i 5 [SC<810, Sgc)SQV + SC(Slv, 830)820

_ SC(SQC, S3C>81V SC(SQV, 830)810
+ (Qs2)" + %517, 539)(Qs2)
s39)(Qs1)" — g%(s2", 539)(Qs1)

“(519,53%)82" + g%(s

_l’_

C
o
V’ 830)820
S2V7 830)510]-
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In view of (20) and (21) ¢-conformally flat means
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Let {g; :i=1,...,n—1,&} represent a local orthonotmal basis. Then {(¢g;)¢ 143 = 1, ..

isin TM.

Setting s1 = s4 = ¢; in (21) produces

Z g(R(¢e;, ps3)Pss3, e;)
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In view of (15), (16), (17), (18) and (19), we infer

Tf(g(R(qbsi,assQwss,cba))C = 59(¢52)°, (ds3)°)
h + g9((952)°, (653)°), (23)
ZSC (0e:)C, (¢ei))C = 7—(n—1)a?, (24)
f[g%ﬁa)q (653))S((932)", (#20)7) + g7 ((920)", (653)7) S (#52), (988)°)
- = S9((¢s2)“, (93)) (25)
Zg (¢e), ()¢ = n—1, (26)
and
f[g%m)? (¢53)9)9% ((952)", (8e1)7) + g°((e))", (@s3YNT" ((d52), (02:))
B = goU(ds59), (¢53)°). (27)
Making use of (23)-(27) the equation (22) can be @xpressed as
SC(($52)7, (953) Vs L1g® ((@s2) (¢53)°), (28)

where Ly = [-Z5 — (n — 1)a® — (n — 2)]. Using (17)waftd (19), the equation (28) becomes

n

§%(52%,83%) = Lg% (527, 88) BL1{n (520" (53) + 1" (s2)n (55}
Thus (TM, ¢¢) is an n°-Einstein manifeld.

On the similar devices of Theorems4.1 and using definition 1, we have

Theorem 2. Let M", (n >3) be ¢-conharmonically flat Lorentzian a-Sasakian manifold and TM
be its tangent bundle., Thed (TM, ¢©) is an n°-Einstein manifold.

Theorem 3. Forany ¢-projectively flat Lorentzian a-Sasakian manifold M™ (n > 3), (TM, ¢%) is
an 1°-Einstein manifold.

Theorem. For'amy ¢-concircularly flat Lorentzian a-Sasakian manifold M™ (n > 3), (TM, ¢¢) will
be an®-Binstein manifold.

4 Ezample

Assume a differentiable manifold M = {(u,v,w) : u,v,w € R3,w > 0} and denote the L.I. vector
fields on M by <1, 62,63 given by [32]

) I R I

Further for 1-form n on M, one can write

g=q¢ "

9(s1,52) = g9(s1,3) = 9(s2,53) =0, g(s1,61) = g(s2,52) =1, g(s3,53) =—1
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and
77(53) = 9(33,§3), s3 € %é(M)a

where g is the Lorentzian metric.
Suppose ¢ stands for (1, 1)-tensor field satisfying

¢s1 =61, 2 =¢, ¢s3=0.

With the linearity of ¢, one concludes 7(s3) = —1, ¢2(3 = s3 + n(s3)s3 and g(¢s1, Pps2) = g(s1,52) +

+1(s1)n(s2).
Thus, (for ¢3 = £) M becomes Lorentzian almost paracontact metric manifold with Lorentzian
almost paracontact metric structure (¢,&,n,g) on M.

Also,
[c1,52] =0, [s1,83] = as1, [¢2, 53] = asa.

The Koszul’s formula is written as
29(Vgs2,83) = Xg(s2,s3) + s29(s3,51) — s39(s1, 82)
— g(s1, [s2,83]) + g(s2, 53, 51]) + 953,451, 52)),

and we have [32]

Vasi = as3, Vaa=oas1, Vo =as3, Ve = o, (29)

Vasa = Vga =Vga =V,a & Vs =0. (30)
We can easily verify that

vslf b —O[¢Sl,
(Vsym)s2 = —ag(dsi, s2).

