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Solution of the deformed Schwarzschild metric by theyYang-Baxter equation

In this article, an open-closed string map formulated by Seiberg & Whitten was used to solve problems of
generalized supergravity, including the deformed Schwarzschild metri¢y, For this task, found analytical
supergravity solution (deformed metric and NSNS (Neveu — Schwaiz) two-form B,,-ficld). The solution was
obtained from antisymmetric bivector constructed from antisymmetrie' products of Killing vectors used as
components of the equation of motion. In the problem under consideration, the equations of motion are the
CYBE (classical Yang-Baxter equation), whose general solution\can‘be obtained using the r-matrix. As a re-
sult, for the deformed metric, the Hamilton — Jacobifequations obtained, the particle motion on the plane is
studied, with 6 = /2. So, we obtained several analytical solutions for the function 7(¢), (7). Since these re-
sults are very voluminous for representations, we present the schedule the test particle from the function (¢),
which shows the centrally- symmetric motion of‘the particle in the Schwarchild field. As a continuation of
this work, it is possible to obtain a numerical solution for@function r(¢), that has a complex integral for the
analytical solution of this problem. Theftheoretical meaning of the work is that CYBE derives from the equa-
tion of motion of the theory of grayify, thereby reducing the problem of determining the r-matrix, which is a
CYBE solution for generalized supergravitys

Keywords: Classical Yang-Baxter equation, Hamilton-Jacobi equation, open-closed string map, supergravity,
Killing vectors, B-field, NS seetor, (TsT*transform, antisymmetric bivector.

Introduction

Yang-Baxtergtring,sigma — models provide a systematic approach of deforming the geometry of coset
classes, like AdS, xS while maintaining the integrability of the G-model. It was demonstrated that the

Yang-Baxtemdeformation in the target space for any geometry can be considered as an open-closed map of
the string. Cefisidering the geometry as a bivector and an isometry group, which is determined by the linear
combination of antisymmetric products of Killing vectors, is possible to get the equations of motion general-
ized supergravity, which is equivalent to the classical Yang-Baxter equation (CYBE) [1].

Integrable deformations of ¢ -models [2, 3] is possible to apply to string ¢ -model and AdS/CFT geom-
etricshl4, 5]. So were investigated noncommutative [6—8] and marginal deformations [9, 10] of AdS/CFT
geometries: as a part of a larger family of integrable deformations of AdS,xS” geometries in which the
deformation is specified using the r-matrix for solving the CYBE.

In this work, we will try using the open-closed string map [11] as a simple, effective method for solution.

Let's take «open string data», which produced «closed string data» as a new metric g and B-field after
inverting single matrix. Dilaton is determined by 7-duality invariant and Killing vector / is a the divergence
of antisymmetric bivector @ [12]:

vV.er=r.
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Building the open-closed string map of Seiberg & Witten [13], which were write as:
(g+B), =(G" +6")™".
Here (g,B),(G,0) are respectively closed string and open string fields. The metrics g,G are symmet-
ricand B,© are antisymmetric counterparts.
Connection of the deformed solution ( g,,,,B,,,®) with the original solution (G,,,0",®) of NS sector
has the form [14]:

pv?

B, = —~(G"'-0)"-0-(G'+e); €Y

0= —%ln(det(l +G-0)).
In the above - denotes matrix multiplication and G and © are to be viewed as two matrices. The indi-

ces on O are lowered and raised by the metric G .
r-matrix solutions to the CYBE take the form [14]

r=%r’7]; AT,

&= (G'-0-G-0),

where T, are elements of the Lie algebra, 7, € g . Here the bi-Killing stsucture of he 7 -matrix written

in the basis of Killing vectors.
For the object of the study we take the Schwarzschild bla?\ole metri

2 2
ds* =—(1——mjdt2+ LAY 0d6°),
r 1— 2m
r
it is convenient to write the metric in matrix in the form
—a 0
0 0
G=
0
K*r?
We choose O to an antisymmetri uct illing vectors:
" =BecosO+Asin6;
S+ cotd(esin 0+ A cos0);

