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In the present paper, we take case of a complex scalar field on a Riemannian manifoldyandistudy differential
geometry and cohomological way to construct field theory Lagrangians. The total Lagrangiah of theymodel is proposed
as 4-form on Riemannian manifold. To this end, we use inner product of differential {p, ‘g)-forms and Hodge star
operators. It is shown that actions, including that for gravity, can be represented in quadratic férms of fields of matter
and basic tetrad fields. Our study is limited to the case of the Levi-Civita metric. \Wesstress'seme features arisen within
the approach regarding nil potency property. Within the model, Klein-Gordon, Maxwéll and*general relativity actions
have been reproduced.
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Introduction

A cohomological approach is used to describe fieldytheory models as a powerful instrument to reveal
hidden symmetries and especially topological preperties.Bhe use of the theory of differential forms and
external calculus is a feature of Einstein-Cartan’s theory [, 2], teleparallel gravity [3] and field theories on
symplectic manifolds [4]. We note that the action for gravitational field in general relativity introduced as a
4-volume integral of the scalar curvature of the field, or other scalars are built from metrics and connections
(see, for example a review work [5]). Thegteason for such choice is to keep invariance and follow minimal
model set up. Similar approach is usedyin theé“gauge theory of gravity, where the covariant derivative is
introduced by analogy with the theories of physical fields, but the action of the field itself is postulated in the
standard form used in general relativity; see, for example, one of the first work [6].

In our approach, we build the‘action based on the well-known inner product of differential forms,

(E@) =JE A5 1)

where * is the Hodge 'star operator. The concept of external differential forms is generalized to the objects
defined simultaneously om the tangent and cotangent bundle and written in the antisymmetric basis,

w = —-w P2 dx®: A A dx Adg A..Adg .
plgt B : ;

The objects are well-known and called (p, g)-forms. We introducing these and use in such a way that
the action can be constructed in a cohomological approach.

We use the following concepts and notations. Let x* be coordinates in a certain area of the Riemannian
manifold R**. We naturally assume that a small neighborhood of each point R*? is isomorphic to Minkowski
space. That is, at each point R*® a local coordinate system x® (a = 0,1,2,3) can be chosen, in which the
metric takes the simple form 1,; = diag(1,-1,—-1,-1).

Here below, we use Latin letter indices for local coordinate system and x® Greek letter indices for the
global system x* on R“®Thus at each point on R™® the following elements are defined: the elementary

- — 1 - 1 B -
interval ds = /n,,dx®dx?, the elementary oriented area dx® A dx®, volume dx® A dx”Adx®, and
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1 . . .
4-volume form = ;Enbmdxﬂ AdxPAdx® Adx® where €,,.4 is totally antisymmetric tensor;
€o123 = L.

The relation of the differentials of the local coordinate system dx® with the differentials dx* at a
given point is determined by the coefficients A and h% (hihy = &5, hihl = &)):

dx® = hjdx*, dx* = hfdx*®,

If we define a basis dx® independently at each point of the space R** then the coefficients hyi and hf
turn into functions of the system hj (x*), hi(x*). Since dx® is independent at different pointsfin space,
they can be considered as a tetrad of basis fields 7% (x*). These are not necessarily holonomicenes [3].

The space-time metric on R in the holonomic basis dx*is definedingthe standard\way:
Gy =Naphihy.

In the following, along with the notation dx* and dx for the anti-symmetric pasis withimultiplication
denoted by A, we will use notation ¢* and ¢, assuming the antisymmetric property e¥e* = —c"c¥,

On TR, an antisymmetric basis dual to ¢* can be introduced, which we denote@" ¢, . In this basis,
contravariant antisymmetric tensors called here as g-forms, dual to the usual antisymmetric differential p-
forms, can be expanded. In particular, vector space can beun derstoodsdue46 isomorphism as the space of
contravariant 1-forms § = £"¢,. Generally, ¢®(x*) can be treated not only‘@s#the differentials of dx“. For
example, one could assign it Fadeev-Popov’s ghost fields meaning;“see\[7] for details. In this set up, the
fields ¢ and £, acquireghost numbers

ghost#(c*) = 1, ghost#(¢,) = —1

and the total ghost number should be conserved:

The basis for contravariant vectors is usually denete@ as @/ @x*, as a dual to the differentials of dx*,
The choice of such a notation is determined By the corresponding law of the gradient transformationof the
function @, f (x). Geometrically, the rain this is their transformation rules. Taking into account the
possibility of a scalar product betwegr™Basic eléments on TR*®and T+R™®, it is more convenient to associate
with ¢, the operator d/ dc* gatherithan @,. In the conjugate representation, c* can be associated with

d/ 5‘5#. We stress that the c®introducéd above are the same as h“ but antisymmetric multiplication
through the wedge A shouldfbe used:

1. External€alculustensRiemannian Manifold

Let p-formsde ordinarydifferential antisymmetric forms defined on the cotangent bundle T*R"®. They
can be written,in a form
1

=4 =, . dxfrALLAdxfe or w= —cw,_ . ctr . dctr
p! Y1 Hp 1M p

Let gaforms be contravariant antisymmetric tensors of rank q defined on a tangent bundle TR*®. They
have a form

1 1 _ _
= — gyt B = — yHr H
X=X 99,y N..AD,, or X=X €1 e Cpuq

Let (p, q)-forms be antisymmetric tensors with q contravariant and p covariant indices. The tensors are
antisymmetric with respect to the both sets of contravariant and covariant indices. Therefore, the (p, g)-forms
defined simultaneously on the tangent TR** and on the cotangent T*R"3 bundles and can be written as
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n=—

— - I"I'q 1l| c'\]“— -
p! q!

;r“ oy € CFCy Gy

There is an isomorphism between the tangent and cotangent bundles realized by metric operators

d

— d -1
— p_g =gy 2
g g.._,!\u C a -1 g g ac","

Let’s define the generalizations of these operators G, which trans-form (p, q)-forms into (g, p)-forms
using the metric tensor due to the rule

- 11 py B g .
E:I;I = ;; Fx' .. ‘I:g#'—ﬁ'—-..gﬂqﬁqu_ﬁ_ _”g\-pﬂ

A covariant exterior differential d that converts (p, g)-forms to (p+1, q)-foams canybe defined as
d= c"V, or

d= c*d_+c°T e, —. (2)
In particular, when it is acting on (0,1)-form ¥ = x.€. we have:

d, =(c"d, + c""l";:,_;, €, 52, ];(Tcr = CHFRIEEE.

Here and after, by '’ g 1S meant the Levi-Civita connectiony consistent with the metric

Log = %HM (0aubap + 00910 — F19.5).

Note that the nil potency property of theeXxterior differential *=0is preserved on the space of (p,0)-
forms. However, on the space of (0, g)-forms this property is violated. In particular, for x = x.c. we have

, 1
d<x = EC c“cER,ﬂm;{
where Ry, is théiRiemanniamelirvature tensor.
It can be shown that the’dual to d operator d = GdG that converts (p, g)-forms to (p, g+ 1)-forms can
be represented as d% g™ Vg, or

= 8 a
d = rrg (a,ﬁ’-l- AR }’a- 1-}‘ A v)

. 1 — b e e b . . .
Using the 4-form of volume {1 _Z .'—g'EH papgu, € 1€ 2CTECTe and its dual, fully antisymmetric
1

V=g My THg g My

contravariant tensor 11 =i we can define two types of the Hodge star

operators: the operator * which is transforming (p, g)-forms into (4—p, ¢g)-forms in a standard way and the
conjugate operator * converting (p, g)-forms into (p,4—q)-forms.
The Hodge star operators * and * allow us to construct the divergence operator & =# d *, lowering the

p-rank of the form by one ((p, 9)—(p—1, q)), and its dual operator & =* d* acting like (p, q)—(p, g—1). It
can be shown that
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Note that the operator can be derived from (2) by formal replacing ¢ — d/dc,.
It is easy to check that commutators [d, 3] and [d,&] give the same Laplace operator (up to the

isomorphism &). We use the term ’commutator’ both to commutators and anti-commutators assuming that
the latter applies only for odd (p+q) rank. We now see that methods of cohomology theory (see for example
[8]) can be applied here to a full extent. However, it is easy to verify that the commutator of conjugate
operators (2) and (3) gives the Ricci tensor when acts at the (0,1)-form:

(d6+8d)¢ = —cR,. &, (4)

The inner product (1) allows to build entities like usual scalar product but it has a wider seéepe. Ip this
paper, we are using the following formulas. For usual functions (0-forms) f(x*) and/f{g" J\Wwe have

(£,9) = J f9€1ap, —gdx* Adx® AdxP Adx? = [ fg [~gddf ©)

where dQ2 = dx®dx*dx*dx? is an elementary 4-volume.
For 1-forms ¢, = qb#c“ and ¢, = @, c* we have

(¢.0,) = [ ¢, 0, g*"\/—gdQ. (6)

For 2-forms w, = (1/2)w, c¥c it follows

wehe¥ and 085 (1/2)8

v

[':"-"'2’ O ] =2 ..r ':"""m' Gaﬂ gﬁig'ﬁlp 1,,."|'__gdﬂ' (7)