Hence, M is a “Lorentzian a-Sasakian<manifold”.
Let us denote the complete and vértical 1ifts of ¢, <2, <3 on TM by glc , g2c , g?? and gY , gé/ , g?Y . Further,
suppose that ¢¢ be the complete lift of a Riemannian metric g on TM holding

9% (s <) = (9%(s1,3))" = (n(s1))", (31)
U190 ) = (99(s1.68))° = (n(s1)),
go(§3c,§30) = -1, gv(slv7g3c) =0, gV(§§/7§§/) =0

and so on.
Considerghe (11)-tensor field ¢ and its complete and vertical lifts ¢ and ¢V by

Above equation produces

g9 (1), (62)€) = g9(F.s5) + (1)) (m(s2))”
+ (1)) (m(s2))”.
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Thus, for ¢3 = £ in (31)-(32), the structure (¢¢, ¢ n%, ¢g) is a Lorentzian almost paracontact
metric structure on TM.
The Koszul’s formula for VE can be viewed as

C c ci.C C C c C C c C
(Vc§2753) = X"g (52>53)+329 (53a51)—§39 (s7,53)
C/.C [.C c c
- g (31:[32,53])+9 (327[53731]>+9 (337[31732])-

Taking the complete lift on (29) and (30), we conclude

ch = af, Vccg = ac’, Vc<2 =ac, Vc§3 = ac,

V C§2 = V o§1 V CCQ V c§1 V c§3 =0.

We can easily verify that

C C C
vs?é- = ¢) 517

(Vien©)s§ = —ag((¢s1)", s5).

Hence, (¢©,¢%,1n%, g%, TM) is a Lorentzian a-Sasakian manifold.

144

Conflict of Interest

The authors declare no conflict of interest.

Author Contributions

All authors contributed equally to this work.

4

References

Blair, D.E., & Oubina, J.A.{1990). Conformal and related changes of metric on the product of
two almost contact metrie manifolds. Publications Matematiques, 34, 199-207.

Blair, D.E. (1976). Contaet,manifolds in Riemannian geometry. Lecture Notes in Mathematics,
509. Springer-Verlag, Berlin.

Abood, H.M., & Abass, M.Y. (2021). A study of new class of almost contact metric manifolds
of Kenmotsuitype. Tamkang Journal of Mathematics, 52(2), 253-266. https://doi.org/10.5556/
i.tkjm.52.2021.3276

AboodgH.M:2& Al-Hussaini, F.H.J. (2018). Locally conformal almost cosymplectic manifold
of ¢-holomorphic sectional conharmonic curvature tensor. FEur. J. Pure Appl. Math., 11(3),
6714681 https: //doi.org/10.29020 /nybg.ejpam.v11i3.3261

Naik, DiM., Venkatesha, & Prakasha, D.G. (2019). Certain results on Kenmotsu pseudo-metric
manifolds. Miskolc Mathematical Notes, 20(2), 1083-1099. https://doi.org/10.18514/MMN.
2019.2905

Kenmotsu, K. (1972). A class of almost contact Riemannian manifolds. Tohoku Math. J., 24,
93-103.

Kilic, E., Gulbahar, M., & Kavuk, E. (2020). Concurrent vector fields on lightlike hypersurfaces.
Mathematics, 9(1), 59. https://doi.org/10.3390/math9010059

De, U.C., & Tripathi, M.M. (2003). Ricci tensor in 3-dimensional trans-Sasakian manifolds.
Kyungpook Math. J., 43, 247-255.

Bulletin of the Karaganda University


https://doi.org/10.5556/j.tkjm.52.2021.3276
https://doi.org/10.5556/j.tkjm.52.2021.3276
https://doi.org/10.18514/MMN.2019.2905
https://doi.org/10.18514/MMN.2019.2905
https://doi.org/10.3390/math9010059

Liftings from Lorentzian ...

