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In this paper, a characterization of essential pseudospectra of bounded linear operators on, ultrametric
Banach spaces over a spherically complete field was given and the notions of pseudospeetra andicondition
pseudospectra of the direct sum of linear operators on ultrametric Banach spaces were dntroduced. In
particular, we proved that the pseudospectra of the direct sum of bounded linear operators associated with
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1 Introduction andypreliminaries

In the classical theory, Trefethen and Embree [1]|studied the pseudospectra of bounded linear
operators on complex Banach spaces. Recently, Otkun Cevik and Ismailov [2| studied some spectral
properties of the direct sum of operators in the direct sum of Hilbert spaces. Ismailov and Ipek Al
introduced and studied the pseudospectrayof the direct sum of operators and they established some of
its properties, for more details, seef[3].

In ultaremetric operator theory, the authors [4] extended and studied the concept of pseudospectra
of linear operators on ultrametric Bamach spaces. The condition pseudospectra of bounded linear
operators on ultrametric Banach spaces were extended and studied by Ammar et al. [5]. Recently,
El Amrani et al. [6] studied$he motion of bounded linear operator pencils on non-Archimedean Banach
spaces. The cofieepts of ‘pseudospectra and condition pseudospectra of ultrametric matrices were
studied by El Amrani étwals [7].

In this paper, we will extend and study the pseudospectra and the condition pseudospectra of the
direct sum ofibounded linear operators on ultrametric Banach spaces.

Throughout this paper, F is an ultrametric Banach space over an ultrametric complete valued field
K with & non-trivial valuation | - |, L(F') denotes the set of all bounded linear operators on F' and
F* = L(F,K) 1s the dual space of F. If S € L(F), N(S) and R(S) denote the kernel and the range of
S respectively, see [8]. Recall that, an unbounded linear operator S : D(S) C F' — F is called closed,
if for each (xn)neny C D(S) such that ||z, — x| — 0 and || Sz, — y|| = 0 as n — oo for some z € F
and y € F, then z € D(S) and y = Sx. The collection of all closed linear operators on F' is denoted
by C(F). If S € L(F) and B is an unbounded linear operator on F, then S + B is closed if and only if
B is closed [8]. We begin with the following preliminaries.
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Definition 1. [8] Let F' be a vector space over K. A non-negative real valued function ||-|| : F — Ry
is an ultrametric norm if:
(i) for all x € F, ||z|| = 0 if and only if z = 0,
(ii) for each z € F and A € K| || Az|| = |A|||z]],
(it for any 2,y € F, |jo + yl| < max(|z, |y]).

Definition 2. [8] An ultrametric normed space is a pair (F, || - ||) where F' is a vector space over K
and || - || is an ultrametric norm on F.

Definition 3. [8] An ultrametric Banach space is a vector space endowed with an ultrametric norm
which is complete.

Proposition 1. |8] The direct sum of two ultrametric Banach spaces is an ultrametricBanach space.

Definition 4. [8] An ultrametric Banach space F' is said to be a free Banach space ifythere exists
a family (z;);er of elements of F' indexed by a set I such that each element z4€ Fean be written
uniquely like a pointwise convergent series defined by = = Z Aiz; and [|z|| = supd; |l ||
icl el
The family (z;);es is then called an orthogonal basis for F. If, for all ¢ €W, ||x;|| = 1, then (x;)er
is called an orthonormal basis of F.

Definition 5. |8] Let F' be an ultrametric Banach space over K and.letéA € L(F'). The resolvent
set p(A) of A on F is defined by
p(A) = {\ e K: (A - \)ahe L(F)}.

The spectrum o(A) of A on F is given by K\p(A).
Ezxample 1. [8] Let F be an ultrametric freé Banach space with an orthogonal basis (e;);en. Consider
A on F defined by for all n € N, Ae,, = \,e, whose domain is
D(A) = {z = (zn)peny € F : lim |\, ||zn]|len] = 0}.
n—oo

If x € D(A), then one can see that
oo
Az = Z A ZTnen.
n=0

Proposition 2. |8] Considér the diagonal operator A given above. Then
p(A) ={r e K: \# )\, for all n € N}.

