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INTRODUCTION

One of the main and most studied problems of the theory of the
hyperbolic equations of the second order is a periodic boundary value
problem. A systematic study of periodic boundary value problems for
hyperbolic equations with mixed partial derivatives started in 60s with
the work of L. Cesari [1-4], J.K. Hale [5], G. Hecquet [6-8], A.K./Aziz
[9-12], V. Lakshmikantham [13], S.V. Zhestkov [14], A.M.
Samoylenko [15, 16], T.I. Kiguradze [17-27], B.I. Ptashnik. [28],
Yu.A. Mitropolskiy, G.P. Homa, M.I. Gromyak [29] and others dealt
with further investigations of the solvability of periodic boundary
value problems. To solve periodic boundary value problems of second
order hyperbolic equations, were applied the ‘Fourier.method, the
method of successive approximations, the methods~of functional
analysis, the variational method [30-51], etc..Despite the presence of
numerous methods for study of periodic ‘boundary value problems,
interest in them continues to this day. The.application of different
approaches, ideas and methods leads to results formulated in different
terms. The development of information technologies and its
comprehensive application in" applied problems imposes new
requirements of the developed methods. Particular attention got to be
paid to the methods .that are different from others in their
constructiveness at the‘stage of approximate construction of solutions
and in the study of such qualitative issues as the establishment of the
existence of a. solution, the rationale for the convergence of
approximate solutions to the exact one, an estimate of the inaccuracy
of the approximate’solution.

One ‘of 'such constructive methods is the method of a
parametrization that was proposed by D.S. Dzhumabaev [52], for
solving  two-point boundary problems of ordinary differential
equations. The point of using this method is to enter additional
parameters and bring the original problem to multipoint boundary
value problem with a parameter. It allows in terms of initial data to set
conditions for the solvability of the boundary value problem for
ordinary differential equations and to propose a family of algorithms
for finding its approximate solution.

A modification of the parametrization method is the method of
adding a functional parameter, devised in the works of



D.S. Dzhumabaev and A.T. Asanova [53-54], which finds its
application in the study of nonlocal boundary value problems with
data on characteristics for a system of hyperbolic equations with a
mixed derivative with two independent variables. There were
constructed two-parameter families of algorithms for finding solutions
to nonlocal boundary-value problems, at each step of which the
Goursat problems are solved. The coefficient criteria for the unique
solvability of a boundary value problem with data on characteristics
for a system of linear hyperbolic equations and sufficient conditions
for the existence of a solution of a boundary value problem for a
system of nonlinear hyperbolic equations with a mixed.derivative are
established on the basis of this algorithm. However, issues related to
finding the necessary and sufficient conditions for non-local
boundary-value problems for systems of nonlinear hyperbolic
equations with a mixed derivative, and building systems of equations
that allow one to find initial approximations of solutions have not
been studied.

In this work we consider semi-periodic boundary value problems
for systems of hyperbolic equations with mixed derivatives.
Application of a method of a“parametrization allowed us to obtain
necessary and sufficient conditions to) obtain necessary and sufficient
conditions for the existence of an "isolated" solution of the semi-
periodic boundary value problem for systems of nonlinear hyperbolic
equations with mixed. derivative, to construct systems of equations
that allow to determine the initial approximations of solutions, to
establish new criteria of the correct solvability of the semi-periodic
boundary yalue problem for systems of linear hyperbolic equations
with mixed derivative and to propose constructive algorithms for
finding its approximate solution. The advantage of the new algorithms
from_the previously proposed ones is that there is no need to find a
solution to the Goursat problem at each step.



1 THE ALGORITHM FOR FINDING SOLUTIONS OF A
SEMI-PERIODIC BOUNDARY VALUE PROBLEM FOR
SYSTEMS OF LINEAR HYPERBOLIC EQUATIONS WITH
MIXED DERIVATIVE

In this section, we consider a linear semi-periodic boundary
value problem for systems of hyperbolic equations with a mixed
derivative.

Hyperbolic equations with mixed derivatives of the second order
from two independent variables are applied in the dynamics and
kinetics of gas sorption with a linear and nonlinear isotherm, when
describing the kinetics of filtration clarification of low.concentrated
aqueous suspensions on water purification filters, when considering
the processes of drying air flow and isentropic one-dimensional plane
flow in gas dynamics [55].

In subsection 1.1, the scheme of a method of a parametrization
applied to a semi-periodic boundary value problem for systems of
linear hyperbolic equations with<a mixed derivative of the form is

provided
o’u ou ou
= A(x,t)—+ B(x;t)— + C(x,t)u + ,t), (0.1
ot (x )ax (x )at (x,0u + f(x,0), (0.1)
(x,) EQ =[0,w]1x0,T1,
u,0) =y (), tel0,T], 0.2)
u(x,0) = u(x,T), x€[0,w], (0.3)

where (n Xn) - matrix A(x,t), B(x,t), C(x,t), N - a vector
function® f(x,t) are continuous on <3, N - vector function ¥’ (t)
is continuously differentiable on [O,T 1, and satisfies the condition
Y (0) =y (T).

In subsection 1.2, on the basis of the equivalence of the semi-
periodic boundary value problem for systems of linear hyperbolic
equations and the periodic boundary value problem for a family of
systems of ordinary differential equations, a criterion for the correct
solvability of the investigated problem (0.1)-(0.3) is established.

In subsection 1.3, we consider a semi-periodic boundary value
problem of the form (0.1)-(0.3) for B(x,t) =0, i.e.
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o’u
OxOt

= A(x, t)Z—z +C(x,u + f(x,0), (0.4)

(x,0)€ Q =[0,w]>0,T1,

with conditions (0.2), (0.3). Similar to subsection 1.1, problem (0.4),
(0.2), (0.3) is investigated by the method of parametrization. On the
basis of this method, to find an approximate solution of the boundary
value problem (0.4), (0.2), (0.3), proposed an efficient algorithm that
differs in its constructiveness from the algorithm proposed in
subsection 1.1. In terms of the initial data, the coefficient criteria of
the unique solvability of the semi-periodic boundary value problem
(0.4), (0.2), (0.3) are established.

1.1 Statement of a linear semi-periodic boundary value
problem and sufficient conditions for the convergence of
algorithms finding its solution

Mathematical modeling of phenomena and processes repeated
after a certain period of time leads to the need to study periodic
boundary value problems of hyperbolic type. Periodic boundary value
problems for hyperbolic equations with mixed partial derivatives are
considered in the works of L. Cesari, J.K. Hale, G. Hecquet,
A K. Aziz, V. Lakshmikantham, S.V. Zhestkov, A.M. Samoylenko,
T.I. Kiguradze, B.I. Ptashnik, Yu.A. Mitropolskiy, G.P. Homa,
M.I. Gromyak and others.

Despite-existence of a large number of the works devoted to a
research of periodic boundary value problems interest in them doesn't
weaken to this day. The application of various approaches, ideas and
methods leads to the results formulated in various terms. The
development of information technologies and its comprehensive
application in solving applied problems imposes new requirements on
the proposed methods, paying particular attention to their
constructiveness. The main characteristic of constructive methods is
the effective verification of the conditions of their applicability and
the possibility of using them to find solutions with a given accuracy.

In this regard, the development of new approaches to expand the
classes of solvable periodic problems and the creation of constructive
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algorithms for finding their solutions is relevant both for the
development of the theory of boundary value problems with partial
derivatives, and for its application in practice.

The subject of research in this subsection 1.1 is the construction
of algorithms for finding solutions and determining the conditions of
convergence of the proposed algorithms considered on
Q =[0,w]>[0,T1 of a linear semi-periodic boundary wvalue
problem for a system of hyperbolic equations of the form

o’u

= A O T+ B O S+ Clntu+ f(x 0, (60 €,
X

Ooxot
(1.1)
u@,0)=y (), te[0,T], (1.2)
u(x,0) =u(x,T), x €[0,w]; (1.3)

where (n<n) matrices A(x,t), B(x,t),C(x,t), N - vector-
function f(x,t) are continuous on €2, 1 - vector-function ¥’ (t)
continuously differentiable on [O,T 1, and-satisfies the condition
¥ (0) =1 (T), here buslmbi Hmr)\\:n};g\av<x,rn.

Let C(SQ,R") - be the space of functions y:Q— R”

continuous on €2, with norm ”“”o ) (IR?E% ”“(X’ t)”'
The function u(x,t)€ G(€2, R"), which has partial derivatives

- - 2 J—
ou(x,0) CO.R"): u(x,t) C(Q,R"), ouxt) C(Q,R")
Ox ot xOt

is called a solution to problem (1.1)-(1.3), if it satisfies system (1.1)
for all (x,t) =<, on the characteristic x =0 takes the obtain value
y (t),t'€[0,T], on the characteristics t =0,t =T has equal values
for x€[0,w].

To find a solution to this problem, we introduce new unknown
functions
ou(x,t)

ox

and write problem (1.1)-(1.3) in the form

ou(x,t)

,0) =
v(x,t) o

, wix,t) =

% = A(x,t)v + B(x,t)w(x,t) + C(x,u(x,t) + f(x,t), (1.4)



v(x,0) =v(x,T), x€[0,w], (1.5)
w(x,t) =y (t) + xfa%d;:, t€[0,T], x€[0,wl, (1.6)

(X, 1) = o (e) + ;f»(;—: OdE. ¢t =[0.7T1. x<=I[0.col. (1_7)
Here, the problem of finding a solution of a semi-periodic boundary,
value problem for a system of hyperbolic equations (1.1)-(1.3). is
reduced to a family of periodic boundary value problems for ordinary
differential equations (1.4), (1.5) and functional relations (1.6); (1.7).
Problems (1.1)-(1.3) and (1.4)-(1.7) are equivalent in the sense that if
the function u(x,t), is a solution to problem (1.1)-(1.3), then the
triple (v(x,t), w(x,t),u(x,t)) will be a solution to problem
(1.4)-(1.7) and, conversely, if a triple (V(x,t); w(x;t), U (x,t))
is a solution to problem (1.4)-(1.7), then u(X,t) solution of
problem (1.1)-(1.3).

The method of a parametrization. [56-58] is applied to the
solution of a problem (1.4)-(1.7). By the step h>0:Nh=T we
partition the }

[O.T) = ,_kﬂi(r - 1)h.rhA), N = 1.2, ...

In this case, the range of /€2 “is'divided into N parts.

Let Vv, (x,t), w.(x,t),.u,(x,t) denote, respectively, the
restrictions of the functions v(x,t), w(x,t), u(x,t) to
Q. =[0,w]X(r- 1)h,rh), r=1,N.

Then problem (1.4)-(1.7) will be equivalent to the boundary value
problem

aa"tf = A(x,t)v, + B(x,O)w, (x,t) + C(x,t)u, (x,t) + f(x,1),

(1.8)
(X’ t)e Qr’
Vi(%,0)- lim vy (x,0) =0, x€[0,w], (1.9)
t—T-0
lim v,(x,t) = v, (x,sh), s=1,N-1 (1.10)
t— sh-0
wr(x,t)=1/)(t)+6'ﬁvr;§’t)d§, (xt€eQ,, r=1L,N, (1.11)



U CeO W@+ P E0dE, (ense,, r=TN, (1.12)
where (1.10) - is the condition for gluing the functions v(x,t) in the
inner lines of the partition. Let A, (x) denote the value of the
function v, (x,t) with t = (r- 1)h, ie. A.(x)=v,.(x,(r- 1)h)
and make a replacement for vV, (x,t) = v, (x,t)- A (x), r=1,N .
We obtain an equivalent boundary value problem with unknown
functions A, (x):

6\; = A(x,0)V, + A(x,0)A, (x) + B(x,t)w, (x,t) +

+C(x,)u, (x,t) + f(x,0), (1.13)

V.(x,(r-1)h)=0, x€[0,w], r=1,N, (1.14)

A(x)- Ay (%) - 11;1_10\71\, (x,t) =0, . x€[0,w], (1.15)

A (X)+ lim V.(x,0)- A_,,(x) =0, x€[0,w],s =1,N - 1, (1.16
0

t— sh-
)

w0 =)0 oD dE (0eQ, reLN, (117)

u,(x,r>:w(r>+:f,(s,r)ds+;ﬁ,(s)d§, r=in. (1.18)
Problems (1.8)-(1.12) @nd (1.13)-(1.18) are equivalent in the sense
that if the system . of triples {v,(x,t), w, (x,t), u,(x,t)},
r =1, N, is a selution to problem (1.8)-(1.12), then the system
wen U060, (%0 = v, (%, (r = Dh),
w,(x,t),u,(x,t)}, r =1, N, is a solution to problem (1.13)-

(1.18)"and, conversely, if . V_(x,t), w,(x,t), u,(x,t)},
ri=1,N. - is a solution to problem (1.13)-(1.18), then triples
{A(x)+V (x,0),w,. (x,t),u,(x,t)}, r=1,N, will be the
solution of problem (1.8)-(1.12).