9

10

11

12

13
14

15

16

17

18

19

20

21

22

23

24

25

26

27

Yildiz, A., & Murathan, C. (2005). On Lorentzian a-Sasakian manifolds. Kyungpook Math. J.,
45(1), 95-103.

Prasad, R., & Haseeb, A. (2016). On a Lorentzian para-Sasakian manifold with respect to
the quarter-symmetric metric connection. Nowi Sad J. Math., 46(2), 103-116. https://doi.org/
10.30755/NSJOM.04279

Yoldag, H.I. (2022). On some classes of generalized recurrent a-cosymplectic manifolds. Turk.
J. Math. Comput. Sci., 14(1), 74-81. https://doi.org/10.47000/tjmcs.969459

Yoldas, H.I. (2021). Some results on a-cosymplectic manifold. Bulletin of the Transilvania
University of Brasov. Series III: Mathematics and Computer Science, 1(63)(2), 115-128.
https://doi.org/10.31926 /but.mif.2021.1.63.2.10

Ishii, Y. (1957). On conharmonic transformations. Tensor N.S., 7, 73-80.

Ozgur, C. (2003). ¢-conformally flat Lorentzian para-Sasakian manifolds. Radevi Matematicki,
12, 99-106.

Yano, K., & Ishihara, S. (1973). Tangent and Cotangent Bundles. Mareel Dekker, Inc., New
York.

Dida, H.M., & Hathout, F. (2021). Ricci soliton on the tangest bundleywith semi-symmetric
metric connection. Bulletin of the Transilvania University of Brdsov.. Series III: Mathematics
and Computer Science, 1(63)(2), 37-52. https://doi.org/10.31926 /But.mif.2021.1.63.2.4
Altunbas, M., Bilen, L., & Gezer, A. (2019). Remarks about the Kaluza-Klein metric on tangent
bundle. Int. J. Geo. Met. Mod. Phys., 16(3), 1950040. https://doi.org/10.1142/S02198878195
00403

Bilen, L., Turanli, S., & Gezer, A. (2018). On Kahler-Norden-Codazzi golden structures on
pseudo-Riemannian manifolds. International Journal of Geometric Methods in Modern Physics,
15(05), 1850080. https://doi.org/10.1142 /80219887818500809

Khan, M.N.I. (2022). Novel theorems for metallic structures on the frame bundle of the second
order. Filomat, 36(13), 4471-4482. http://dx.doi.org/10.2298 /FI1.2213471K

Khan, M.N.I., De, U.C., & Velimirowig, L.S. (2023). Lifts of a quarter-symmetric metric connec-
tion from a Sasakian manifold to'its tangent bundle. Mathematics, 11(1), 53. https://doi.org/
10.3390/math11010053

Khan, M.N.I. (2014). Lifts,of hypersurfaces with quarter-symmetric semi-metric connection to
tangent bundles. Afrika Matematika, 25, 475-482. https://doi.org/10.1007/s13370-013-0150-x
Khan, M.N.I. (2021)« Noyel theorems for the frame bundle endowed with metallic structures on
an almost cemtact metric manifold. Chaos, Solitons € Fractals, 146, 110872. https://doi.org/
10.1016/j.¢ha0s.2021.110872

Khan, M.N.I';))& De, U.C. (2022). Lifts of metallic structure on a cross-section. Filomat, 36(18),
63696373 https://doi.org/10.2298 /F11L.2218369K

Abbassi, M. T.K., Boulagouaz, K., & Calvaruso, G. (2023). On the geometry of the null tangent
bundle of a pseudo-Riemannian manifold. Azioms, 12(10), 903. https://doi.org/10.3390/axioms
12100903

Cabrerizo, J.L., Fernandez, L.M., Fernandez, M., & Zhen, G. (1999). The structure of a class of
K-contact manifolds. Acta Math. Hungar., 82(4), 331-340. https://doi.org/10.1023/A:10066964
10826

Das, L.S., Nivas, R., & Khan, M.N.I. (2009). On submanifolds of co-dimension 2 immersed in a
Hsu-quaternion manifold. Acta Mathematica Academiae Paedagogicae Nyiregyhaziensis, 25(1),
129-135.