Proposition 3.8] The diagonal operator A : D(A) C F' — F' given above is closed.

Définition 63|8)(Let A € L(F). A is called an operator of finite rank, if R(A) is a finite-dimensional
subspacedof F.

Defimition 7. |8] Let F' be an ultrametric Banach space and let A € £(F'). A is said to be completely
continuous, if there exists a sequence of finite rank linear operators (A4, )nen such that |4, — Al — 0
as n — 0o.

The collection of all completely continuous linear operators on F' is denoted by C.(F').
Ingleton [9] proved the following theorem.

Theorem 1. |9] Suppose that K is spherically complete. Let F' be an ultrametric Banach space over
K. For all x € F\{0}, there exists #* € F* such that z*(z) = 1 and |z*| = |||~ .

From Lemma 4.11 and Lemma 4.13 of [10], we have:
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Lemma 1. Let F' be an ultrametric normed space over a spherically complete field K. If f;,---, f»
are linearly independent vectors in F™*, then there are vectors f1,---, f, in F' such that
1, if j = k;
* ) 9 .
(fr) =05k = 1<j,k<n. 1
540 =5, {07 SANEEEY (1
Moreover, if f1,---, f, are linearly independent vectors in F, then there are vectors f{,---, f in F™*

such that (1) holds.

Definition 8. [11] We say that A € L(F) has an index when both «(A4) = dim N(A) and
B(A) = dim (F /R(A)) are finite. In this case, the index of the linear operator, A is, defined by
ind(A) = a(A) — B(A).

Definition 9. [11] Let A € L(F). A is said to be an upper semi-Fredholm operatory,if

a(A) is finite and R(A) is closed.

The set of all upper semi-Fredholm operators on F' is denoted by & ()
Definition 10. [11] Let A € L(F'). A is said to be a lower semi-Eredh6lm operator, if

B(A) is finite.

The set of all lower semi-Fredholm operators on F' is denéted by @ _ (F').
The set of all Fredholm operators on F' is defined, by

O(F) =, (F)N@_(F).
Lemma 2. [12| Let F be an ultrametric Banach space over a spherically complete field K. If

S € ®(F) and C € C.(F), then S+ C € O(F).

Lemma 3. |5] Let F be an ultrametric Bamach space over a spherically complete field K. If S € &(F),
then for all C € C.(F), S+ C € ®(F) and ind(S + C) = ind(S).

Definition 11. [4] Let F' be an ultzametric Banach space over K, let S € £(F') and € > 0. The
pseudospectrum o.(.S) of asbeundedslinear operator S on F' is defined by

0.(8) =a(S)U{N e K [|(S =AY >}
The pseudoresolyent p. (S) of a bounded linear operator S on F' is defined by
p(8) = p(S) N {AE K (S = AD7Y <71,

by conveftion ||(S — AI)~!|| = oo if and only if X € o(S).
Theorent 2. [4] Let F be an ultrametric Banach space over a spherically complete field K and let
S € L(F). Then
0.(S) = lJ e(s+D).
DeL(F):|D||<e
Theorem 3. [5] Let F' be an ultrametric Banach space over a spherically complete field K and let
S € L(F). Then

oe(S)= () o(S+K).
KeC.(F)
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Definition 12. [8] Let F be an ultrametric Banach space over K and let S, B € L(F). The resolvent
set p(S, B) of a bounded linear operator pencil (S, B) of the form S — AB on F is defined by

p(S,B)={NeK:(S—AB)"'eL(F)}.

The spectrum o (S, B) of a bounded linear operator pencil (S, B) of the form S — AB on F' is given by
K\p(S, B).

Definition 13. [6] Let F' be an ultrametric Banach space over K, let S, B € L(F') and € > 0. The
pseudospectrum o, (S, B) of a bounded linear operator pencil (S, B) of the form S—AB on F is defined
by

0:(8,B)=a(S,B)U{NcK:|(S—AB)7| >e1}.
The pseudoresolvent p.(.S, B) of a bounded linear operator pencil (S, B) of the form S™=\B on F' is
defined by

pe(8,B) = p(S, B)yN{A e K:[|(S = AB)~!|| <71},
by convention [|(S — AB)™!|| = co if and only if A € o(S, B).

