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On a singular integral equation of Volterra and its adjoint one

The paper deals solutions of mutually conjugate Volterra integral equations of the second kind with a variable
limit of integration. Feature of equations consists of incompressibility of the corresponding kernels and, con-
sequently, of the non-applicability of the successive approximation method. The non-zero solutions of singu-
lar homogeneous Volterra integral equations of the second kind were obtained. By direct verification it is es-
tablished that the resulting functions are non-trivial solutions of the homogeneous Volterra integral equation
of the second kind with a singular kernel and its adjoint equation.
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In the paper [1] solutions mutually conjugate of Volterra integral equations of the second kind for a =1
are obtained
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As it was noted,/a feature of the investigated equations consists in incompressibility of kernels and is
expressed in the fact that the corresponding inhomogeneous equations can not be solved by successive ap-
proximation method.

Equations of this type arise in the study of some non-local inner-boundary value problems for a para-
bolic equation, spectrally loaded parabolic equations, problems with a moving boundary and inverse prob-
lems.for parabolic equations, etc.

The aforementioned article it was shown that the solution of the integral equation (1) is the function
Ee)4
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and a solution of the adjoint equation (2) is the function

e af2(2n+l)exp( 2+”t} @)

The reason for writing this article was a doubt some readers that the functions (3) and (4) are indeed so-
lution of homogeneous Volterra integral equations of the second kind (1) and (2) accordingly. By direct veri-
fication we will show that these functions are solutions of the corresponding equations. In addition, the cal-
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culations themselves are of independent interest in terms of finding unusual ways of solving non-standard
integral equations.

1. Nontrivial solution of the direct homogeneous Volterra integral equation of the second kind
with a singular kernel

In the course of solving the integral equation (1) was established [2; 183] that it is sufficient for its solu-
tion to find a solution of «simplified» equation

(1)~ [ k(t, D) o(r) d =0, (5)

el {}H—}J}

In [1] «simplified» integral equation (3) is reduced to the Abel integral equation of the second kind
(T) c
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The solution of the Abel equation (6), ie the solution of the «simplified» homogeneous equation (5) is a

function
_1 V e R R
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By [2], after multiplication of equality (7) to e * we obtain a solution of the homogeneous equation
(1), that is, the function (3) (For simplicity, we adopted C =1.).
We show that the function (7) satisfies the equation (5). After substituting (7) into (5), considering that
the function (7) is the solution of equation (6), we need to prove that the function (7) satisfies equation
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We substitute (7) in the left side of (8):
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Thus'we need to show validity of the equality
1 1
—— L (t)+ L (t)+ 1, (t))=—, 9
(L0 L0+ 1) ©)
where

o~
—
~
Il

o t—

I+t exp{— It }Ldr
(l—r)% at-0)Jv
PR KEBWEES O T

2a (t—r)é a*(t—r1) 2a
R T |
13(l‘)—g Wexp{—m}e dr.

4 BecTHuk KaparaHgmHckoro yHusepcurteTa



On a singular integral equation...

We calculate the first integral

The change is z = S

t—1

T t Tz t
11 (t) = 2|:.([ exp{—?zz}dz-k!mexp{—?zz}dz}.

The first integral is Euler-Poisson integral, for the second integral we use the formula (3.466 (2)) of [3].

As a result, we obtain
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Then

We calculate the integral
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than
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The change & =—+ 2i leads to the result
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We consider the integral
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To calculate the inner integral we introduce the change z =+/t —t. Then (analogously as for calculating

integral 7, (t) )
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The results (10)—(12) we substitute in (9):
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After simplification we obtain the equality
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We differentiate this equality on ¢t on both sides
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The limit in the first summand of the left-hand side of the equality (13) is zero.
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then (13) takes the form

NA

TLOazxi.exp{_ﬁ}dx:Eelfc{ﬁ}_ﬁexp(—%). (14)
a
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Now we calculate the integral on the left-hand side of (14), which we denote J (t)

We introduce the change z =+/t —4a’x”. The left-hand side of equation (14) takes the form
Vi
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After the change v = z° we get:

J(1) =%j.o_% (- U)i% exp{—%}do —Ljo_% (- 0)7% exp{—athu}do.
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For the first integral we apply (3.471 (2)) of [3] with
IS U
“ 2 b 2 b a2 b .
v
For the second integral we apply (3.471 (3)) with p= %; B= t—z; u=t
a

Then
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By virtue of the formula (9.224) of [3] with p= —% we have

% -
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Then the integral J(¢) takes the form

J(t)= % T W e du —ﬁexp{—L}.

Using the integral (3:381 (3)), we obtain
J(1) :ﬁf(l; sz —ﬁexp{—%}.
4a 2 a 2\/; a
By virtue of the formula (8.359 (3)) we finally obtain

_m \/; N7 t
/(1) —ze”ﬁ[?} ﬁp{_}
(cf. on the right side of (1)).

So, from the proved identity (14) it follows that function (7) satisfies the equation (5) and, as a conse-
quence, the function (3) is indeed a solution of the homogeneous Volterra integral equation of the second
kind (1).