Problem (1.13), (1.14) with fixed A, (x), u,(x,t), w,(x,t),
r=1,N, is a family of Cauchy problems for ordinary differential
equations, where X€I[0,w], and is equivalent to the integral
equation



V(0= f AX, T, (x,T)dT + f A(x,7)dT -2, (X) +
(r-1h (r-1h

+ r_[;h[ B(x,7)w, (x,T) + C(x,7du, (x, ) + f(x,7I)Idr. (119)

Replace V,(x,T) with the corresponding right part (1.19) and

repeating this process V(v =1,2,...) times we obtain
vV (x,t) =D, (x,0A, (x)+F, (x,t,w,,u,)+G,,(x,t,V,),
(1.20)

where
D, (x,t) = S J" A(x,7,)dT,... :[ A(x,7,,,)dT,,,...dT,,
J=0¢r-)h (r=

F, (x,t,w,,u,) =

= [J" [B(x.7,)D)w,(x,7,) + C(x, 7, u, (x,7,) + f(x.z DldT, +
>

-
+Z“‘ J‘ A%, 7). Jf Ax.T)) ]‘ (BT )W, (X.T;0) +
+C(x, Tj+1)ur (x, Tj+1) + f(x, Tj+1)]de+1de dTy,

Gvr (X’ t’ Vr) S

c Tyv-2 Ty
= f A(X,TI)...U:I[;/,A(X,T‘,,,) J AT OV (x 7 ) dagdT, . dT T, = t,r = 1’ N.

«-Dn r-Dn

Passing to the limit as t — rh- 0 (1.20) we have

lim V.(x,t) = D, (x,rh)A_(x) +F, (x,rh,w, ,u )+ G, (x,rh,v.),
?2[(()), ], r=1,N. (Substituting in (1.15), (1.16) instead of
tlirlhl}o v, (%0, e 1, N, the corresponding right-hand sides for
the unknown functions A, (x), r = 1, N, we obtain a system of

functional equations:
Q, (x,HA(x) =-F,(x,h,w,u)- G, (x,h,V), (1.21)

-1 0 .. -[I+D,(x,Nh)]
I+ D L h -1 .. 0
QV (X,h) — vl(X ) ,
0 o .. -1
Fv(xyh’w’u) =
= (_ FVN(X’ Nh, WN’uN)’ Fvl(x’ h, Wl,ul),..., Fv,N—l(X’ (N - 1)h’ Wn-1>s
G,(x,h,v) =

= (_ GVN (X’ Nh, VN )’ le (X’ h, ‘71 )""’GV,N—I (X, (N - 1)h’ VN-1))’
10



I - unit matrix of dimension of I1.
To find a system of four functions Uik u, (x,t)},r =1, N,

we have a closed system consisting of equations (1.21), (1.20), (1.18)
and (1.17).

Assuming the invertibility of the matrix Q, (x,h) for all
x €[0, w], from equation (1.18), where

V. (%,0) = 0,w, (x,1) =9 (t),u, (x,t) =y (0),
we find A% (x) = (A?(x), AQ(x),..., AQ(x))":
A9(x) = - [Q,(x, )] {F, (x,h,yp,y)+G,(x,h,0)}.
Using equation (1.20), with A_(x) = A% (x)’ find-the functions
VOx,0}, r=1.N.ie
vO(x,t) =D, (x,)A” (x) + F,, (xst,4, )+ G, (x,1,0).
Functions u@ (x,t), w?(x,t),r =1, N, are determined from the

relations

W0 =)+ 6 R e
0 0

i B G
0, e :
Wisozit Fo e

0

(x,t)€L2,. For theinitial approximation of the problem (1.13)-
(1.18) we take the system

(A7 (), VO 3 0),w,” (x,0),u” (x,)), r =1,N and

r

successive approximations are constructed according to the following
algorithm:
Step 1. A) Assuming that

w,(x,0) =wO(x,0), u(xt)=u®(xt), r=1,N,
first approximations in A, (x), V.(x,t), r =1, N, find solving the
problem (1.13)-(1.16). Taking
A0 ()= 20 (), T (x,0) = T (x,0),
system couple {A"(x),v " (x,0)},r = 1, N, find the limit of the
sequence AL"™ (x), V"™ (x,t), defined the next way:
Step 1.1. Assuming the invertibility of the matrix Q, (x,h),
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x €[0, w], from equation (1.21), where V_(x,t) = V"9 (x,t), we
find AP (x) = (A" (%), A3 (%),..., ALV (X))
28V (x) = -1Q, (x, )] {F, (x,h, w?,u®) + G, (x, h, v ")}
Substituting the found A™" (x), r =1, . in (1.20) we find
v (x,t) =D, (x,)A"(x) + F, (x,t, w?,u®) + G, (x, ;v ).
Step 1.2. From equation (1.21), where
(X t) = y D (x,t), we define

A (%) =-1Q, (x, DI {F, (x,h, w?”,u”) +G, (xh,v"")}.
Again using expression (1.20), we ‘find the functions

{Vr(l’z)(x, t)}, r=1.N,

v (x,t) = D, (x, DA (x) + F,, (x;6, w2, u) + G, (x,t,v D).
On the step (1,m) we. ~get system couple

A (%), v (x, 0}, r =1, N:
Suppose that the solution of problem (1.13)-(1.16) the sequence

of systems of couples & V.""™ (x,t)} defined and for m—

converges to continuous; respectively, on x€[0,w], (x,t)€Q,
functions AV (x), ¥ & (x,t), r=1. V.

B) Functions w”(x,t), u”(x,t), r =1.N, are determined
from the relations

~

W (%) =)+ Xfw 04

g

osvor e ek (X, 1) € Q.
Step 2. A) Assuming that
w.(x,t) = wP(x,0), u.(x,t)=uP(x,t), r=1,N,

the second approximations on A, (x),V,.(x,t),r =1, N, find
solving the problem (1.13)-(1.16). Taking the

220 (x) = 20 (), V20 (x,0) = VO (x,0),
systems of couples {A®(x), VP (x,t)},r = 1,_N , we find the

12




limit of the sequence A®™(x), v*™(x,t), defined in the
following way:

Step 2.1. Assuming the invertibility of the matrix
Q,(x,h), x€[0,w], from equation (1.21), where

V. (x,t) = VEY(x,t), we find
A% (x) = (A2D (%), A2 (3),..., A2V (%))
28D(x) =-1Q,(x, )] {F,(x,h, w",u®) + G, (x, h,vE)}.
Substituting the found A®" (x), r =1, N, at (1.20) we find
Ve (x,t) = D, (x,)A>V(x) + F, (x,t, w",u")) +G, (x,t,v*>?).
Step 2.2. From equation (1.21), where V_(x,t) =V ®" (x,t),
we define
A% (x) =-1Q, (x, ] {F, (x,h, w? ,u®) + G, (x,h,v*)}.
Again using expression (1.20),  we/ find the functions
Ve (x,0)}, r=1,N:
v (x,t) = D, (x, )A®?(x) +F, (x,t, w",u®) + G, (x,t,v*).
At step (2,m) we obtain a system of couples
{AC™ (%), VE™ (x,0)}, r =1, N.
Suppose that the solution of problem (1.13)-(1.16) is a sequence
of systems of couples 0 vV *™ (x,t)} is defined and at M—
converges to (' Vr(z) (x,t)}, r=1.N.
B) The functions w® (x,t),u® (x,t),r =1, N, are defined
from the relations

W0 =000+ (e 0dE+ [RLENE
where (x,t) €€2,.
Continuing the process, at the step k we obtain the system (#.
~ (k k k —
VO x,0, W 0,u® (x,0}, r=TN.
The conditions of the following statement provide the feasibility
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and convergence of the proposed algorithm [59-62], and also the
unique solvability of the problem (1.13)-(1.18) .

Theorem 1. Let for some h>0:Nh=T,N =1,2,..., and
v,v € N,(nN XnN) matrix Q,(x,h) reversible for all
x €[0, w] and inequalities are carried out

1) [, (x, 1| =¥, (x, h);

2) 4N :w[ L4y (x h)Z(a(X.?h)j]S;KL
i

il
Then there is a unique solution of problem (1.13)-(1.18) and estimates
are valid

a) max rnax”/l (x) - /'L(k)(x)” +max sup |~r*
r=1,N te€[(r-1)h,rh)

)0
a a |

max sup
LV )| O

sabmzﬁ‘ ene]

> fmax{a,(£). a,(E)}dE max{max [ ). max 2> CoOll- 1| 71,3 -
[e] o, 7T

t<[0,T]

b) maximax sup |
r=1,N te[(r-1)h,rh)

max sup ”w: xt)- w¥(x, t)”} =
r=1,N te[(r- 1)h,rh)
= fmax rnaX”;L (x) - AR (x)” + max sup |Nr*
r=1,N te[(r-1)h,rh)

|6v (x,t) v (x, t)|
" o ||

> B(x) =

k =1,2,.

max Sup
r=1,N te[(r-1)h,rh)

where a(x) =

t€[0,T

o (x) = max||C(x,0)|
t€[0,T'] >

a,(x) =

- max{[b 1G9 + b, NG + ()]  JA©b @ A + o @las }

1- q.(x,h)

% [+ 3, (x h)(a(x)h) 1([b, (x) + b, CONB(X) + o (x

X'}liiax{a(;—')b,—;(é—.') + 1.5, (E) + Db, (5D, (ED)AE + b (XD, (DL qg,. (x, h) +

a,(x) =

14



+ 3, (x, by LN (O!(X)h)

nu:jmuu )l B )

D,

1

Z b, (x) = B(x) + 0 (x) +1, bl Z[(J)h)thE(a[xW

Proof. The following inequalities take place

g O,
jl

F,(X,h,W,U)

v

J=0

Xmax sup
r=1,N te[(r-1)h,rh)

IG, (% v s(‘"(i#max sup

r=1,N te[(r-1)h,rh)

)< —.
R
Ll - >hrm [ER |

From the zero step of the algorithm, the following estimates follow:

r= 1N
& h :
=y, G 3O ol
j=0 J t€l0,T]
Sbl(x)bz(x)rnax{max| ,max| )
max. sup V(O) i‘ max H+

PELN t€{(r- 1)hyrh) e

Z’ (O!(X)h) b, (x) maX{}‘é‘[l()aljg(]||1/J ®) max
<b, (x)b (x) maX{rnaX”l/J ) ’l‘flaX“l/J O£l >
max sup HW(O)(X t) - I/J(t)H =

r=1,N t€[(r-1)h,rh)

t=[0,7]

= fex (b5 (5) +11b, (5)dE maximax [ Ol max [ Ol £, 3

max sup Huﬁo)(x,t) - zp(t)H <

r=1,N te[(r-1)h,rh)

= [ (5) + by (5)]b, (5)dE max{imax lferr CO> max ks Ol 1 £l 3-
s X ’
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The following estimates are valid:
mopl - 2,70 =

r=1,N
'« (a(x)h
<y, (xh Y, LM )  pomax swp w00 40|+
j=0 r=1,N t€[(r-1)h,rh)
< h
+y,(x, h)hzwa(x) max Ssup £0) (x,t)- 1/)(t)” +
j=0 J r=1,N t€[(r-1)h,rh)
a(x)h)” ~
+y, (X,h)&m@ sup HV
vl r=1,N te[(r-1)h,rh)

max sup [0 (x0- V00| =

r=1,N t€[(r-1)h,rh)
< @Cohy

j_l J! r= m‘

"0~ 40| +

Z (OZ(X)h) B(X) max  sup HW(O) (x,t) - W(I)H

r=1,N te[(r<1)h,rh)

3 (ao;?h)

u® (x,0) - w @O +

o(X)max  sup ‘
r=1,N t&[(r=1)h,rh)

a(x)h)” ~
.,.&max sup ‘ r(O)(X’t)H <
v! r=1,N t€[(r-1)h,rh)

<b,(x)BM@max sup [|W(x0- ¢ @)+

r=1,N te[(r-1)h,rh)

+b,(X)o(X)max sup {uﬁo)(x,t) - U’(t)J +

r=1,N te[(r-1)h,rh)

VO x|

+q,(x,Hmax sup |
r=1,N te[(r-1)h,rh)

Let's establish inequality
ATV (x) =

ax sup [[F00 (o0 - TV 00|
r=1,N te[(r-1)h,rh) r= 1N

=[b, (x) +b; ()L (X) +O(X)]'_]'rnax{a(5)b (&) +1,b,(E) +b;(X)}b,(5)dE <

XmaX{maX”l/J ® ,max”l/J Ol Fll,y +

t€[0, T
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+lq, (. h) + y, (x h)M]b (x0b, (x) X
’maX|P/J(t)|| £l

XmaX{maX ”’L/J 3]

t<[0, T
Thus
rnaX”)L (1,m+1) (X) _ )Lr(l,m) (X)” =
r=1,N
a(x)h ~ ~
=y, (x, h)( Coh)” max Ssup ‘ ,(1’m)(x, - v,
v! r=1,N te[(r-1)h,rh)
(1.22)
max Ssup ‘ - Vr(l’m) (x; I)H =
r=1,N tel(r-1)h,rh)
=3 O o, 7o)+
j=1 ] r= 1 N
a(x)h
+( ( ) ) max sup ‘ (lm)(x t) V(lml)(Xt)H
vl r=1,N te[(r-1)h,rh)

=q,(x,Mmax sup| [V (x,0)- V40 (x,0)

r=1,N t€[(r-1)h,rh)
(1.23)
Owing to inequality of q, (x,h)-<1 follows the uniform convergence

of the sequence V"™V (x,t), for (x,0)€Q,, to V" (x,t) and

convergence of a sequence of systems of functions )L(rl’m+1)(x) to

continuous on X €0, @] functions A" (x) forall r =1,V :

~ (A,m+1 ~ (1,0
max sup [V (0 - TV (x, 0 <
r=1,N te[(r-1)h,rh)

SS[QV (x, )] max sup ||V‘1 D(x,t) - VIO (x, t)”

j=0 r=1,N te[(r-1)h,rh)
rnaX”;L a, m+1)( ) 7\. (1,0) (X)”
r=1,N
\ ; a(x)h)”
=31, oV x, oy M o sup 900 (0 - TOO(x,0)
=0 V. r=1,N t€[(r-1)h,rh)