Proposition 4. [13] Let F' be an ultrametric Banach space over K det'S; Bie L(F') and € > 0, we
have:

(i) o(S,B) = () 0e(S, B).
e>0
(ii) For any e1 and €5 such that 0 < g1 < &9, 0(S, B) C 0¢, (8,B) Co.,(S, B).

Theorem 4. |13] Let F be an ultrametric Banach space ‘@ver a spherically complete field K such
that [|F|| C [K|, let S, B € L(F') and € > 0. Then

0.(S,B) = lJ e(s+cB).
CeL(F)Cl<Le

Now, we characterize the essential pseudospectra of bounded linear operator pencils in ultrametric
Banach spaces over a spherically complete, field K.

Definition 14. [14] Let F be ag ultrametric Banach space over K, let S, B € L(F') and € > 0. The
essential pseudospectrum o 2(9; B), of a/bounded linear operator pencil (S, B) of the form S — AB on
F' is defined by

0ee(S,B) =K\{A €Kit S +C — AB € &y(F) for all C' € L(F') such that ||C| < €},

where @y (F') is thewset,of all unbounded Fredholm operators on F' of index 0.
We continue by recalling the following statements.
Theorem 5y,|14] Let S, B € L(F) and € > 0. Then,

06,6(578) = U Je(S+CvB)'
CeL(F):||C|l<e

Theorem 6. [13| Let F' be an ultrametric Banach space over a spherically complete field K. Let
S,B € L(F) and € > 0. Then,

Oee(S,B) =0c(S+ K,B) forall K eC.(F).

Remark 1. [13] From Theorem 6, it follows that the essential pseudospectrum of bounded lin-
ear operator pencils is invariant under perturbation of all completely continuous linear operators on
ultrametric Banach spaces over a spherically complete field K.
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Theorem 7. [15] Let F' be an ultrametric Banach space over a spherically complete field K. Let
S,B € L(F) and € > 0. Then

0(S,B)= () o(S+K,B).
KeC.(F)

From Example 1 of [16], we conclude the following example.

Ezample 2. Let F' be an ultrametric free Banach space over K with an orthogonal basis (e;)en.
Let S € C(F), B € L(F) be two diagonal operators such that B is invertible defined by for all
i € N,Se; = \je; and Be; = p;e; where for all ¢ € N, A, p; € K such that lim |\;| = oo and sup || is

11— 00 1eN

finite, then
o(5,B) = (A li € N}
and for all A € p(S, B), we have

_ S — AB) le;
(5 2B = sup OB el
ieN €3]]
. 1
= up
ieN | Ai — Al
_ 1
T inf [N — A\l
Thus 1
{)\ EK:|(A=AB)7Y| > 8} = {)\ ak : in1£|)\i — M| < 5}.
1€
Hence

0:(S,B) = {\ip; *,i € N} U {)\ €K: in1£|)\i — M| < 5}.
1€

For more details on pseudospectra<and condition pseudospectra of linear operators on ultrametric
Banach spaces, we refer to [4,5,7].

2 Main Results

We begin with the following.theorem.

Theorem 8. liet F'[be anwltrametric Banach space over a spherically complete field K. Let S € L(F)

and € > 0. Then \ & ﬂ 0:(S+ K) if and only if for all C € L(F') such that ||C]| <&, S+C—AI €
KeC(F)
O(F) and ind(S + O \I) = 0.

Proofd Leth\ ¢ ﬂ 0:(S + K), then there exists K € C.(F') such that A ¢ 0.(S + K). By
KeCo(F)
Theorem 2¢'there is K € C.(F) such that for all C € L(F) with ||C|| < e, A € p(S+ K + C), hence for
all C € L(F) such that |C|| < ¢,
S+ K+C—\ € d(F)

and
ind(S+K+C—X)=0.