Karaman, C., Gezer, A., Khan, M.N.I., & Ucan, S. (2024). Geometric properties of almost pure

Mathematics Series. No.2(118)/2025 145


https://doi.org/10.30755/NSJOM.04279
https://doi.org/10.30755/NSJOM.04279
https://doi.org/10.31926/but.mif.2021.1.63.2.4
https://doi.org/10.1142/S0219887819500403
https://doi.org/10.1142/S0219887819500403
https://doi.org/10.1142/S0219887818500809
https://doi.org/10.3390/math11010053
https://doi.org/10.3390/math11010053
https://doi.org/10.1016/j.chaos.2021.110872
https://doi.org/10.1016/j.chaos.2021.110872
https://doi.org/10.3390/axioms12100903
https://doi.org/10.3390/axioms12100903
https://doi.org/10.1023/A:1006696410826
https://doi.org/10.1023/A:1006696410826

M.N.I. Khan et al.

28

29

30

31

32

metric plastic pseudo-Riemannian manifolds. Heliyon, 10(23), e40593. https://doi.org/10.1016/
j-heliyon.2024.e40593

Choudhary, M.A., Khan, M.N.I., & Siddiqi, M.D. (2022). Some basic inequalities on (¢)-para
Sasakian manifold. Symmetry, 14, 2585. https://doi.org/10.3390/sym14122585

Blaga, A.M., Perktas, S.Y., Acet, B.E., & Erdogan, F.E. (2018). n-Ricci solitons in (g)-almost
paracontact metric manifolds. Glasnik Matematicki, 53(73), 205-220. http://dx.doi.org/10.3336/
gm.53.1.14

Yildiz, A., Turan, M., & Murathan, C. (2009). A class of Lorentzian a-Sasakian manifolds.
Kyungpook Math. J., 49(4), 789-799. http://dx.doi.org/10.5666/KMJ.2009.49.4.789

Peyghan, E., Firuzi, F., & De, U.C. (2019). Golden Riemannian structures on the tangent bundle
with g-natural metrics. Filomat, 33(8), 2543-2554. https://doi.org/10.22984FIL1908543P

Haseeb, A., & Prasad, R. (2020). n-Ricci solitons in Lorentzian a-Sasakian manifelds-ywFacta Uni-
versitatis (NIS). Ser. Math. Inform., 35(3), 713-725. https:/ /doi.org/10.22190/FUMI2003713H

Author Information™

Mohammad Nazrul Islam Khan (corresponding author) —\Asseciate Professor, Department
of Computer Engineering, College of Computer, Qassim University, Buraydah, Saudi Arabia; e-mail:
m.nazrul@qu.edu.sa; https://orcid.org/0000-0002-9652-0355

Uday Chand De — Professor, Department of Piure Mathematics, University of Calcutta 35,
Ballygaunge Circular Road, Kolkata 700019, West Bengaly, India; e-mail: uc_ de@yahoo.com

Majid Ali Choudhary — Assistant professor, Department of Mathematics, School of Sciences,
Maulana Azad National Urdu University, India; ‘€smail:l majid_ alichoudhary@yahoo.co.in

*The author’s name is presented in the order: First, Middle, and Last Names.

146

Bulletin of the Karaganda University


https://doi.org/10.1016/j.heliyon.2024.e40593
https://doi.org/10.1016/j.heliyon.2024.e40593
https://doi.org/10.3390/sym14122585
http://dx.doi.org/10.3336/gm.53.1.14
http://dx.doi.org/10.3336/gm.53.1.14