+ max AP 0= 2,7 o)
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r=1,N t€[(r-1)h,rh)

max sup 77 (60 - T (x 0] + max|[2 7V G0 - 4,57 (0
r=1,N

=

o

Il
(=}

[q,(x, )]’ {1+Y, (X,h)(a(ii#} <

J

ax sup |
r=1,N tel(r-1)h,rh)

+ max ||A'r aa,n (X) _ A'r(l’O) (X)”.
r=1,N

VAL (x,0)- VO (x, t)H +

Passing to the limit at ™ = %, obtain estimates:
AP (x) =

=max sup [V (x0)- VO (x0) +m@<‘
r=1,N

K- 2,20 =

r=1,N t€[(r-1)h,rh)

v
1+y, (x, h)w
= ' sup _ [V (x,0) - VO (x,0)| +
Taoom  maxsup | Cen - 507G
*+max ||/1,<1,1>(x) - 7Lr(1,0)(X)|| =a;(x) max{trer[l%ltzp(t) - max > O\ £, -

(0 B0 <[l 6+
<[u@ne

V()= maysup ~ p
RET d it

+HTILAE) + (] fmaxtor(EDb.(ED + 1,5,(5) + by ()b, (5)d 5,dE =
xmax{max [ (O, max |l Ol F||,} =
te[0,T'] t€[0,T']

max i O 71,

max sup w00 - (0] < f @),
=L 1€~ Dhsh) b

=a,(x) max{tn[l(?%(] ”z/) @®)

mas s (0 u? o] < M
max{A® (x), AV (x)} <
<max{a, (x), a, (x)} max{max [y ()| max|k> @} ], }-
t€[0,T] t€[0,T']

For systems of differences
250 - 2,9 (x), VP (x,0) - VO (x,),

w D (x,0) - w(x,0), u"P(x,0) - u(x,0), r=1.N,

k =1,2,... the estimates are valid:

k+1,1 k+1,0
rnaixnflr( TP - AT )(X)” =
r=1,N
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<Bb,()max  sup |wP (x0- wh P (x0)+
r=1,N te[(r-1)h,rh)

ur("k) (X’ t) - uﬁk_l) (X’ t)

+0()b,(x)max sup |
r=1,N te[(r-1)h,rh)

‘7r(k+1,1) (x,t) - "7r(k+1,0) (x, t)H <

>

max sup ‘

r=1,N te[(r-1)h,rh)

=b,(x)B(x)max sup W (x0)- w0+
r=1,N te[(r-1)h,rh)

+b,(x)0(x)max sup |
r=1,N te[(r-1)h,rh)

u® (x,t)- u*P(x,0)

3

Ar(k+1,m+1) (X) _ Ar(k+1,m) (X)” =

max
r=1,N
a(x)h)” ~ ~ i
<y, (x, h)&maix sup ‘vr(k”’m)(x, )= VI (x, 1),
vl r=1,N te[(r-1)h,rh)
ax sup “’7r(k+1,m+1) (x,0) - ">’r(k+1,m) (x, t)H <

r=1,N te[(r-1)h,rh)

=q,Commax sup [0 G 0 - VO (60|

r=1,N te[(r-1)h,rh)

Vr(k+1,m+1) (X, t) - "7r(k+1,0) (x, t)H <

max sup ‘
r=1,N te[(r-1)h,rh)

=31q, (x. )1’ max [ sup” |

=0 r=1,N tel(r-1)h,rh)

|;Lr(k+1,m+1) (X) - /.Lr(k+1,0) (X)” =

;r(k+1,1) (X, t) _ ;r(k+1,0) (X’ t)”

ax
r=1,N

£3al u Yy, (xS

Xmax sup H\'Z(k”’l)(x, t)- Vr(k+1’°)(x,t)“ +
r=1,N te[(r-1)h,rh)

A‘r(kH’U (X) _ A.r(kﬂ’o) (X)”

+ max
r=1,N

Passing to the limit at ™ = %, we obtain estimates:
~ (k+1) ~ (k)
\ (x,t)- v, (x, t)H <

max sup ‘

r=1,N te[(r-1)h,rh)

b
SM ax sup Hwﬁk) (x,¢) - Wﬁk_l) (x, t)H +
1- q,(x,h) r=1N tel(r- Dh,rh)
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u(x,t)- u P (x0)|, (1.24)

b,(x)o(x
X C N
1- q,(x, h) r=1,N tecr-1yn,r)

2,5 - 2, P 00| =

mQ(|
r=1,N

b,(x)f(x -
< (X)L (x) max  sup Hwﬁk) (x,t)- wk D (x, t)H +
1- q,(x,h) r=1N tel(r- Dh,rh)

b. (x)o(x
pho
1- q, (x,h) r=1,N ce(r-1)h,rh)

b

u(x,t)- uV(x,t)

(1.25)

x sup wa"”)(x,t)— wﬁ")(x,t)H =<
r=1,N te[(r-1)h,rh)
vVEV(E D) . VI (E L
FEEn  FRED|,

ax sup
r=1,N te[(r-1)h,rh) | ot ot |

x sup Huﬁk”)(x,t)— ul (x,t)H <
r=1,N te€[(r-1)h,rh)

= fmax[lr, < @ AP @)|as +
o "=t

«
~ (k+1 ~ (k
+ fmax sup [[FEVE 0 - VO 0|ds.
o r=1,N te[(r-1)h,rh)

Summing, respectively, the left and right parts of the inequalities

(1.24), (1.25) we have
A(k+1) (X) —

[0 (0 - VP x0| +

k k
max A, “ () - A€ )(x)H =
r=1,N

= max sup
r=1,N te[(r-1)h,rh)

@ Eb,WIBE [wi (x,0) - w0 +

1-.q, (x,h) r=1,N ¢el(r-1)h,rh)
b +b
" Lb, (x) 5 (xX)]o(x) max  Sup ‘ufk)(x,t) _ uﬁk'l)(x,t) )
1- q,(x,h) r=L,N te[(r-1)h,rh)

(1.26)
V& (x,0) - VP (x,0)
| ot a |

”wfk) (x,t) - w D (x, t)” +

=

AY*V(x) = max sup
r=1,N t€[(r-1)h,rh)

r=1,N te[(r-1)h,rh)

= fo(E)b;(5) +11[B(E) max  sup
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+0(§)max  sup |
r=1,N t€[(r-1)h,rh)

u® (%0 - ul U ee0ldE,  (127)

may sup [0 - W) g}i“'”(g)d;,
3 J

FLN e

LA -y

For function max{A%**(x),A**?(x)} on the basis of
(1.26), (1.27) we establish inequality

max  Sup Hul““(x,t)»uf”(x,t)”ﬁiﬁ'k'”(E)dS.

maxm‘k‘“(x),&*‘”(xnSa‘,(x)xfmaxm‘“(&), avenas (1.28)
max{A** (x), A*"V(x)} <

= O (i (©)a)* ! fimax(a® @), X0 (©)dz.
0 o

Establish inequalities

max{meucllfl‘f”’)(x)- 20 GOl + max  sup - [[BE (x, 0 - TR (0
r=1,N r=1,N t€[(r-1)h,rh)

vVEP(x,t) v (x,t . ~ s
max Ssup | L 0 _ v, (%0 <max{A¥**"" (x), A“"P (x)]
r=1,N tel(r-1)h,rh) | ot ot |

+max{A**P D (x), A4*PD (x)}. .o+ max{A® (x), A (x)} =
Sa(x)f%[ }‘z(,(,s)ds]l fmax(A® (), X0 ()1as =

kep-2 x i'x
=a,(x) Z%[ fzu(;:)d,s] Jmax{a, @), a,(@©)ds x

Xmax{trer%ggc]”lﬂ(t) ’E?S%W O F,3

max {max sup

e o0y - u® 0
r=1,N t<[(r-1)h,rh)

>

k k
max sup ”wﬁ TP (x,t) - wt )(x,t)” =
r=1,N t€[(r-1)h,rh)

r=1,N

= fmax{m@ ”)L(r"”’) (x) - AP (x)” + max sup ”Vr(k”’) (x,t) - V.9 (x
o r=1,N t€[(r-1)h,rh)
V&P (x,0) VP (x,0))
max sup - s
r=1,N te[(r- 1)h,rh) | ot ot |

passing to a limitat P = %, atall (x,t)€€2,, r =1, N, we obtain
the estimates of Theorem 1.

Let's prove uniqueness. Let exists (/AL?(X),VM(XJ),WH(XJ),
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u™(x,t)), r=1,N, another solution of the boundary value
problem (1.13)-(1.18). Similar to relation (1.28) for differences

Ar*(x) - A,r**(X), G’r*(x’ t) - i\;r**(x’ t)’ 8vr 8(:’ t) i avr a(tx’ t)

for all

(x,t)e Q. , r=1,N, we obtain:

oot e ]
Using Bellman-Gronwall inequality [63] we have

sl g s )

b
From where follows that \A/':(x,t):ﬁ“(x,t), )Lr*(x):)tr**(x),

ovr(x,t) ovT(x,t _
ra( ) _ oV, 8( ), r =1, N. From inequalities
t t

max s W40 W (D)<
r=LN t€[(r-1)h,rh)
WHED JVIED

ot ot

U (x,0)- u”(x,0)

X
< In@( sup dg,
o r=LN tel(riDh.rh)

max sup <

r=LN t€[(r-1)h,rh)
e zftctapee

have w'(x,t)= W (W (6 1) =1 (b ) r=LN, for all (xDEQ,.

Theorem 1 is proved.

1.2 Necessary and sufficient conditions for the unique
solvability

The equivalence of problems (1.1)-(1.3) and (1.13)-(1.18)
implies that the conditions of Theorem 1 are sufficient conditions for
the unique solvability of the linear semi-periodic boundary value
problem for a system of hyperbolic equations with a mixed variable.

In this subsection, the coefficient characteristics of the correct
solvability of the boundary value problem (1.1)-(1.3) are established.
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In addition, a relationship has been established between the constant
of the correct solvability of the boundary value problem (1.1)-(1.3)

and the function ¥, (x,h), which bounds the norm of the matrix
Q, (x, h) from above.

The theorem is valid.
Theorem 2. Let the conditions of theorem 1 are fulfilled. Then

the problem (1.1)-(1.3) has the single solution u” (x,t) and estimate
ou*

are valid
max | =<
ox o

=M, (x, hymax{max [ (O, max [\ [ £]l,¥: * (1.29)

ou”
ot

*

u

b

0

0’

fo@as |
where . com- m,(x)e“ﬁ fmax(a, (). a, ($IdE +

+ max{a, (x),a, (x)} + max{b, (x) + b, (x),cx(x)[b,(x) + b, (x)] +1}b, (x).
Definition 1. The boundary value problem (1.1)-(1.3) is called

correctly solvable if for any f(x,t)€C(RQ,R"), the continuous for

[0,T1 functions % (t), Y (t) has the single solution of

u(x,t) € C(RQ, R") and the inequality is valid

ou ou
rnax{”u g } <
0

0’

Oox E
=K max{max | (O, max [ O [,}.  (1.30)

where K - constant, does not depend on f (x, ),y (¢).
From Theorem 3 [64, p.342] follows that the boundary value

problem«(1.1)-(1.3) is correctly solvable if and only if the periodic
boundary value problem is correctly solvable

% = A OV+F(x0, (xDEQ,  (131)

>
(0]

v(x,0) = v(x,T), x€[0,w]. (1.32)
Function v(x,t) € C(Q, R"), with continuous on <2 the
derivative at argument € , is called the solution of the problem (1.31),

(1.32), if it satisfies system (1.31) and periodic condition (1.32).
Definition 2. The boundary value problem (1.31), (1.32) is

called correctly solvable if, for any F(x,t)€ C(S2, R"), it has the
23



single solution and the inequality is valid
M, =K.

0? (1.33)
where K, - constant, independent of F (x,t).
Let v*(x,t) -be the solution of problem (1.31), (1.32). Then
a) a couple (A" (x),V ™ (x,[t])) with components
A (x) =V (x,(r- 1h),v(x,t) = v (x,t) - v*(x,(r- 1)h),
where (x,t)eQ,, r= 1, N, is the solution to the problem

aav{ = AGL OV, + A DA, (X) + F(x,0),

V.(x,(r-1h) =0, (x,H)eQ,, r=1,N, . (1.34)
A(x)- Ay (x)- ligloﬁN(x,t) =0, xe[0,®], (1.35)

A,()+ lim V (x,6)- A, (x) =0, x€[0,w], s=1,N - 1,(1.36
t— sh-0
)

b) there are such numbers &,,&, >0, that
A =¢,, [Frexe)|=£,.. (xHe,, r=1,N,
¢) for any v €N equalities are performed
VE(x,0) = D, (x, DA () + E(x,1) +G,, (x,t,v), r =1, N, (1.

37)

Q,(x, A () =-F, (x,h)- G, (x,h,v*).  (1.38)

Because HG"’ (x,h,v*) Sm g, and
vi

D, (x,t), IE"W (x,t) at V= 0 € uniformly converge to
D, (x0= %IV'IthA(X,T,)an ..,(:IIVA(XJ,., YTy,
F, (x,0) = (,,I,,F(X’T‘)dt‘ +
o5 acer [ acep T roorar an,
7, =t, r=1,N, then going to the limit at V = o in (1.37), (1.38)
and dividing both parts (1.38) into h > 0, we obtain
Vi(x,0) =D, (x,DA () + F,, (x,0), (x,0)€Q,, r=1,N,(1.39)

%Q*(x,h)x*(x) - F(AF,xh), xel0wl, (140
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where
F.(AF.x,h)=(-F., (x Nh),%lil(x, h),...,%l'i,N-l(x,(N - Dh).