The operator S + C — Al can be written in the form

S+C—-MNM=S+C+K-\ -K.
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Since K € C.(F'), by Lemmas 2 and 3, we have for all C' € £(F') such that ||C]| < ¢,
S+C — M € ®(F)

and

ind(S +C — \I) = 0.

Conversely, let A € K and for all C € L(F) such that ||C|| < ¢, we have S + C — A\ € ®(F) and
ind(S+C —X)=0.Put a(S+C —A) =p(S+C— ) =n. Let {z1,---,z,} being the basis
for N(S + C — M) and {y%,--- ,y’} being the basis for R(S + C — AI)*. By Lemma 1, there are

functionals x7,--- , ) in F* ( F* is the dual space of F) and elements y1,- -+ ,y, in I’ such that

x5 (wg) = 0k and y; (yx) = djk, 1 < j, k <mn,

where d;5, = 0, if j # k and J; = 1, if j = k. Consider the operator K definedfon E. by

It is easy to see that K is a linear operator and D(K) = F. In faetyfor all x € F,

n
1Kz = | Ygai @yl
i=1

< 3 ;
< qpax, 25 6e) yill
< maxo(lfa; || [lvill) ||l

1<i<n

Moreover, R(K) is contained in a finitesdimensional subspace of F. So, K is a finite rank operator,
then K is completely continuous. We'show that for all C' € L£(F') such that ||C]| < e, we have

N(S+ C — M) N N(K) = {0} 2)

and

R(S+C - X)NR(K) = {0}. (3)
Let x € N(S+C —A)AN(K), hence x € N(S+C —A) and x € N(K). If x € N(S+C — \I), then

n
T = g a;x; with aq, -, a, € K.
i=1

n
Then forall’1 < j <n, z}(z) = Z%@',j =a;. If x € N(K), hence Kz =0, so
i=1

Z zi(z)y; = 0.
j=1

Therefore, we have for all 1 < j <mn, ;U;‘ (z) = 0. Hence = = 0. Consequently,

N(S + C — XI) N N(K) = {o}.
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Let ye R(S+C —AX)NR(K), theny € R(S+C — Al) and y € R(K). Let y € R(K), we have

n
yzzaiyi with a1, , a, € K.
i=1

Then forall 1 < j <n,yj(y) = Za,ﬁm = a;. Moreover, if y € R(S+C —AI), hence for all 1 <j <mn,
i=1
y;(y) = 0. Thus y = 0. Therefore,
R(S+C —X)NR(K) ={0}.

Since K is a compact operator. By Lemmas 2 and 3, S+C—A+K € ®(F) and ind(S+CHEK-NL) = 0.
Thus

a(S+C+K—-XN)=p(S+C+ K —)\). (4)
fze N(S+C+ K —M\), then (S+C — M)z =—Kz in R(S+ C — \) N REK). dpfollows from (3)
that (S+C —A)x = —Kx =0, hence z € N(S+C — AI)NN(K) and fron( (2), we have z = 0. Thus
a(S+ K +C—\) =0, it follows from (4), R(S+ C + K — X) = X. Consequently, S — X[+ K +C
is invertible and from Theorem 2, we conclude that \ & ﬂ o(S 4 K).

KeCo(F)

Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K. The space X = @' ; X; endowed
by forall i € {1,--- ,n}, 2; € Xj,||[x1 D a2®--- D x| = max, |zis an ultrametric Banach space

oy

over K [8]. One can see that if for alli € {1,--- ,n}, A; € L(Xy), then A=A A,8---B A, € L(X).
We introduce the following definition.

Definition 15. Let (X;)1<i<n be a sequencélof ultrametric Banach spaces over K and let A; € £(Xj;).
The spectrum o(A) of A on @ ;X; is given by
o(A)={r e K: A<\l is not invertible in L(B]_, X;)},

where I denotes the identity operator‘ofy@!’y X; and A = @} A;. The resolvent set of A on @7 ;X;
is defined by
p(A)={NEK: (A- A"t eL(ar X))

For ¢ = 2, we have the following proposition.

Proposition 5. Let X{Y be two ultrametric Banach spaces over K. Let A € £L(X), B € L(Y). The
spectrum of A ¢ B € L(X &Y ) is given by

c(A® B) =0(A)Uao(B).