<

% % = a.cos O —Bcot -+ ysin6;

rewrite in matrix form

O 0 0 -D d0+Z-M
0 0 0 0

o=
D 0 0 N
--Z-M 0 -N 0
ch/ireplacements to simplify the calculation
2m
a=1-—;
-
K =sing;
D=¢e-cosO—A-sinb; )
Z =cot@;

M =e-sinO+A-cosO;
N=o-cosO—P-cot@+y-sin®.
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Using formula (1) we find the supergravity solutions (deformed metric, B-field)
ds® = é[(KzNzr“a2 +a’)dt’ +dr’ + (K2M222a2r4 +2K*MZa*dr* +
+K2a*8r —rla ) de’ +(D*K*a*r* —r*K’a)dy’ —(K*MNZa’r* + K*Na*&r*)(dtd ¢ + d pdt) — 3)
—-Dr*Na*K*(dtd® + d8dt) + (DK’ MZa*r* + DK*a*8r*)(d od 0 + de(p)J ,

the components of the metric tensor is more convenient to write as a matrix

a(K*N*r* +1) 0 _a(MZ+J3)K’r'N _ Dr*NaK’®
Q Q Q
0 1/a 0
8= a(MZ+3)K’r'N 0 (K*M>*Z%ar® +2K*MZadr* + K*ad8r* -1)r*  r*Da@Z + 8)K*|> 44
Q Q
_ Dr'NaK® 0 r*Da(MZ +8)K* Dfar"$1)PK?
Q Q
where
Q=K*M*Z?ar’ +2K*MZadr* — K’ N°r* + K*a&’r* 5)
r*aD HK*N
B, = 0 dt ndo+ doAdO+ (6)
2
0 g 14D J_ r
Q
0 0 0
B = 2
_raD 0 0
Q
r*aK*(MZ +§) 0
Q
To determine the trajectory of a particle, ton-Jacobi equation [15]
ik d S 22
— -m¢c =0. 7
' dx* M
With the metric tensor (4), eg. es the following form
2 2 2
o2 (] (4]
dr do do )
+g te@ﬂ.’.getﬂﬁ_l’_gq)eﬁﬂ_i_geq)ﬂﬂ_mz 2:0’
dt do doe dt do do dodo
where g = g°
Byt les, the solution of the Hamilton-Jacobi equation s is sought in the form [16]
s=—et+Mo+s.(r), )
yand M — angular momentum are constant.
Substituting eq. (9) into eq. (8) we found
22 B0 a 2ME L e
d(s,(r) J’”c (e e Mz
L = ~ (10)
dr g
Lowering the indices of the components of the metric tensor, the eq. (10) is written
2 2
sr(r)=J‘ mc* — f +2M8—£ g,.dr, (11)
€8 C8u Egp
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81‘
there we use the formula lowering and raising the indices of the metric tensor g, = —’; :
1 1 1 1
8=y 8o = e Beo = o B T (12)

Using expression j_j\ij = const , from eq. (9) we can obtain AQ

d(5,(r)
am -’ (13)

substituting eq. (11) to (13) we will result in the following eq.
€ M
g
AQ = const J. dr. (14)

2. € 2Me M’
mc ———+ -
C8 C8u 8o
Since the integral in equation (14) is difficult to solve we take the

AQ = const —

ect to 7 from

both sides of the eq.
(8 M
C
ﬂ -_ Eo (15)
dr \/m 2
that numerator of equation (15) can be reduced to zero
e 16)
Cy

To simplify the problem, we consider thecase asthe motion occurs in one plane, that is, we can take
it 0= g , since the field is central, then th ts in‘eq. (2) will take this form

& a=1—2—m;

r
K =sing;

‘b D=-\; (17)
Z =cot;
Q° i
N=—B-cotp+Y.

Substitutingithese Cxpressions (17) into components g, &, &, » getting two equations (18), (19)

€
+
c(1=2m/ r)(r*sin’p(y—Pcot @)’ +1)
M
t 2. 2 22 . 2 =0, (18)
(e’ r sin’@cot @(1—2m / r) +2edr sin“@cot @(1—2m / r)+ & r sin@(1—2m / r)—1)r
from this eq. (18) we get: (@) have 2 solutions, @(7) have 5 solutions.
.2 _ 2_ 4
g, Q= sinz(pcotz(p+ 2685in2(p00t (p}"2 +&° sinz(p}"2 +A57 - L+sin oy BCOt(p) ' - 0, (19)

(1-2m/r)
from this eq. (19) we get: #(¢) have 5 solutions, @(7) have 8 solutions.