Thus, if v*(x,t) is a solution to problem (1.31), (1.32) at
F(x,t)€ C(Q, R"), then

A(x) = (A (X), A5 (X),..., A4 () € C([0,w], R™)
is the solution to equation (1.40).

Theorem 3. [65] The boundary value problem (1.1)-(1.3) is
correctly solvable if and only if for any h>0: Nh=T,N =1,2,...,
there isa v,v € N, (nN XnN) - matrix Q, (x, h)_reversible for
all x€[0, w] and the inequalities 1), 2) of Theorem 1 are satisfied.

Proof. If the conditions are satisfied, the correct solvability of
problem (1.1)-(1.3) follows from Theorem 1 [66].

Let the problem (1.1)-(1.3) be correctly solvable. Then by
Theorem 3 of [64, p.342] the problem (1.31), (1.32) is correctly
solvable with a constant K. Let us prove the invertibility of the
matrix Q,(x, h) at each fixed x [0, @] . Consider the equation
%Q*(x, h)A(x) = b(x), [ b(x),A(x) € C([0,w],R™). (1.41)

Take ¢ >0 and choose h, = h,(¢€) to satisfy the inequality

1 e 12 Gh < £ ,
(ah) 2(1+ g)(1+ £)
& = max [ax)] Now for all he (0,h,],

x€[0,mw]
b(x) € C([0,w], R™) on the basis of a Lemma from [52, p.54] it is
possible . to construct a function F,(x,t)E€C (R, R"), with the
properties:

max |F, (x,0)|| =(1+ &) max |[b(x)
(x,0)EQ x€[0,w]

>

}

E(AF,xh= {ﬁ(x,r)dmi [0 o+
+% : (x, t);fq(xfl');ﬁr(x,rl)dr,drdt +...=b(x), x<[0,w].
By assumption, problem (1.31), (1.32) has a solution for any
F(x,t). Therefore, the equation
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%@mmam=iuAa%m, (1.42)

as shown above, for any F, has a  solution
A, (x)€ C([0,w],R™):

%Q*(x, h)A,(x) = - F,(A,F,, x, h). (1.43)

From here, considering equality

- F,(AF,,x,h) = b(x)
we obtain  that equation (1.41) has a solution
2, (x)€C([0,w],R™) for all b(x)eC(0,®],R™) and
estimate is valid

max [4, (O] = max |[v, G0 =
x€[0,w]

<K, max ||F, (x,0) <(1+ £)K, max ||b(X)||

(x,t)eQ
i.e. operator EQ*(;h)ZC([O,w],R"N)H C([O,w],R"N) has a

right inverse and

-1

%Q*(;h)] =(1+e)K,,

-

L(C(0,01,R™))
where L(C([0,w]3R™)) - is the space of linearly bounded
operators L : C([0,w],R™)— C([0,w], R™). Then by owing of

the relations
-1

[%Q*(x,h)] — hQ, (x. W',

r

we have

. (1+¢)K,
H[Q*(’h)]r L(C([O,(u],RnN)) ST

As at any fixed x €[0, ] the equation

%Q*(;, h)A = b,

has a solution
)Lb =4,
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for any b€ R™, then the matrix Q, (x, h) is invertible and
[Q.(x, ]! =[Q,(x, )] ",
for any x €[0,w] and

[Q.x. 1| = [Q. (x, W1}

Taking into account the inequality

ol S

I

(1+8)K
h

and using the theorem on small perturbations of limitedly invertible
operators [63, p.142], we find v such that

(1+£ ah Z(ah
j=0 ]‘

B3
1+2£

Then the matrix Q, (X, h) be invertible and estimates are performed

(1+¢)K,
o 1+26)K,
e

) 1+ 2¢

m()”u“f)ﬂ@ng

Hence the existence of y» =y such that
1+2&)K
) [Qeex I s%

Theorem 3 isproved.

The following theorem is valid

Theorem 4. The boundary value problem (1.1)-(1.3) is correctly
solvable if and only if for any v,v € N, exists h=h(v)>0:Nh=
=T,N =1,2,..., at which (nN XnN) - matrix Q,(x,h) is
invertible for all x €[0,w] and inequalities of the Theorem 1 are
performed.

Proof. The sufficiency of the conditions of the theorem for the
correct solvability of problem (1.1)-(1.3) follows from Theorem 1.

Need. Let the problem (1.1)-(1.3) is correctly solvable. Then
according to Theorem 3 [64, p.342] the problem (1.31), (1.32) will be
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correctly solvable. Let us denote by K, the constant of the correct
solvability of the problem (1.31), (1.32). As it was established in
Theorem 3, there exists hy>0, at which for all
h=h(e,v)€(0,h,]: Nh =T estimate is valid:

-1 (1 )Kl
i, oo mr | ===

Because

it

then choosing h, = h,(¢,v)€(0,hy]1: Nh, =T satisfying inequalities
(1+e)K, (eahi@) P
h U A42

(chy’ 0 (1+2.e) f(ah)
vl h 5
according to the theorem on small perturbations of limitedly invertible

operators [63, p.142] for any v € IN we have

(1 +2¢)K,
fQ, & )1 =——,
hl
i.e. conditions of the Theorem 1 are satisfied.
Theorem 4 is proved.

The following statements establish the relationship between the
constant of the correct solvability of the problem (1.1)-(1.3) and

function %4(x,h), limiting the matrix norm from above.

[Q, (xsh)]

Theorem 5. If the boundary value problem (1.1)-(1.3) is
carrectly solvable, then for any v,v € N, exists h, = h,(v) such
thatfor all h€(0,h,]: Nh=T and x€[0,w] (nN XnN) -
matrix Q, (x, h) will be invertible and

Q. ¢x. w1 s%, (1.44)

where XY - constant, independent of h. Moreover, if the K -
constant of the correct solvability of problem (1.1)-(1.3) is known,

1<l
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then for any & >0 exists h, = h,(&g,v), at which the matrix
Q, (x,h) is invertible for all h€(0,h,]: Nh=T, x€[0,w]
and the estimate (1.44) will be performed with constant
y=(1+¢)KK,,

where K, = K (B+d) /JN’ = ||B o o= ||C||0

Proof. Let the problem (1.1)-(1.3) be correctly solvable with a
constant K . Then for any

f(xOER", w(®=0, t€[0,T],

there exists a unique solution to problem (1.1)-(1.3) ‘and for it
inequality of

ou
oxl
is valid. For a given F (x,t) we define-the function [ (x,t) from
the functional equation
f(x,0) + B(x,OW(x, 1) + C(x, Du(xst) = F(x,t),  (1.45)
where u(x,t) - the solution of problem (1.1)-(1.3) for this function
f(x,t) and v (t) = 0. From the correct solvability of the problem
(1.1)-(1.3) and assumptions about the matrices
A(x, 1), B(x,t), C(x,0),. follows the existence of the operator
U € L(C(KQ, R")), defining the solution of the problem (1.1)-(1.3)
function u(x,t) = Uf (X, t) and the belonging of the operators
U= .U, U, = o .y
ox Ooxot
to the space L(C(€2, R")). Using the initial condition u(0,t) =0
and expressing u(x,t) through the integral of U, f(&,t) on the
interval [0, x] S [0, w], substituting them into (1.45), we obtain a
one-parameter family of Volterra second-kind integral systems
regarding function f (x,t),
Foao+ B(x,r):pz F(s.0d5 +

ou
rnax(”u dev

0’

) =<K\ fll,

+ OO 7, F(E.0dE = F(x.0.(x, ) = 3. (1.46)

Taking the function F (x,t), as the initial approximation the next
approximation is determined from the system of equations
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F9 000 = Foo0 - Boo U, O, 0d8 -
0
- CGLO I, FOP s DE.
P

The sequence f“’(x,t) at k — oo converges to the only solution of
the system (1.46) - function f (x,t)€C(R, R™) and estimate is
valid
£l =K [Fll,- (1.47)
Let u(x,t) - be the solution of problem (1.1)-(1.3) for the found
function f(x,t) and ww(@)=0. Then the / function
v(x,t) = % will be the solution of problem (1.31), (1.32) for
the selected function F (X, t). Indeed, by owing of (1.2) and (1.45)
ov _ o’u
ot oxét

= A(x, t)‘;_i + B(x, t)% +C(x,Ou+ f(x,t) =

= A(x,0)v + F(x,1), (x, )€ Q,
ou(x,0)  ou(x,T) _ 0

v(x0)- v(xT) = — >

X x€[0,w].

And assessment of
ou

Ox

from a correct solubility. of ‘a task (1.1)-(1.3) and inequalities (1.47),
i.e. family of periodic boundary value problems for the system of
ordinary differential equations (1.31), (1.32) is correctly solvable with

K, = KK . “At.each fixed x<[0,w] according to the Theorem 4
[52, p.61] (nIN XnN) - matrix Q, (x, h) will be invertible and the

estimate (1.44) is realized with the constant )= (1+ ¢€)K,.

Theorem 5 is proved.

Theorem 6. Let for some v = 1,2,..., there exists h, = h,(v)
such that for all h€(0,hy]: Nh =T and x<€[0,w] (nN XnN) -

matrix Q, (x, h) is invertible and its inverse satisfies (1.44). Then
problem (1.1)-(1.3) is correctly solvable with a constant
Kemaltrfipy 610

(@y+y+1)(B +F +1)e @ DFDy max{max |y ),
t<[0,T]

<
Ivlo =

=K| f]l, <KK,|F

0

0’
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g&?ﬁﬁ”w (t)”'” f”o}’ where & = ||A“0
Proof. Let for some v =1,2,... (nN XnN) - matrix
Q, (x, h) is invertible for all h€(0,h,]: Nh=T, x€[0,w] and
we have the estimate (1.44). By owing of the equivalence of problems
(1.1)-(1.3) and (1.4)-(1.7) it is sufficient to show the correct
solvability of the problem (1.4)-(1.7). The solution of problem. (1.4)-
(1.7) - the triple of functions (V(x,?),u(x,t), w(x,t)) we find by
the method of successive approximations. For the zero approximation,
we take u(x,t) =y (t), w(x,t) =y (t), and v?(x,t) find the

solution of the problem

= A(x,)v + B(x, ) (t) + C(x, O () +.f (x, D5(x,0) € Q,
(1.48)
v(x,0) = v(x,T), x€[0,w]. (1.49)
Under the conditions of the theorem, the problem (1.48), (1.49) has a

unique solution v (x,t) and is_correctly solvable with a constant
K =y

ot

el <ilFl, =
<18l max ) 1S, maxlw @]+ 1,3 =

<y(1+f +5) max{g%(?%”w(t) g[l(?%ﬂl/l(t)”” .3

Havm)

<@y+D(A+ 3 +5) max{max [

t€[0,T']
(0]

»max [ O || £]], -

The funetions u® (x,t), w® (x,t) are determined from the
relations

s i f”’

0

will find solving a problem (1.4), (1.5), where in the right sides of the
equation are

u(x,t) =u*(x,t),wx,t) = w*(x,1t),k=0,1,....
At the found v%*’(x,t) the following approximation for
u(x,t), w(x,t) is determined from the relations

31

EIf u* P (x,t), is known, then v (x,t) we



P (0 =y O+ POEDAE,

g
Ot =y () + 2 dE,
W0 =0 J” e

Then v**V(x,t) - v® (x,t) is a solution to the problem

a[v(k+1) (X, t) _ V(k)(X, t)] _ A(X, t)[V(k+1)(X, t) _ V(k) (X, t)] +

ot
+ B(x,H[w®(x,t)- w P (x,0)]+C(x,OHu®(x,t)- u*"(x,01,
v (x,0)- v (x,0) =v* (X, T) - vI¥(x,T), x<[0,w],

and for the differences of
estimates are valid

max”v(k“)(x, t) - v(k)(x,t)H <y[Ax) maXHw(k)(x, t)- w""”(x,t)” +

t€[0,T] t€[0,T ]
+yo(x) max [u® (x,0) - u® P O =HB(X) +o(x)) X
t<[0,T']
xmax{max[u® (x,0) - u* 2CEO max [w® (x,0) - w* P (x, 03,
t€[0,T'] t€[0,T']
lov e (x, 0 L av® (x,0)|
max = =
te[0,T] | ot ot |

=(@(X)y +1)(L(x) +o(x) X

Xmax{maXHu(k) (xt)- u® (x|, max”w(k) (x,t) - w* P (x, t)‘ 1,
te[0,T'] t<[0,T']
v (x,t)  ovF(x,t
max+ max Hv(kﬂ) (X, t) - V(k) (X, t) ,max | ( ) - ( )| =<
<[0,T ([0, T] | ot ot |
=max{y,a(x)y+1}(L(x)+o(x)) X
Xmax{maXHu(k) (x,t)- u®P(x,0), max”w(k) (x,t) - w* P (x, t)‘ I

t€[0,T'] t€[0,T']

max|u 060+ u® (0] < fmax v €0 - v (& 0],
()t 0,T

t€[0,T]
N ! v IED v (E
maXHW(k U(X,t)-w(k)(x,t) < max‘ (5 )_ (5 )
0] Jielon] H ot ot

5
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max{maX”u KD (x, ) - u™® (x,t)
t<[0,T ]

s rnaX||W(k+1) (x,0) - w'(x, t)”} =
t<[0,T ]

v (g, av® (& 0|
| ot at | |

(1.50)