Proof. Let A € a(A® B), then (A® B)— (Ix @ Iy) is not invertible, hence A — Alx is not invertible
in L(X)6r B =]y is not invertible in £(Y), thus A € 0(A) Uo(B). Hence 0(A® B) C o(A)Uo(B).
Similarly,swetebtain that o(A) Uo(B) C 0(A @ B). Consequently, 0(A @ B) = o(A) Uo(B).

More\genérally, one can see that.

Proposition 6. Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K and let A; € £(Xj;).
Set A =& | A; € L(®]_,X;). Then

and
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Now, we define the pseudospectrum of A where A = @7 | A; and for all i € {1,--- ,n}, A; € L(X;)
on the ultrametric Banach space ®};X;. We have the following definition.

Definition 16. Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K, let 4; € L(X;)
and ¢ > 0. The pseudospectrum o (B}, A;) of &' ;A; on &' | X; is given by

n
re(@i ) = o(@IL A) U N E (p(A): sup (A= AD 7Y > 7).
=1 i€{1,+ n}
n
Remark 2. One can see that o (B} A4;) = U oe(4;).
i=1
Proposition 7. Let (X;)1<i<n be a sequence of ultrametric Banach spaces oven Ky'let A; € L(X;)
and € > 0, then
() o(@y4)) = [ o=(®] 4)).

e>0
(ii) If 0 < g1 < &9, then U( ?:1141') C 051(@?:1141') C 0¢, (@?:1141‘).

Proof. (i) By Definition 16, for each ¢ > 0, o(®]_,A4;) C (@2, A7), then o(®] ,A;) C
ﬂ oe(®i14;). Conversely, if A € ﬂ o:(Dj,4;), since

e>0 e>0

() oe(@ie1 Ai) = o(@1 A) U (VA € () e Nysup [[(Ai =MD 7! > 7'}
i=1

e>0 e>0 ic{l, - n}

and ﬂ{)\ € ﬂp(Ai) c o osup [|(As @A) TS e} = 0 because of for all i € {1,---,n},
e>0 i=1 ie{l,n}
(A; — M)~ are bounded linear operators. Thus'A € o(d7; A;).

1) For 0 < e1 < e9. Let A € 0, (B} A;), consequent su i — T >e7 > ey ence
(i) For 0 Let A € oo, (111 4i); quently, sup [[(4 = A7 >er! >t h
i€{1,,n}

A€ 0oy (B Ay).

Let A € L(X), set r(A) ||AkH% We have the following lemmas.

= lim
k—co
Lemma 4. Let (X;)1&i<mfbesa sequence of ultrametric Banach spaces over K, let A; € £(X;) and

€ >0, then r(@la; A;)= " sup/ 7(A4;). Furthermore  sup || < sup | Al
ie{l,,n} A€o (@7, Ai) A€o (B As)

Proof. Since foxallk € N, (41 @ --- @ A,)f = A¥ @ .- @ AX. Thus
@A) = lim (4@ @A)k
k—o00
= lim |Af -0 A5
k—o00
= lim sup ||AF|%

=  sup lim ||AF|*
= sup  7(A4;).
i€{l, n}

Since 0(A) C 0.(A), then  sup |A| < sup |A]-
AEU(@?:lAi) AEO—E(@;‘I:lAi)
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Set re (B A;) = sup |A|, we have the following:
)\GO'E(@;L:IAZ')

Lemma 5. Let (X;)i1<i<n be a sequence of ultrametric Banach spaces over K, let A4; € £(X;) and

e >0, then ro (@] 4;) = sup 7:(4;).
ic{l,-n

n
Proof. From Remark 2, 0. (], A;) U 0c(A;). One can see that r- (@] A;) =  sup  7:(4;).
=1 Ze{lv"'7n}
We have the following examples.