So we got some non-zero solutions that are complex and lengthy to write. We can demonstrate one of
the result graphically in Figure.
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Figure. Movement of test particle in defor warzschild field,
when o,B,v,8,\,e,m,e,M,c=1.The graph is buil a function (@)

trlng map formulated by Seiberg & Whitten.The
antisymmetric products of Killing vectors used as

found supergravity solutions for it, using an
solution is determined by a bivector, const
components of the equation of motion.
of motions of a gravity theory, there
CYBE.

As a result, for the deform he Hamilton — Jacobi equation is obtained, the particle motion on

the plane is studied, with 6 % tained some analytic exact solutions for the functions 7(¢) and @(r),
t

lifying the problem of determining the r-matrix solution to the

which are very long tofw ore, we will provide only a graph of one of the solution. From the graph
of a test particle of fur @) is concluded: particle moving in a centrally symmetric Schwarzschild field

o0 yet a solution 7(¢), which contains an integral, difficult for an analytical solu-

Originally rability was finded in string models on  A4dS,xS? (which described are [3-defor-
cre are also integrable string theories that known as m,A -deformations, which are considered
on AdS,xS”. In the case of m,A -deformations, the CFT (conformal field theories) construction

gives,the NS-NS fields. For deformation our model wording for NS-sector, respectively. Following CFT we
must construction classical R -matrix for the selected model. The R -matrix is classical solution of CYBE.
Our work is based on the consideration of the integrability of model deformation (in our case, Schwarz-

schild black hole) geometry AdS, xS*, where the deformation is expressed through the solutions of the

R -matrix CYBE. When the model is deformed, symmetries are preserved, which is typical for CYBE.
The Hamilton—Jacobi solutions obtained from deformed metric (3) generated through the open-closed

string map give us the particle trajectory in the Schwarzschild black hole in geometry AdS, X S*.

As the form of the particle trajectory is symmetrically different from the results of calculations of the
standard Schwarzschild metric. It can be seen from figure 1 that the particle trajectory obtained from the de-
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formed metric will look like a folding ellipsoid spiral, while the standard Schwarzschild metric gives the cir-
cle spiral.

For our case, it is deformed (squeezed) more than twice. The diameter perpendicular to it is com-
pressed, approaching the shape of the circle with time.

The work was carried out with the financial support of the Ministry of Education and Science of the Re-
public of Kazakhstan, Grant No. 0118RK00935.
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A. Meiipamb6aii, K.K. Ep>xanos

Slur-bakcrep TeHaeyiHiH daicTepi ApKbLJIbI aJIbIHFAH
HIgapummisa nedopMallUATIAHFAH METPUKACBIHBIH HIeLIiMaepi