> Max
t€[0,T]

< }max{max Hv(k”) (&) - vP(E D

t€[0,T']

From here the main inequality follows
|ovE™D (x,0). av® (x,0)|

" ot |} =

=(@(X)y+1D(L(X) +o(x))X ‘

. _ lov (s, av D (E, )|
x !max{g%uvm(s,t)—v“ V(&0 e T a |

> IMax

max{max Hv”‘”) (x,t)- v®(x,0)
t<[0,T'] t€[0,T']

> IMaXx
t€[0,T]

(0)

ot

0)

~ k
<(ay+1) (B +5)" %maX<|||v(°)

}s(&y+1)k(ﬁ+
k

+5)" X_max{&’y+ 1L,yy(1+ /J’N +30) maX{rnaX”t/J ()
k! t€[0,T']

ma Ol

From here the uniform convergence of sequences {v’(x,t)} in the
norm of space C(€2, R") at k — oo. Then the uniform convergence
of the sequences {u™(x,t)}, {w*(x,t)} follows from the
estimates  (1.50).. 'In  this case, the limit functions
Vi(x,t),u"(x,);w"(x,t) are continuous on ¢ and are the
solution of problem (1.4)-(1.7). For the solution of a problem (1.4)-
(1.7) estimates-are valid

rnaX”V* (x, t)“ SYmaX”F(X’ t)” =
t<[0,T'] t€[0,T']

=3B () max|w (x,0)] + o(x) max |u™ (x, O + max | f (x,0)
t€[0,T'] t€[0,T'] t<[0,T']

}’

ovT(x,t)

max
ot

t€[0,T ]

=a () max v (x. 0 +
t€[0,T']

+ (X)) max ”W* (x, t)” + o(xX) max
te[0,T] t€[0,T']

[u* (x, O + max|| f (.0 <

t€[0,T']

=(@(X)y+D(B) max [w* Cx, 0| + o () max [u” (x, O + max || £ (x, 0)]

t€[0,T] t€[0,T']
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ov*(x,t)

=
ot

=(@()y +y + DB max | O +
o () max | @ + max|| f (6 D) + ((y + y +1) x

ov'(£,D)

ot

Using the Bellman-Gronwall inequality, we obtain

Vi (E, t)}d&.
ov*r(x,t)

=
ot

=(@X)y+y+1D(B(X) max (AG]ES

> MaXx
t[0,T]

max {rnax ”v* (x,1)
t<[0,T]

> INax
t€[0,T]

<(B(x) +U(X))Xj‘max{max

te[0,T]

> IMax
t€[0,T]

max{max ”v* (x, 1)
t€[0,T]

+ o (X) max ”1/) (t)” + max ” f(x, t)||)e(a(x)y+3’+1)(/3’(X)+cr(x))x )
t€[0,T'] t€[0,T]

malel*(X; f)H <max |y (0] + ]maxHV*(g, I)Hd;“,
te0,T] tel0,T] G eor]

* i ¥ av*(gs[) o
max ‘W (X,[) Smax”ﬂp(t)u‘{' J.max — d;y
07] 0] FE ot
" ov*
max- [V ,|—— <
o’| e |,

<[@y+y+ (B +G +1)e @i+ max{n}&%wp(t)
te[0,

max | O ],
W*”O} =(1+wlay+y+ 1)(/3" +5 + 1)6(&y+y+1)(/§+5)w) <
»max [/ O £,

* o+ o+
=
max{lu],. v, w3 =

max{”u*

O’

M-u;‘-w)
b

b

@y +y+1)(B + & +1)e @ DDy maxlimax|hy (6)
t€[0,T']

max 7 O 7],

»max e (O]

=K max{g}£%||1p (t)

Theorem 6 is proved.
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Example 1. Consider for [O,%] ><[0,%] semi-periodic

boundary value problem
2 2
aul :1% 1’ auz :l%+ul(x’t)- X - t(t-ﬂ)-l’
oxot 3 Ox oxot 2 0Ox 4~ 2
T

- T = T
ul(X’O)_u1(X:4)’ UZ(X,O) UZ(X’4))

u, (0,t) = ¢(t - %), u, (0,¢) = sin 4¢.

1
a(x) = 5 Here h is taken equal to % (ie. N=1), v=1. Let
us verify the conditions of Theorem 1:

1)

x ] 8 T, o
QI(X)Z)] S;, 2)Q1(X,Z)——'—(1+—'— '—)—Z<1-

Thus, the problem under consideration.is uniquely solvable.

1.3 About one modification of the algorithms for finding a
solution of a semi-periodic. boundary value problem

In subsection 1.3; we consider a semi-periodic boundary value
problem of the form (1.1)-(1.3) at B(x,t) =0. Based on the method
of parametrization to find an approximate solution of the boundary
value problem (1.1)-(1.3) at B(x,t) =0, an efficient algorithm is
proposed, which differs in its simplicity from the algorithm proposed
in subsection” 1.1. In terms of the initial data, the coefficient
characteristics of the unique solvability of the boundary value problem

o’u

Ooxot
with the conditions (1.2), (1.3) are established. Analogically to
subsection 1.1 entering function

= A(x,t)Z—Z+C(X,t)u + f(x1), (x0)€Q, (1.51)

ou(x,t)
Ox

and applying the scheme of a method of a parametrization [67-69], we

v(x,t) =
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reduce the problem (1.51), (1.2), (1.3) to an equivalent boundary value
problem with unknown functions A, (x):

ov, ~
6tr = A(x,t)v, + A(x,0)A, (x) + C(x,)u, (x,t) + f(x,1),

(1.52)

¥ (x,(r-1h)=0, xel0,w], r=1,N, (153

w0 =y« fiEodss @i r=TR (1,54)

2 ()= 2 ()= lim Vy (0 =0, x€[0,0], "(1.55)
t—T-

A,()+ lim V,(x,6) - A, (x) = 0, x€[0,w], s =4, N\=1. (1,56
t— sh-0

)
The problem (1.52), (1.53) for fixed A(x),u, (X,t)"is a family of

Cauchy problems for ordinary differential equations [70-71], where
x €[0, w], and is equivalent to the integral equation
V. (x,t) = (,,,‘,’:,.(A(X’T)["Z (x,7) + A, ()] +

+ C(x,7)u, (x,7) + f(x7))d. (1.57)
Instead of V. (x,T) we substitute the appropriate right side of (1.57)
and by repeating this process ¥ (v =1,2,...) times, we obtain
V.(x,t) =D, (x,0)A (X) +F, (x,t,u) + G, (x,t,v.),r =1, N,
(1.58)

i-1 i
- ACkT ) S lex T, DU (T, )+ (T, ))dT,dTr . dTy,,
r=Ton r=Ton

7, =t,r =1, N~By moving to the limit at t — rh- 0 in (1.58) we
have
lim Vv, (x,t) = D, (x,rh)A, (x) + F,, (x,rh,u,) + G, (x,rh,v.),

t—rh-0

x€[0,w],r =1, N. Substituting in (1.55), (1.56) instead of

tli};}?ovr(x’ t),r =1, N, corresponding right sides for unknown

functions A, (x),r = 1, N, we obtain the system of functional
equations:

Q, (x,MA(X) =-F,(x,h,u)- G,(x,h,V),  (1.59)
where
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F,(x,h,u) =
= (' FvN (X’ Nh, Uy )’ Fm (X’ h, u, )”"’FV,N—] (X’ (N - 1)h’ Un_4 ))
To find a system of three functions
{A, (%), V. (x,0),u, (x,t)},r =1, N, we have a closed system
consisting of equations (1.59), (1.58) and (1.54).

Functions A, (x), V. (x,t), u,(x,t),r =1, N, we find-as
the limits of the corresponding sequences
LYY w0 Y %0}, r=1LN, at . koo
determined by the following algorithm:

Step 0. Assuming the invertibility of the matrix| Q,.(x, h) for
all x<€I[0,w], from equation (1.59), where

u, (x,0) =9 (0,7, (x,0) = 0,
we find A% (x) = (A? (x), AQ (x),..., AV (x))":
A2(x) = -[Q, (x, T {F, (x, y)* G, (x, h,0)}.

Using equation (1.58), at A/(x) =AY (x) find the functions
(VO(x,0)}, r=1.N. ie.

V2 (%0 = D, (x, OA(X) + F,, (X, t,y) + G, (x,,0).

Functions ufo) (x;t),r. =1, N, determined from correlation

U0 =Y+ FOE IS+ POEE, (10EQ,.

Step 1. Considering the invertibility of the matrix Q, (x, h) at

x€[0,w]; we obtain the function

AV ()= (AP (%), AP (x),..., AV (X)) as a solution of the
system of equations (1.59):
AV (x) =-1Q, (x, )] {F, (x,h,u®)+G, (x,h,v®)},
where
u, (x,0)=u@(x,t), V.(x,t)=vO(x,t), r=1,N.
By using equation (1.58) again at A (x)=A"(x) we find
VO (x,0}, r=1N. ie,
v (x,t) =D, (x,H)AY () + F, (x,t,u®)+ G, (x,t,v?).
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Functions ufl)(x, t),r = 1,_N, determine from correlations
W0 =0 + PG+ OGS, (xDEQ,.
By continuing the process, on the k step we obtain a system of
triples i uﬁk) (x,t)}, r=1,N.
The conditions of the following statement provide a uniform

relative to (x,t)€Q,,r =1, N, the convergence of the proposed

algorithm [72, 73] to the solution of a boundary value problem with
unknown functions (1.52)-(1.56).
Theorem 7. Let for some h>0: Nh=T, N=12.., and

v,vEN,(nN XnN) matrix Q,(x,h) invertible. for all
x €[0, w] and inequadlities are satisfied
D fQ, (x. 1| =5 (x, h);

i
2) qv(x,h)=( o, (L3, h)Z ot (?h) }S.u%.
yl ol
the algorithm is realizable, converges to the unique solution of the
problem (1.52)-(1.56) and estimates are valid.
| AL | #F P 0 - VR 0| =

BUINE
[ Gxa) ] ‘u
1 u k+1 ~
< 2
u

Ju” (x> - u® o] = LA @ - 2% @]+ [0~ ¥ @ opas. where

O = maxo(x), X = max x(X),
xe€[0,w] x€[0,w]

Proof. Concerning the task's data there is an inequality

IF, (x, h,u)| <h2@max sup +|f 01 Th

r=1,N t€[(r-1)h,rh)

e following estimates follow from the zero and first steps of the
algorithm:
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1(a(x>h)f' :

ko B kol o

<max sup ||Dw (x, t)||maXH/1(°)(x)H
r=1,N te€[(r-1)h,rh)

max sup
r=1,N te[(r-1)h,rh)

+max sup IIFW(x,t,w(t))n+n;g<||cw(x,t,0)||_

r=1,N te[(r-1)h,rh)

Z (a(x)h)’

j=1 J' r= 1N

. Z (a(x)h) sup [0 GOl (O] + £ G0l

|2, © ( X)H

u®(x, y £y e
T%WMH O0- )< JA (©)ds,
0) — )
where A (x) = max sup ” (x, t)”
r=1,N te[(r-1)h,rh) r=1,N

'S (a(x)h)’
y, G hyh 3, (SO
j=0 J: t€[0,T]

¥ (aton’ o

r=1,N

v-1 h J
+ 13 O sp [ ol ]+ £ (.01 <
=) sup [ GO O]+ £ (0],

max||/1 ROEFRIOE

r=1,N

‘e (a(x)h
=y, (RSN 5 max sup [u® (6 )- w (O] +
j=0 ] r=1,N t€[(r-1)h,rh)
a(x)h)”
+y, (X, h)&maix sup
v! r=1,N t[(r-1)h,rh)

~ @ ~ (O
max sup Hvr( Y(x,t)- VS )(x,t)H =<
r=1,N te[(r-1)h,rh)

- f (a(x)h)

- 2|+

rlN

+ hZ (a(x)h) o(xX)max sup

r=1,N te[(r-1)h,rh)
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, (@(h)”
v

max Ssup ‘ v (x, t)H

r=1,N t€[(r-1)h,rh)
) ) ) ‘u e
2 0o so] < 6

Let's set the inequality

=0 j! r= 1N
hZ (O{(X)h) O(X)max sup ‘
r=1,N te[(r-1)h,rh)
+ —@‘(x)'h) sup H~;o> CHE
v tel(r-1)h,rh)

nax
(

S et
0 (!