Ezample 3. Consider (Ay)1<k<n defined on K2 by
(A0

where A\, up € K for all k € {1,--- ,n} and n € N is fixed. Then o(®]q4dy) = U{)\k,uk} and

0c (=1 4k) = U{/\muk}U{)\GK Sup, ||(/\I Ap) 7 > }
k=1

Ezample 4. Let F be an ultrametric free Bana¢h space over, K with an orthogonal basis (e, )men-
Let (Ag)i<k<n be defined on F' by for all x € Famnd for each k € {1,--- ,n}, Agx = A\yx. Set
A = ®}_, Ag. One can see that

n
=}
k=1

and for all k € {1,--- ,n} and for each g p(Ar), [[(A = Ap) 7Y = P )\ - Hence oe(Ar) = { U
B()\g, €). Consequently,

Ay = J{nru Y BOw,9)
k=1 k=1

We introduce the following definition.

Definition 17."ket (X;)1<i<n be a sequence of ultrametric Banach spaces over K, let 4; € L(X;)
and ¢ > 0. The dondition pseudospectrum A, (B} ;A4;) of & ; A; on &7, X; is defined by

N(@; A) =@ A)U{reK: sup |[(A;i—=AD)| sup |(Ai— /\I)’lﬂ > 5’1},
ie{l, n} ie{l,m

with theyconyention sup;cy ...y [[(Ai — AD)[[supeqy ... oy [I(Ai — A7 =00 if A € o(@, A)).

Remark 3. It is easy to see that U Ac(4;) CA(DI 1 4)).
i=1

Proposition 8. Let (X;)i1<i<n be a sequence of ultrametric Banach spaces over K, let 4; € £(X;)
and £ > 0, then

(i) o(®i;4i) ﬂA Dig Ai).

e>0
(i) If 0 < &1 < €9, then o(®]; Ai) C A (B A4;) C Ay (B, As).
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Proof. (i) By Definition 17, for each ¢ > 0, o(@l',4;) C A(®],A4;). Conversely, if
A€ () A(®4i) and A & o(@] A;). Using lim ~sup [(Ai-AD)|| sup (A=A 7Y =
e—— .

e>0 ie{1,--,n} ie{l, n}

o0, we get a contradiction.

(i) For 0 < e1 < €. If A € A, (©7_, A;), thus for all  sup ||(A; — )| sup |[(4; — A7 >
ie{1,-n) ie{1, n}

> g5t then A € Ao, (1, A)).

Let A e L(X), set r(A) = klim HA’“H% We have the following lemmas.
—00

Lemma 6. Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K,det A; € £(X;) and

€>0,then sup [N < sup [A].
)‘EU(@?:lAi) AEAE(EB?:IA@')

Proof. Since o(A) C A(A), then  sup |\ < sup |A]-
A€o (DI Aq) AEAL (DT, A;)

We introduce a new definition of the condition pseudospectrum.of @i | A; as follows.
Definition 18. Let (X;)1<i<n be a sequence of ultrametric Banach spaces over K and let 4; € £(X;)
and € > 0. The condition pseudospectrum AL(®! ;A;) of ®'4A; om@!" | X; is

M@)o A U ek g AP =7 > 7
ie{lsn

Remark 4. (1) It is easy to see that AL( U AL(A

(i) o(®i,4i) ﬂA/ Big Ai).

e>0
(iii) If0 < €1 < g9, then U(@?:lAi) (& Alal( ZT-L:IAi) C AIEQ( ?:1141')-
(iv) For all € > 0, we have Gy osup.  |A] < sup |A].
A€a(Di_ 1 4a) ACAL(BI, Ad)
(v) The condition pseudospectumdAL(d ; A;) of B ; A; gives nice properties than A (®I ;4;).
We finish with thesfollowing example.

Ezample 5. Consideny(Ay)1<k<n defined on K2 by
(0 A
A= (Ak 0)
for all k'€@{d,--- ,n} and n € N is fixed. Then o(®}_,Ax) = U{—)\k,)\k} and

Ae(®BR_  Ap) = U{ Mo MtU{deK: sup H)J AkH sup H(/\I A7 > }
k=1

where for all k € {1,---,n}, ||A — Ax|]| = max{|A|,|\x|} and for all A € p(Ay), |[(M — Ap)7Y|| =

max{ ALl }
X7 -]
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