Maxajiana ) JKaimblUIaHFaH — CyleprpaBuTaundsl — ecenTepi  ymriH, coHelH  imiHge — [IBapumumbn
Aedopmativsiianran Metpukacel yuria CeifHOepr jkoHe YUTTOHMEH jKacalFaH allblK-)KaObIK iISKTIK KapTa
TakanagbULIbL. By ecen YIUiH aHaIMTHKAJIBIK CyNeprpaBUTALMSIIBIK MISNTiM anbHAbl (1edopMalisiaHFad
MeTpuKka koHe NSNS (Neveu-Schwarz) exidopmansl B,,-opic). Kosranbic TeHIEyiHiH KOMIOHEHTTEpi
peringe KoimaHeUIFaH, KWUIMHT BEKTOPIAPHIHBIH AaHTHCHUMMETPHSUIBIK KOOCHTIHHICIHEH KYpacTHIPBUIFaH
AQHTHCUMMETPHSUTBIK OMBEKTOp MalfasIaHbIIIBL. KapacThIpbUTEIT OTHIpFaH ecenTe KO3FalbIC TeHIeYIHIH jKall-
IIBI MIENIiMi #-MaTpUIbl apKBUIEI AIBIHATBHIH KiIaccukanslK SIHr-bakcrep terneyi (KABT) Gomsm tabbutajsl.
KopbIThiHbITal Kenrenzae, AehopMansiianFal MeTprKka yiuin ['amunbToH-SIk00u TeHaeyi anbiaFan, 0 = 1/2
JKa3BIKTBIFBIHAA O6JIIIeK KO3Faubichl 3epTTenireH. CoHbIMeH Katap (@), ¢(r) GyHKuusmapasiH OipHerie
AQHAJMTUKAIBIK mIenriMaepi Oepinren. by momimertep ete kesnemai 6onranapikTad, LBapimmnbea epicinae
OOIIIEKTIH OPTAIBIK-CUMMETPHSUIBI  KO3FAIBICBIH KOpceTeTiH 7(¢) GYHKIMIACHIHAH albIHFAH CBIHAK
OemmekTiH rpaduri faHa kepceTiani. OCbl JKYMBICTBIH JKaJIFaChl PETiHIEC €CENTi aHAIUTHKAJBIK IICIIYIiH
KYpZeli MHTerpaibiHa nue #(¢) GYHKIUSICH YIIH CAaHIBIK IIemIiMl amyra Oomaasl. JKYMBICTBIH TEOPHSIIBIK
MoHI KJIacCHKaJbIK SIHT-Bakcrep TeHaeyi rpaBHTanusi TEOPUSCHIHBIH KO3FAIbIC TeHeyiHeH Mmbrbir, KABT
OICNIMi YIIH SKaIMBUIAHFAaH CYIEPrpaBUTAlUsl OOJBIT TaOBUIATHIH, 7-MATPUIAHBI AHBIKTAY MiHACTIH
a3alTaTBIHBIHAA.
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Kinm ceszoep: xnaccukansik SIHr-bakctep Tenaeyi, ['aMuinbToH-SK00u TeHaCYI, AllIBIK-TYHBIK IIIEKTIK KapTa,
cyneprpaButauys, Kwimmar sekropnapbl, B-epici, NS-cexrop, TsT TypieHzaipy, aHTHCHUMMETPHSIIBIK
OMBEKTOD.

A Metipamb6aii, K.K. Ep>xanos

Pemenue nepopmupoBannoii merpuku HIBapmmmiabaa
MeToAamMH ypaBHeHus Sura-bakcrepa

B craree mns pemenHust 3amad 000OLIEHHON CyNeprpaBUTAIMU, B TOM YHCIE Ie(QOPMHPOBAHHON METPHKH
[IBapummnibaa OblIa UCIIOIb30BAHA OTKPBITAs-3aKPbITasi CTPYHHAs KapTa, chopmyarpoBanHas CeitHO

csl KIaccuueckuM ypaBHeHueM SHra-bakctepa (KYSB), ube oOmee pemene MOXKHO ITOIYYIHT,
r-Matpunsl. B wrore, m1s neopMupoBaHHONH METPUKH MOTYy4eHO ypaBHeHHe [ amumibrona—St
BaHO JBIDKEHHE YacTHIBI Ha IIOCKOCTH npH O = n/2. Kpome Toro, naHbsl HECKOJIBKO aH

YHCIIEHHOE pelleHne 1isi QyHKIHU 7(f), KOTOPOe MUMEET CIIOXKHBIN HHTErp
3aga4n. TeopeTHueckuii CMBICT PabOTHI 3aKIIIOYAETCS B TOM, YTO KIACCHYEC
BEITCKAeT W3 yPAaBHEHUS IBIKEHHS TCOPUM TPABUTAIMHU, TEM &HM YMEHb

ve Sura-bakcrepa
azady OIpEleNICHUs 7-

MaTpuIpl, KoTopas sBisiercs pemenneM KY b s 0600menHok aBUTALUHU.
Kniouesvie cnosa: xnaccuueckoe ypaBHeHue SHra-bakcrepa, HeHue )L aMmibToHa- k00K, OTKpHITas-
3aKphITas CTPyHHas KapTra, CyNeprpaBUTalUs, BEKTOP ra, B-mome, NS-cextop, TsT-

npeoOpa3oBaHus, aHTUCUMMETPHYIHBINA OUBEKTOP.
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