2. Scalar Field

The complex scalar field @{x“Jcanibe considered as taking values in ’inner’ spaces attached to the
points of R with a complex stfucture C' so that ¢ = ¢' + i¢®, or Euclidean one R? with metrics
Nas = diag(1,1). In thellasiCase,

¢ = ¢* = (B, @),

The inner,produet of two complex scalar fields ¢ and ¢ gives the invariant with respect to the action of
transfermation greup U(1),

(@ .0) = o' A= g,

where the Hermitian conjugation { is acting only on the internal space. In particular, in the complex
representation T is reduced simply to the complex conjugation and in the matrix representation to transpose.
As it follows from (5) and (6) the inner square of the complex scalar field @ = ¢(x*) and its first
differential are

(¢*.¢) = [1¢]*/lgld,

and
(de*.de) = [ g* d,¢"8,¢/lgldn.
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This allows us to represent the action of a complex scalar field,
l y -5
Se= ;f[g‘“ 8,¢'9,¢ — m*¢*¢) \/lgldq,

in the following form:

m

5o =1(de",de) — (4", 9). ®)

This action can be varied directly using properties of the inner product (see [9]) and one can get usual
Klein-Gordon equation in the form (3%d, —m~)¢ =0. To turn on an interactione withygxternal

electromagnetic field let’s consider a basis on an ’inner’ space ea (A = 1, 2). Let’sqdefime an internal
connection in standard way as

= =egfﬂiﬁx“, 9)
with imposed local U(1) symmetry we get

=B _ of
Ty = Sa A, (x#),

where Sf = (_01 é) is a generator of u(1) algebra.

Thus, the covariant derivative D, which is a variant‘ef the Fock-lvanenko derivative [3], acts as
follows:

D¢, = aﬂ% —S_EA#[I“]%.

In the complex representation @ = dg(x*)e ®*" the covariant derivative takes the form
D,¢=20,¢+id,¢.

In field theory, the ‘cavariant derivative usually includes the charge e as a characteristic of the
interaction with theyfield, D, &= ﬂ# ¢ +ieA, ¢. Here we put e= 1 for simplicity.
Generalization of external calculus to complex-valued forms implies the replacement d, — D,,. The

consequence @f thistis, the loss of the nilpotency property of the external differential, as occurred above for
the cowvariant differential on Riemannian manifold. Namely, on Minkowski space we have (see [9] for
details)

d>PFc D, (cHD, @) = F, pchc”,

where F,, = 9,4, —d, 4.
Explicitly, taking into account the rule g, — D, the action of the scalar field (8) takes the usual form
for complex scalar field interacting with exterior vector field A*:

Se=(8,0" —i4,8")(8"¢ + ia*¢) — m?¢’s.
3. The Actions of Electromagnetic and Gravitation Fields

The expression (9) allows us to define the differential of the basis vector in the form
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dey = egSEA, (x*)c*. (10)
For double differential we have

d’e, = EBSEAF{;:"'}(:“' + eBSvaAF{x“]c”c“ = EESEAUSEA#{x”]c”c“‘ + eBSEHvAF(x“jc”c“

Obviously, the first term is identically equals to zero. So, we get

d?e, = éeBS‘EF dxt Adx”,

A T
2
Taking into account the relation § ﬁ.‘” = —54 and (7) we have \

1 1
{dzeﬂrdzefl] = _EJEGS?F}ivgﬂﬂngEDSADFEEﬂ _Hdﬂ: EJ et e EAFEEM' _gdﬂ

=JEI;"'FH\II f_gfiﬂ- @
9
Finally, the action of the electromagnetic field 5.,, = —_—% /—gdfl can be rewritten in the

terms of structure elements of tangent bundle space,

R S o R B &
SEJ“_ J_ﬁ.;r[ {d E ,d EA:J'
Note that the inner square of the first differenti e basis vectors (de?, de,), by virtue of (10) is
proportional to 4, A*. Such term is not included in the action of charged particles and the electromagnetic
field due to the zero-mass assumption f s. The action for general relativity case can be constructed

almost in the same way, with the @av 0 be taken due to (4). For basis fields ¢ = h;c* and

c, = h;,c,.we have x
(co, (a8 + 5d)e, WL g™ /—gda = — [ R [—gdQ,

124

where R = R 39

In the present work, we demonstrated that the action for scalar, electromagnetic, and gravitation fields
can be represented as the sum of the internal squares of the scalar field, the basis fields and their differentials,

s =1(dg",dp) — = (¢",¢) — = (d2e4,d%,) — (=, (d6 + &d)c, ).

lem&

As a final remark we note that construction of a Lagrangian as 4-form on Riemannian space imposes
some restrictions on the acceptable forms of action of field theoretical models.
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