Xo(X)max Ssup ‘u
r=1,N te[(r-1)h,rh)

+SM% (X,h)MmaX sup ‘

= j! (%)) r=L,N te€[(r-1)h,rh)

oo’ s 0~ o]+

VO (x, t)H +

o(x)max Sup
r=1,N te[(r-1)h,rh)

a(x)h)”
v! r=1,N te[(r-1)h,rh)

<x(0o(Hmax sup [|u®(x0 -y @)+
r=1,N te€[(r-1)h,rh)

+qg,(x,h)max sup HV}‘” (x, t)H
r=1,N te€[(r-1)h,rh)

o
VO x| =

Thus
AP (x) =x(x)0(x)max sup [u®(x,0) -y @) +

r=1,N t€[(r-1)h,rh)

+q,(x,h)max sup HV}O) (x, t)H,
r=1,N t€[(r-1)h,rh)

For systems of differences /lr(kﬂ)(x) - /Ir(k)(x),
i\;r(k-'—l) (X’ t) - Vr(k) (Xa t)s u£k+1) (Xs t) - ufk) (Xs t), r=1,N,
k =0,1,2,..., the following estimates are valid:
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maX”7L E - A (k)(x)”

r=1,N

(k-1)
*D(x, 0]+

<3 0o, COM o max sup

r=1,N t€[(r-1)h,rh)

(. 1y (ZCOM”
v!

k ~
v (x,0)- V!

max sup ‘

+y,
r=1,N te[(r-1)h,rh)
(1.60)
max _sup \V:"*”(x, 0- V(x| =
r=1,N te[(r-1)h,rh)
v j 1
<1+
;1 JE—
Xmax sup Hu( ) (x, t) u P (x; t)H +
r=1,N t€[(r-1)h,rh)
a(X
+{1+y, h)Z( ?) X
V!
Xmax sup Hvr(k)(x, - VP (x, t)H- (1.61)

r=1,N te[(r-1)h,rh)
Summing, respectively, the left. and right sides of the inequalities
(1.60), (1.61) we have

k+1

1

<{yv

j=0

I

+H1y,( xh

j=0

Xmax’ sup Hu( )(x t)- uP(x, t)H
r=1,N te[(r-1)h,rh)

(a( \ hy
+Hy, (xh) +[1+x
J1 v!
>}{max sup ”v( )(x - v 1)(x t)” A, (x)- A (k)(X)H} =
r=1,N te[(r-1)h,rh) r= 1N
sx(x)o(x)‘_p<“(s)ds+q (x, HAY (x), (1_62)
max sup H (x,0)- ”(x[“ P )(@)d.

For function A“*" (x) based on (1.62) we establish the inequality
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SIS

A* (%) < T
im0 (k+1- j)! !

1 n
—(OX®w)’ -max A” (x) <
! x€[0,w]

& (k+1)! 1 Cxw.;
< k! (— = (EATNG . A (x),
w2 e i M ) man AT

by calculating the maximum term [74, p.7] among the terms of the

1(S%w)’ .
sequence — [ %] we Obtaln

J u

SN
[ Oxw | »
A (x) =(e)< max AQ(x).~ (1.63)
[OXCU] Y x€[0,w]
u

{

By owing of the inequality 24« <1 follows,a uniform convergence of
the series S A" cx> at x€[0,w], providing uniform

sequence of convergence AY(x), v¥(x,t) to the continuous
functions A (x),v’(x,t) respectively on x€[0,w] and
(x,t)€Q, forall r =1, N. On the basis of (1.54) follows uniform
sequence convergence uﬁk)(x, t),r = 1,_N, relatively (x,t) € €2, to
function u’(x,t) that" appertain to CNT(Qr, R"). Let's set the
inequalities

max [A%7 () S AR )|+ max  sup [P (x,0 - VO (x,0) <
r=1,N r=1,N te[(r-1)h,rh)

=max]|[A** (x) - A% () +
r=1,N

~ k ~ k -
+max  sup Hvr( P (x,t) - Vr( P (x, t)H +
P=LN te[(r-1)h,rh)
k+p-1 k+p-2
+ mQ(HA’(r P )(X) - A'(r *p )(X)H +
r=1,N
+max sup [T 00 - VAP 0]+
r=1,N te[(r-1)h,rh)

k+1 k
+o m@(”% X)) - A )(X)H +max sup ‘
r=1,N r=1,N t€[(r-1)h,rh)

VO (x, 1) - VO (%, t)H

<AFP (x) + A% (X) + .+ AR (x) <

42



[ Oxw ]
1 u

: k+1 o
== Y [3)?0) ! Quw X(I;{ljltt;:le%[O(X)”yj(t)”+||f(x’t)”].

{

”u(k”’) (x,t) - u™(x, t)” =
— tﬁl/’\‘(k+p) () - A% (5)” . ””“;(k+p) (E,0) - TV (s, t)”)d&

by moving to the limit at P = %, forall (x,t)EQ,, r =1, N, we
obtain the estimates 1), 2) of Theorem 7. The uniqueness: of. the
solution of problem (1.52)-(1.56) is proved in the same.way as in the
proof of Theorem 1.

Theorem 7 is proved.

By owing of the equivalence of problems (1.51), (1.2), (1.3) and
(1.52)-(1.56), Theorem 7 follows

Theorem 8. Let's suppose that the conditions of Theorem 7 are
satisfied. Then the problem (1.51), (1.2), (1.3)+have a unique solution
u” (x,t) and the estimate

rnax{”u*

0’

u"
— } =M, (h)max{rr[l(?%;]”zp
o t€[0,

[ il

CU

M !

where M, (h) =

Xw

~ 22
xXw
[M]
)?
u

‘Xz

=max{l+ (& +Dwx|l+——<~——|, (G +D)x|1+—"L—

Xz:

is valid.

The following statements establish that the conditions of
Theorem 7 are not only sufficient, but also necessary for correct
solvability [75-78].

Theorem 9. The boundary value problem (1.51), (1.2), (1.3) is
correctly solvable only if for any h>0:Nh=T,N =1,2,..., exists
v, vEN, (nN XnN) - matrix Q,(x,h) is invertible for all
x €[0, w] and the inequalities 1), 2) of Theorem 7 are fulfilled.

Theorem 10. The boundary value problem (1.51), (1.2), (1.3) is
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correctly solvable only if for any v, Vv =2.3,.., exists h=
=h(v)>0:Nh=T,N =1,2,..., at which (nN ><nN) - matrix
Q, (x, h) is invertible for all x€[0,w] and the inequalities a), b)
of Theorem 7 are fulfilled.

The proof of Theorems 9, 10 is completely analogous to the
proofs of Theorems 3, 4 [77].

Example 2. Consider on [0,11>{0,1] a system

2 l 2
ou _|0 (1+t7) g_”+c(x’t)u+ f(x,t), % (1.64)
X

Oxot £3 0
u(0,t)=0,  te[0,1], (1.65)
u(x,0) = u(x,1), x €[0,1], (1.66)

where u(x,t) - is a two-dimensional vector-function, c(x,t) - is
a continuous two-dimensional matrix, f(X,t) - is a continuous

1
vector-function. Here h is taken equal to 3 (ie. N=3), v=3.

Direct calculations show that (6><6) - matrix Q,;(x,1/3) is
invertible and
[Q;x1/8)1 | <21.286,

1.3
(1 5) 1
4;(%,1/3) = ——(1+21.286(1+1/3+1/18)) = 0.0629 < ..

Therefore, problem (1.64)-(1.66) by Theorem 7 is uniquely solvable.

Example3. On [0.5,11>]0,1] we consider the problem

1 0 X 2, .2
0 - 0 e x* +t
SU_ 10 S+ U, 1, o lut Loaen
X0t | 4 0 ox > 1+ xt
u(0,t) =0, t€[0,1], (1.68)
u(x,0) = u(x,1), x €[0.5,1], (1.69)

where u(x,t) - is a two-dimensional vector-function. For this task
a(x)=x and for h=1 (N=1),v=4, (2X2) - matrix
Q,(x,1) has the form
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Q,(x1) = [ q,,(x) g, (%) ]’

621 (%) 622 (%)

where
~ x* 13x®>  193x*> «x
4y (x) = + + +—,
1620 15120 3456 24
~ _x® 11x* 145x 1
D20 =108 % 1080 F 432 T 6
~ o x® X x
qZ1(X) - %"'144 +E’
4 3 2
(722 (x) = X 11x X

+ + .
648 7560 3456
Its inverse will be in the form

. g, A (x) g, (XA (x
H[Q4(X,1)] IHS qNZZ( ) -1( ) 212( ) -1( ) ,
4, (XA (X)) q,; (A (x)

A(x) = 511 (X)azz (x)- 512 (X)an (x).
It is obvious that ||[Q4 (X,l)]'1|| =4, and
q,(x,1) = 2—14(1+4(1+1+1/2 +1/6)) = 0.486 < %
By Theorem 7, problem (1.67)-(1.69) is uniquely solvable.

Example 4.Consider on [O, %] ><[0,%] problem

Ou.-ou 1 2
=—- —u- cos(x+t)- —sin(x +1t), 1.70
oxot oOx 3 ( ) 3 ( ) ( )
u(0,t) =sint,  te [0,%], (1.71)
u(x,0) = u(x,%), xe[o,%], (1.72)

where u(x,t) - is a two-dimensional vector-function. Here h s

equal to % (N=2), v=2. Direct calculations show that

45



(2<2) - matrix Q,(x, %) is invertible and

-1

=2.197,

T
Hl: Qz (X5 E)

2

T Ja Ja 1
X, =) = 1+2.197(1+=)]=0.312684 < —.
a.( 4) 128[ ( 8)] 2

Therefore, the problem under consideration by Theorem 7 is uniquely
solvable.
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2 ISOLATED SOLUTIONS OF A SEMI-PERIODIC
BOUNDARY VALUE PROBLEM FOR SYSTEMS OF
NONLINEAR HYPERBOLIC EQUATIONS WITH A MIXED
DERIVATIVE

In recent years, the theory of nonlocal boundary value problems
for nonlinear hyperbolic equations with mixed derivatives has been
actively developed.

Such problems are used in the study of shock waves in an elastic
or viscoplastic environment [61], [69]. In addition, systems of such
equations appear in the study of the movement of/adsorbed mixtures
of substances consisting of many components through a porous
medium that is pre-saturated with one or more substances for small or
large concentrations of adsorbed substances at a constant or variable
filtration rate [79]. The study of boundary value problems with non-
local conditions for hyperbolic-type  equations was stimulated by
various reasons: considerations of the general theory of boundary
problems by the theory of plasma physics, moisture transfer. The
simplest example of non-localw conditions are periodic boundary
conditions.

The second section of the paper is devoted to the study of a semi-
periodic boundary value problem for systems of nonlinear hyperbolic
equations with a mixed derivative of the form

o’u [ ou Ou
= flxtu,—,—
oxot ox ot
with conditions (0.2), (0.3).

In"subsection 2.1, the method of a parametrization investigated
the_family" of periodic boundary value problems for systems of
ordinary - differential equations. In terms of the initial data, the
conditions for the isolation of its solution are obtained.

In subsection 2.2, by analogy with the linear part, a semi-periodic
boundary value problem for systems of nonlinear hyperbolic equations
will be reduced to an equivalent boundary value problem with
functional parameters. For the obtained problem, sufficient conditions
for the feasibility, convergence of the proposed algorithm and the
existence of an isolated solution are established.

], (x,t)eﬁ, uUEeR",
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In subsection 2.3, the semi-periodic boundary value problem of
the type

o’u

Ooxot

with conditions (0.2), (0.3) is investigated by the parametrization
method, to find the solution of which an effective algorithm is
constructed, and sufficient conditions for its convergence are
established. These conditions ensure the existence of an “isolated
solution of the problem under study.

One of the main problems in nonlinear boundary value problems
is the choice of the initial approximation. In applications;such a
choice can be made on the basis of restrictions on the solutions of the
considered boundary value problem. In subsection.2.4 methods for
finding the initial approximations are proposed. In subsection 2.5, the
necessary and sufficient condition for the existence of an isolated,
solution of a nonlinear problem is established. It is shown that an
isolated in the sense of a definition selution of a nonlinear problem
will be isolated in the usual sense: Thus, the € =[0,®]><[0,T]
boundary value problem is considered on

= f(xytsu’g_il(), (X,t)€§=[0,a)] ><[O,T], l,lERn,

o%u ou ©u —
= ’t’ PR R P )t EQs ER”; .
el | EUL A (x,0) u @.1)
u@0,0) =y(), te[0,T], (2.2)
u(x,0) = u(x,T), x€[0,w], (2.3)

where f:QXR™XR" XR" — R" is continuous, N - vector-function
Yy (t) is continuously differentiable on [0,7'] and satisfies the
condition ¥ (0) = (T).

To solve this problem, we introduce new unknown functions.

0 t 0 t
v(x,t) = M, w(x,t) = ouxt and write problem (2.1)-
ox ot
(2.3) as
ov _
E = f(x,t,u(x,t),v,w(x,t)), (x,t) e Q, (2.4)
v(x,0) = v(x,T), x€[0,w], (2.5)
UCx ) = () + af»(a ods. t=10.T1. x<[0.wl. (2.6)
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w(x,t) =y (t) + ﬁ%d&, t€l0,T], x€[0,w]. (2.7)

Here we have reduced the nonlinear semi-periodic boundary value
problem for a system of hyperbolic equations to a family of periodic
boundary value problems for ordinary differential equations and
functional relations [80-86]. The triple belonging C(Q,R")
function (v(x,t),u(x,t), w(x,t)) is called a solution to problem
(2.4)-(2.7), if the function v(x,t)e C(Q,R") is a solution to
problem (2.4), (2.5), where the function V(X,t) is connected with
u(x,t), w(x,t) functional relations (2.6), (2.7).

Problems (2.1)-(2.3) and (2.4)-(2.7) are equivalent in.the sense
that if the function u™(x,t), is a solution to problem (2.1)-(2.3),

then the triple
. ou*(x,t) . ou™(x,t)
, ) = ——, ,t), B = ——
{v (x,t) E™ u™(x,t), w(x,t) Y ]»

will be the solution of the problem (2.4)-(2.7) and vice versa, if the
triple (V(x,0),u(x,t), w(x,t)) - will be a solution to problem
(2.4)-(2.7), then U (x,t) -isa solution to problem (2.1)-(2.3).