2. Nontrivial solution of the adjoint homogeneous Volterra integral equation of the second kind
with a singular kernel

In the solving integral equation (2) it was noted [2; 183] that it is sufficient for its solution to find a so-
lution of the «simplified» equation
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1 7] 2t Tt 1 Tt
)_Za\/g‘!‘{(T_t)% exp{—az(T_t)}+ T_t[l—exp{—m}j}w(r)cﬁ—o. (15)

With the help of the Laplace transform it was obtained the solution of the equation (15), which has the
form

vi(1)=—= 30+ hex p[ = rJ- (16)

We show that the function (16) is the solution of the «simplified» homogeneous equation (15).
We substitute function (16) into equation (15):

Vo) 2a1\/ET {(1_2;)% exl’{‘#ﬁg}* (17
Tl_t[l—exp{—az(i_t)}]} 22n+l)exp[ % ]d s
We rewrite (17) as

Vol = 2aC; n ,,wo [T ﬁexp{—%}em(—%r)dw

= aC Z(Zn +l)([l (n,2)+ 1, (n,1) <1, (n,t)),

Cpexpl- LT B R _@nrl’
Il(n,t)—2exp{ az}'!’(T—t)% exp{ aZ(T_t)}exp[ = rjdt,

+

(18)

where
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We calculate the first integral
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After changing z=+/t—¢ the integral /, (n,) takes the form
2 0 2 2.2
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a 4a 0 az 4a
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Tl t 2n+1)°z°
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0

By virtue of the known relations
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0 x’ 2\/E
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The results (19)—(21) we substitute in (18)
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= ¢ [exp(——j Z(2n+3)exp[ MH
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Asthe with n=-1 = (2n+3) exp[—(z}z‘;j")z‘j exp(—%j then the last equality takes the form
a a

2n+3 2n+1)°
Vo) = Y ’121(2"+3)6XP( ( Z;rz) J Y Z(2n+l)exp[ (CADE Z;) t}

n=0
(cf. (16)).
Thus, the function (16) satisfies the «simplified» equation (15).
Then the solution of the full equation (2) by [2; 183] has the form

y()=vy,()exp {4%12} a\/_ 2(211 +1) eXp( +n t]-

n=0
Thus, homogeneous integral equation (2) has a nontrivial solution represented by the-formula (4).
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J.M.AxmanoBa, M.T.J Kuenanues; M. T.Kocmakosa, M.bl.Pamazanos

BoJabTeppa epekie mHTerpaaabl TeHAEYi MeH OHBIH TYHiHIeCi TypaJibl

Makanaga WHTErpangayAbslH aifHBEIMabl IIETiMEH eKIHIIN peTTi e3apa-TyHiHjgec umHTerpangs! Bosbsreppa
TEHJICYIHIH MmenrMaepi KapacTelpbulabl. TeHICYHH epeKIIeNiri — ColKec sSAPOHBIH CHIFBUIMAYBIH/IA JKOHE,
colikeciHIIe, OFaH OIPTIHACI XYBIKTAY 9iCiH KOJIIaHa anMayza. ExiHmni peTTi epekine GipTeKTi HHTETpaiIbl
Bombreppa TenaeyiHiH HOIIIK eMec menriMaepi ansHbl. Tikenei Tekcepy oiCiH KONIaHy apKbUIbI aJbIHFaH
(GyHKOMSUIap epeKmie  SAPOJIBI | OIPTEKTi eKiHmi perTi HHTerpaaasl Bombreppa TeHmeyi MeH OHBIH
TYHiHAECIHIH TPUBHAJIBI EMEC IIESIIiMI €KeHI aHBIKTAIJIBL.

JI.M.AxmanoBa, M.T.I>xenanueB, M. T.KocmakoBa, M.J.Pama3zanoB

00 oco00oM UHTErpaibLHOM ypaBHeHHH BoJsibTeppa u ero conpsizkeHHOM

B craThe paccMOTpeHbI pelIeHHs] B3aUMHO-CONPSKEHHBIX MHTETPaibHBIX ypaBHEHHI Tuma BoabTeppa BTO-
pOro posa ¢ IepeMeHHbIM IpeesIoM HHTerpupoBaHus. OcoOEHHOCTh ypaBHEHHH 3aKIII0YACTCSI B HEC)KIMae-
MOCTH COOTBETCTBYIOIUX SIE€P U, COOTBETCTBEHHO, B HEIPUMEHUMOCTH METOJA IOCIEOBATEIbHbIX MIPH-
Ommxennit. ITomydeHs! HeHyJeBBIE pEIICHHST O0COOBIX OJHOPOIHBIX MHTETPalbHBIX ypaBHeHUH Boibreppa
BTOpOro poja. Ilyrem HermocpeACTBEHHOM IPOBEPKH YCTAHOBIIEHO, YTO IOJyYE€HHbIE (DYHKIUH SIBIISIOTCS He-
TPUBHAIBHBIMU PEIICHUSIMU OJJHOPOIHOTO C OCOOBIM SAPOM MHTETrpaIbHOTO ypaBHeHHsI BoibTeppa BTOpOro
poJa U €ro COIpsKEHHOTO.
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