2.1 Statement of a nonlinear semi-periodic boundary value
problem and convergence conditions for algorithms and
"isolation" of the solution of a family of periodic boundary value
problems for ordinary differential equations

For completeness of the study of boundary value problems for
systems of nonlinear hyperbolic equations with a mixed derivative, in
this subsection, the parametrization method on < investigates a
family of periodic boundary value problems for a system of linear
ordinary differential equations

% =F(xtv), (x0)EQ, (2.8)
v(x,0) = v(x,T), x€[0,w]. (2.9)

In terms of the initial data, the conditions for the solvability of the
problem and the isolation of its solution are obtained.
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By the step h>0:Nh=T we perform the partition
to.7> = Cacr- arm. N =1,2,.... he area of QQ is divided into N

parts. Through v,(x,t) denote the narrowing of the functions
v(x,t) to R, =[0,w]X(r-1)h,rh), r=1,N. Then the
problem (2.7)-(2.9) will be equivalent to the boundary value problem

a(;)tr =F(xtv,), (xt)eQ, (2.10)
v,(x,0) - 11?_10 vy(x,6)=0, x€[0,w], @.11)

lim v,(x,t) =v_,(x,sh), x€[0,w], s=1,N-1, (2.12)

t—sh-0
where (2.12) - is the condition for gluing the solution in(the inner lines
of the partition.

Through A, (x) we denote the value of the function v, (x,t)
at t=(r-1h, je. A (x)=v.(x,(r-1)h) and make a
replacement V, (x,t) = v, (x,t)- A(x), r=1,N . We obtain an

equivalent boundary value problem with unknown functions A, (x):

aavtr = F(x,t,¥ + (%), (x)EQ,, (2.13)
V.(x,(r- )h)=0, x€[0,w], r=1,N, (2.14)

A (x)- Ay (%) - 1i¥1_10\7N(x,t) =0, x€[0,w], (2.15)
A (X)+ lim V. (x0)- A, (x)=0, x€[0,w],s=1,N - L(2.16
t— sh-0

)
Problem (2.13), (2.14) with fixed A_(Xx), is a one-parameter family
of Cauchy problems for systems of ordinary differential equations,
where X €[0, w], and equivalent to nonlinear integral equation
VD = [ FGGT Y0 A Godd T (2.17)
Instead of V, (x,7) we substitute the corresponding right side of
(2.17) and repeating this process v (V =1,2,...) times we obtain

V.(x,0 = J‘F(xr j"‘(XT J‘I—(xr RACEBE
-n

+ A (x))dt, +. +)L (x))dz'2 + A (x))dr,. (2.18)
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From here, having defined tlirfhf_lo v, (x,0), substituting them in
(2.15), (2.16) we obtain a system of nonlinear equations with respect
to A (x):
7= Ay (- (:j‘]hF(x,rl,w:‘[)hF(xJz ,...“:ihp(x,f‘,, Gy (0m)+
+ Ay (X))dT, +...+ Ay (x))dT, + Ay (x))dT, = 0,x€[0,w], (2.19)
A+ L::[’VF(X,TI,(:‘I}‘F(x,rz,...:‘;I;F(x,'r,,,vs o)+
+ A, (x))dT, +...+ A, (x))dT, + A (x))dT, - A, (x) =0, (2.20)
xe[0,w],s=1,N - 1

which we write in the form
Q, » (%, x E[0,w], ¥ (x,[ 1), A(x)) = 0: .21
To find a system of couples {A, (x),V, (x,t)},r = 1,.N, we have a

closed system consisting of equations (2.21) and (2.18), defined
through the function F', partition step ¢h >0 and the number of

permutations V. C([0,w],R™) - .is.the set of functions
4:[0,w]— R™ continuous on [0se].

Choose the step h>0:Nh=T(N =1,2,...), vector function
A9(x) = ()Lio) (x), /1(20) (x),.-., )LS\(,)) (x)) € C([0,w],R"™) and
suppose that problem (2:13)+2.16) at A (x) = A”(x), r=1.N.
has a solution V@(x;)eC(Q,,R"), r=1.N. Taking

29(x), the . corresponding VO (x,[t], functions
p(x)>0, 6(x)>0 construct the sets:
2 ()= A2 < PG r =1, N},
e G(Qr,R”) max sup [V.(x,t)- Vr(o)(x,t)“ <0(x),r=1,N},
r=1,N te[(r-1)h,rh)

S(1, )= 0 ) € CTDOLR'):
S 0 00V = 6, 00) 5,5y (405 1.

G°(p(x),0(x)) =

r=1,N,|lv- A2(x)- 1lim V;O)(x,t)H < p(x) +O0(x),t =T}.
t—T-0

Through D,(F,L,(x), x, h) denote the set
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(AP (x), VO (x,[tD, p(x),0(x)) at which the function
F(x,t,v) in G°(p(x),0(x)) has a continuous partial derivative
F/(x,t,v) and

|E, (.6, W) <Ly (%),
where L,(x) - is continuous on [0, «v] function. Take a system of
couples (A (x), vO(x,t),r= 1,N, and we constrict the
subsequent approximations on the following algorithm:

Step 1.
a) Parameter

AP (x) = (A (%),.... AV (%) €C(0,w],R"™), determined
from equations (2.20), where V_ (x,t) = v ” (x,t),F=1,N.
b) In the right side (2.18) substituting.instead of V, (x,t),

2, (X), respectively, V@ (x,t), A" (x), 'r =1.N. we obtain

p
(VP (x,0)}, r=1.0N.

Step 2.

a) Substituting instead of V. (x,1) found
v (x,0),r =1, N, and solving equation (2.20) is defined by
AP (x)e C([0, w],R").

b) In the right side (2.18) substituting instead of V, (x,t),
A, (x), respectively; vV (x, 1), )L(rz)(x), r =1, N, we obtain

-
V@ x,0}, F=<1LN.

Continuing the process, at the k step we obtain a system of
couples: (1", V0 (x,t)}, r=1.N.

Sufficient conditions for the existence, convergence of the
algorithm, and the existence of a solution to a boundary value problem
with the functional parameter (2.13)-(2.16) establish

Theorem 11. Let there exist h>0:Nh=T,(N=1,2,..),
veN,

(A (0, VO (x,[e]), p(x),0(x)) € Dy (F, L, (x),x,h),  for

58



a ’N 5 ° ’A'
which the Jacobi matrix Qv (x vé: LD, A(x) is invertible

for all (x,V(x,[1), A(x)), where
x €[0, ], (A(x), V(x,[t]) € S(A?V(x), p(x)) XSV (x,[t]), B(x))
and executed the following inequalities:
[ OQ, » (X, V(x,[ -]),A(x))} N

= ,h),
e Y, (x, h)

1)

2) 4,uh)= L1+g/ th ]<u<1

Jl'

3)
L h)” h ~
( l(x) ) yv (X ) max Sup > r(O) (X, t)H +
vl 1- q, (x,h) r=1N te(r-1)h, rh)
+ ¥, (% |Q, , (%, ¥ (x[1), A2 )| < p(x),
4)
1

max Sup - VO (0| < 000.

1- q, (x,h) r=1,N tei(r- »h,rh)
Then the sequence of .couples ‘determined by an algorithm
AP0, VO, [D s k=1,2,., is contained in
S(A? (%), p(x)) XS @ (x,[t]), 6(x)) converges to
(A (x),V*(x,[t])) - solving the problem (2.13)-(2.16) and the
following estimates.are valid:

5 ©
-V, (x,t)H <

g) ~max sup
r=1,N t€[(r-1)h,rh)

1
=——— - _Imax Ssup
1- q, (x,h) r=1.N tei(r-1)h,rh)

b) |47 - A9 0| =, (x, h)||Qv,h (% (01, A2 ()| +
L, (x)h)" h
LD A H.
v 1- q, (x,h) r=1.N tel(r- D, rh)
Moreover, any solution (A(x),V (x,[t1)) of problem (2.13)-(2.16)
in S(A? (x), p(x)) XSV (x,[tDO(x)) is isolated.

~(0)
-V, (x,t)H.
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The function v (x,t), k=0,1,2,... is defined by the
equation:

(k) ~ (k) B
VO (x,8) = A0 (x) +v O (x,0), at (x,t)€Q,, r=1,N,
’ A (x)+ lim VO (x,t), at t= Nh,
t—-T-0

and by SO(V(O)(X, t), p(x)+0(x)) denote the set of piecewise=

continuously differentiable with respect to ¢ functions v:<Q = R",
and satisfy the inequalities

V.0 - 22 GO - T G| < pGO + 00,

[V Ty - A ) - O, TH|| < p(x) + 0.
In view of the equivalence of problems (2.8), (2.9)-and (2.13)-(2.16)

from Theorem 11 follows
Theorem 12. If the conditions of Theorem 11 are satisfied, then

the sequence of functions {V’(x,t)}s k=1,2,..., contains in
S, VO (x,1), p(x)+0(x)), convergesto v*(x,t) - solution of
the problem (2.8), (2.9) S,(vV®@(x,t), p(x)+6(X)) and the
inequality is valid

V" (x0) - v (x, 0| =5 Cem|Q, L (V@ (11, A ()| +

(L,(x)h)"
v!

Y, (x,h)+1
max Sup H v (x,0)- vO(x,0)
1- q,(x, h) r=1,N t€[(r-1)h,rh)

(x,t) €. Moreover, any solution of the problem (2.8), (2.9)
S, (v (x, )y 0(x) + 0(X)) is isolated.

+

3

2.2 Sufficient conditions for the existence of an "isolated"
solution of a semi-periodic boundary value problem for systems of
nonlinear hyperbolic equations

The subject of the study of subdivision 2.2 is a boundary value
problem for systems of nonlinear hyperbolic equations (2.1)-(2.3).
Similar to the linear case, the boundary value problem for systems of
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nonlinear hyperbolic equations with functional parameters.

Consider problem (2.1)-(2.3) and the general scheme of
parametrization parameters applied to it. Take the step h>0:Nh=T
and produce a partition t0-7> = Cacr- 1A, N =12 In this
case, the range of €2 is divided into NN  parts. Let
v.(x,t),u,(x,t),w,(x,t) denote, respectively, the restrictions of
the functions v(x, 1), u(x,t), wix,t) to
Q_=[0,w]X{(r - 1)h,rh), r =1, N . Then problem (2.4)-(2.7) will
be equivalent to the boundary value problem

a(;}tr - f(X, t,ur(x) t)’ vr’wr (X’ t))’ (X’ t)e Qf’ (222)

v,(x,0) - tli?_lovN (x,t) =0, xe€[0,wl, (2.23)

lim v,(x,t) =v,,,(x,sh), x€[0,w], 's=1,N -1, (2.24)

t— sh-0

2

U O =@+ P (S 0dE (D=2, =1,
d

(2.25)

o v ()

L) =y(t t dg, )eQ ; r=1,N,

W, (%) w()+0j””6t & (woeQ,, r (2.26)
where (2.24) - is the condition for gluing the functions V(X,t) in the

inner lines of the partition. The'solution of the problem (2.22)-(2.26)
is the systems of functions

v(x,[t]D = (v,(x,0), v, (x,1),...,vy (x,1)),
u(xs[eD = (u, (x, 0, u, (X, 0),..., uy (X, 1)
wi(x,[t]) = (w,(x,1), w, (x,1),..., wy (X,1)),
where the functions v, (x,t), u,(x,t), w,(x,t), r=1,N, are
contintous *and bounded on €2,, function v,(x,t), r=1,N,
having continuous and bounded on €2, private derivative

ov,.(x,t) . . . .

——— satisfies the system of differential equations (2.22) for all
(x,)eQ,, r=1,N, (at t=(r-1)h system (2.22) satisfies
avr,,,p_ (x,t)

) and for the values
ot
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\Z] (X’O)’ tli%‘"l:lo Vn (X> t)’ . 111;11:10 Vs (X’ t)> VS+1(X, Sh),

s =1, N - 1, equalities is valid (2.22)-(2.24).

By A.(x) we denote the value of the function v, (x,t) at
t=(r-1h, ie A (X)=v,(x,(r-1)h) and make the
replacement

V.(x,t)=v, (x,t)- A (x),r =1,N.

We obtain an equivalent boundary value problem with unknown

functions A, (x):
. N
B = f(x,t,u, (x,t),v, + A (x),w,.(x,1)), (xt)E,, (2.27)

V.(x,(r-1)h)=0, x€[0,w], r=1,N, (2.28)
A(x)- Ay (x)- li?}OVN(x, t)=0,. x€[0,w], (2.29)

A, (X)+ lim V(x,0)- A,,,(x) =0, x€[0,w],s =1,N - 1.(2.30
0

t— sh-
)

w0 O+ fE0dEs f@as =L, (2.31)

w,(x,t) =y(t) + %d&, (xeQ,, r=1LN, (2.32)

The problem (2.22)-(2.26) and (2.27)-(2.32) are equivalent in the
sense that if the system. of triples {v,(x,t),u,(x,t),w,(x,t)},
r =1, N, is assolution to problem (2.22)-(2.26), then the quadruple
system WiV (x,t) = v, (x,t) - v, (x,(r - 1)h),
u,(x,t),w,(x,t)}, r=1,N, will be the solution of the problem
(2.27)+(2.32) and, vice versa, if 2,00,
ViAx,t),u, (x,t),w,(x,t)}, r=1,N -isasolution to problem
(2:27)-(2.32), then the system
{4, (X)+V (x,0,u, (x,0),w,(x,0)},r =1, N, will be the solution
of the problem (2.22)-(2.26).

Problem (2.27), (2.28) with fixed A, (x),u,(x,t), w,(x,t), is
a one-parameter family of Cauchy problems for systems of ordinary
differential equations, where x€I[0, @], and is equivalent to the
nonlinear integral equation
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T, (x.0) = f F(x T u, (%, 7).T, (x.7) + A, (X, w, (x,z)dz.(2.33)

Instead of V,(x,T) we substitute the corresponding right side of
(2.33) and repeating this process V(v =1,2,...) times we obtain
V. (x,0) = 'lilihf(xv‘r,,u,(x,‘r,), :;r“f(x,‘rz,u,(x,‘rl),...

-- :fl fCx.T, .. u, (X7, ).V, (x.T,) + A (XD, w, (x,z,Ddzr, +
[ (9%

+..+ A (X),w, (x,1,))dt, + A (x),w,(x,7,))dt,. (2.34)
Hence, by defining lirrhr_lo Vv, (x,0), substituting them in (2.29),
(2.30) we obtain a system of nonlinear equations with:respect to
A (X):

7097 2200 T rCummn . ] s o

: FCx Tty CXT LD,V (X7 ) + Ay (XD, Wiy (Xoz. DDAz, + ...
c~v Tk

vt Ay (X)), Wy (x,T,))dT, + Ay (X), wy (%, 7))dT, =0, x€[0,w],
Aeow T oG, [ O T

1
FCx. T, . (X7, ).V, (X7, )+ A (XD w,(x. 7, DdzT, +.
Cs-Tion

et A (), W (X,T,))d T, + A (X), W, (X,7,))dT, - A, (X) =0,
x€[0,w], s=1,N - 1, which we write in the form
Q, , (X, u(x,[ D,V (x[D, A(x), w(x,[1) = 0. (2.35)
In the absence of a partition (N =1,h =T) the system of equations
(2.35) has the form
Jr oo ucer), O‘J‘f(x,n,u(x,m,,.f;rlf(x,r,.,u(x,r\,),6<x,r‘,)+
+ A(X);w(x,T,))dT, +...+ A(Xx), w(x,T,))dT, +
+ A(x), w(x,T,))dt, = 0,x€[0,w].
for finding systems of four functions Wi w,(x,t)}, r =1, N,
we'have a closed system consisting of equations (2.35), (2.34), (2.31)
and(2.32), defined through the function f, step partition h >0 and
the number of permutations V .
Choose the step h>0: Nh=T (N=12,.), vector
function
A2(x) = (A2 (%), A (X),..., AV (X)) € C([0,w],R"), and

assume that problem (2.27)-(2.32) at A_(x) = A”(x), r=1,N, has
the solution
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u®(x,0)e C(Q.,R"),w?(x,t)e C(Q.,R"),
VO (x,t)eC(Q,,R"),r =1,N.
The set of such A®(x)eC([0,w],R™) is denoted by

G,(f,x,h), and the corresponding A (x) system of solutions of
problems (2.27)-(2.32) through

VO[] = (VO (0,2 (%,0),...., V& (%, )
u®(x,[e]) = @ (x,0,ul’ (%, 0),....,u’ (%, 1)),
wO(x,[t]D) = (WO (x, 1), W (x,1),..., w (x,0))".

Taking A2(x)eG,(f,x,h), V@ (x,[tD,

u@(x,[t]), w?(x,[t]), continuous on [O;w] functions
o(x) >0, (x)>0, ¢(x) > 0 we construct the sets:
S((0) )= (D) € CROLR"):

< p(x),r=1,N},

S0, 000) = 0, (07, (00 T 1)V, (1) €

SV Q0| < 0(x),r =1, N},
S(0" )0 N6ty 1) 1, 1)

u, (%0 -u® (0| < p(), (D EQ,,r =1,N},
SO0 (RO = {0 06,3y (),

GO (p(x),0(x), p(x)) ==}l

=1,N,

t— Nh-

,u- lim u(o)(x t)H <¢p(x), t=T,
- A2 () - TO 0| < p(x)+0(), (xDEQ,, r=1
Hv AP0 tim T (0] < p(0 + 000,
t=T, ”w w(x, t)” <p(x), (x,)eQ., r=1,N
Hw— t_l)lNr? wf\?)(x, t)H <@p(x), t=T}.

By U,(f,L,(x),L,(x),L;(x), x, h) we denote the set of
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(A2 (x), VO (x, [, u® (x,[]), w? (x,[t]D, p(x),0(x), p(x)),

for which the function f(x,t,u,v,w) in G.(p(x),0(x),
#(x)) has continuous partial derivatives f,(x,t,u, v, w),
f.(x,t,u,v,w), fo(x,t,u,v,w) and

|| f.(x,t,u,v, W)” <L,(x), f..(x,t,u,v, w)” <L, (x),

| fu(x,t,u,v,w)|| <L,(x), where L,(x),L,(x),L;(x) - are

continuous on [0, w] functions.
According to the system

{A, (x),V.(x,0),u, (x,0),w, (x,0)},r = 15N,
we compose a quadruple it u(x,[t1), w(x,Lt D}, where
A(x) = (A (%), Ay (X))
V(X[ = (V, (%,0),.., Vy (X, 1))
u(x,[t]) = (U, (X, 6),e.uy (%,0), WEGLED) = (W, (X, 0),..., wy (X, 1)) .
Assuming the existence of A9(x)e G,(f,x,h), for the initial
approximation of the problem (2.27)-(2.32) we take the quadruple .
VOIED, u@ (x,[tD, w(x,[t]} and construct successive

approximations following to the following algorithm:
Step 1. A) Assuming that

u (x,6) =u®xt), w.(x0)=wxt), r=1,N,
first approximations in A, (x),V, (x,t) we find by solving the
problem (2.22)-(2.23). Taking
222(x) = A%(%), vEO>x,0) =vO(x,0),

system. of ‘couples {)L(rl)(x),Vr(l)(x, t)},r =1,N, we find as the

limit of the sequence )L(rl’m)(x), \N/'r(l’m) (x,t), determined by the
following algorithm:

Step 1.1. a) Substituting V"9 (x,t), r = 1, N, to (2.35) from
the system of functional equations

Q, , (x,u@ (X[ D,V (x[D,Ax),w?(x[1) =0

defined by A%V (x), r =1, V.
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b) To the right side of (2.34) substituting instead of V, (x,t),
A.(x), respectively, VP (x,0), A"P(x), r=LN. we

r

define {Vv "V (x,0)}, r =1. V.

Step 1.2. a) Substituting v (x,t), r =1, N, to (2.35) from
the system of functional equations

Q, » (xu® ([N, VY (%[ 1, A(x), w? (x,[ 1) =0
defined by A*?(x), r=1,N.

b) To the right side of (2.34) substituting instead of 'V, (x,t),
A, (x), respectively, vV (x,t), AP (x), (n=1.N. we

r

define {V"? (x,t)}, r=1.N. On (1,m) step-we obtain system

of couples @' V"™ (x,t)}, r=1,N.
Suppose that the solution of problem (2.27)-(2.30) sequence of
system of couples . V"™ (x, )} is defined and at M— ©

converges to o V'V (x,t)},or =1 N.

B) The functions uﬁl) (x%,0), wfl) (x,t),r =1, N, determined
from the relations
b e e 0 W &
W0 =0+ e+ M W, (x)=y)+ deﬁ, (x,0)eQ,.
0
Step 2. A)-Assuming that
u (x,8) =uP(x,0), w.(xt)=w(xt), r=1,N,
second approximations in A, (x),V, (x,t) we find by solving
problem (2.27)-(2.30). Taking

A’(Z,O) (X) = A’(l) (X)’ \7(2’0) (X, t) = Vr(l) (Xa t)’

r

system of couples @) \7r(2)(x, t)},r=1,N, we found as the

S (2,m) o @.m)
limit of the sequence A" (x), Vv,

following algorithm:
Step 2.1. a) Substituting V% (x,t), r =1, N, in (2.35) from
the system of functional equations

(x,t), determined by the
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Q, , (xu® ([ D,V (%[, A(x), w (x,[1) =0
we define A%V (x), r=1. V.

b) To the right side of (2.34) substituting instead of V. (x,t),
A, (x), respectively, V2 (x,t), A®V(x), r=1.N. we
define {Vr(Z’l)(x,t)}, r=1,N.

Step 2.2. a) Substituting Vr(z’l)(x, t), r = 1,_N, in (2.35) from
the system of functional equations

Q, » (x,u™® (x,[D,VEY (X[, A(x), w? (x,[]) = 0

we define A%? (x), r =1, N.

b) To the right side of (2.34) substituting instead.of Vv, (x,t),
A, (x), respectively, V&V (x,t), AP (x), r=1L.N. we
define {V*? (x,t)}, r =1, .

On the (2,m) step, we obtain the system of couples
{22 (x), V%™ (x,0)}, r =1,N.

Suppose that the solution of problem (2.27)-(2.30) is a sequence
of system of couples . W™ (x,t)} is defined and at M— 0

0 ~ (2 fra—
converges to 0. vV O(xyt)}, r =1, N.

B) The functions uﬁz) (x,0), wﬁz)(x, t),r=1,N, are
determined from the relations
W)=+ [P0+ (0N

xAO (g
s =y [

0

dz,

(x,st)€ Q2,. Continuing the process, at the k step we obtain a
system of triples 'w. V" (x,t),u (x,)}, r=1. 1.

Sufficient conditions for the feasibility, convergence of the
algorithm, and the existence of a solution to a multi-characteristic
boundary value problem with functional parameters (2.27)-(2.32)
establish

Theorem 13. Let there exist > 0: Nh=T,(N =1,2,...),vEN,

67



(AP (x), VO (x,[tD, u® (x,[t]), w (x,[t]), p(x), 0(x), p(x)) €
€eU,(f,L(x),L,(x),L;(x),x,h), at which the Jacobi
oQ, , (%, u(x,[ 1,V (x,[D, A(x), w(x,[1)

oA
invertible for all (x, u(x,[D, V(x[1, A(x), w(x,[1)),

where
x €[0,w], (A(X),V(x,[t]),

u(x,[tD, w(x,[t]) € S(A? (x), p(x)) <
XSV (x,[t]),0(x)) XS (x,[t]), p(x)) XS (WP (x,[t]), p(x))

and the following inequalities are satisfied:

matrix

1y
an,h (x, u(x,[D, vVix,[ D, A(x), w(x, [ D) - o
aA _yv > >
)q,xh ”’Z X)h}
: M I
3) 16, (x) +1)eg (x) + 1l (L, (x) + (nﬁ() &g,

><J'11ax{1 L,(E D3, (&) + DD (&, + 113, (&, ) ><
X|Qu 4 (&, u® (Gl D VO (ELLD, AV (E), w? (5,1 D)|dE,dE +
+[co (X)), (x) +1]y, (x, h) X
X[Q, ., (1@ LD, V@ (L1, A (x), w (x,[ D) < p(x),
meax{l,L,(; I (EDE1 () + 6o (E) + 11y, (£, h) <
Qi (61 u® ELLD, T ELID, AV (E), WO (6, L 1)|dE,dE +
+ ¢, (0¥, (% D|Q, , (x,u® (X[ 1,V (x,[1), A? (x), w (x,[ 1)
5) coored T e e o s +
+11y, (5, W)||Q, , (5, u® (&1 1), (&, [ 1), A”(5), w (5,1 D)|dE +
+[c,(x)c, (x) + c,(x) +1]max{1, L, (x)}y, (x,h) X
X|Q, . (% u@ (%D, VO (X[ D, A (x), w (%[ D) < p(x),
where

<
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o= O 20 e Ll e

+ 2¢,(x) + 2], (x) + 1L, (x) + Ly(X)], CO(X):1
g
)

I At
¢ (x)= '
1( ) yv 1- qv(X’h)JZ:; Jl
Then, defined by the algorithm the sequence of functions (A“?(x),
VO, u®leD, WP, k=12, s

contained in
SV (x), p(x)) XSV @ (x,[1), 0(x)) XS (u VX, [L]), $(x)) >

XS (W (x,[t]), (X)), converges to (A (x), [V (x,[tD,
ut(x,[t]), w"(x,[t])) - solution of the problem(2.27)-(2.32) and

(x, )y LM ).
v!

the estimates are valid:
a)

maxymax |
r=1,N

>

Vi (x,t)- vO(x,t)

AL (x) - AL (X)” +max sup
r=1,N te[(r-1)h,rh)

Nrx6) W (xt) } _

max Sup =
r=1,N t€[(r-1)h,rh) ot ot

peEdas |
J_l‘l AL L. I, (S (E), (E) + o () + 1150 (E. ) ><

d& +

=c(xde?

@, & u® ELD,FO (E LD, A0 (), w® (& [D)
+[c, (¥)cp(x)+ cy(x) +11max{1, L, (x)}y, (x,h) <
<@, (6t D G, [ 1), ¥ @ (%, [ 1, A2 (x), w (x,[ 1))

>

>

ur(x,t)- u®(x,t)

b) maximax sup |
r=1,N te[(r-1)h,rh)

max sup [w;(x0)- Wﬁo)(Xst)”} =
r=1,N t€[(r-1)h,rh)

VI(E D - VO D),

A (E) - AV ()| +max  sup

r=1,N te[(r-1)h,rh)

NI(E D WOED } dE

max Sup
r=1,N te[(r- 1)h,rh) ot ot

Moreover, any solution (u(x,[t1),V (x,[t]), A(x), w(x,[t])) of

X
= fmax max|
o r=1,N
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problem (2.27)-(2.32) in
S(AQ(x), p(x)) XSV (x,[t]), 0(x)) XS (x,[t]), p(x)) <
XS (W@ (x,[t]), p(x)) isolated.
The functions v (x,t),u™ (x,t), w (x,t), k=12,...,
defined by equalities:
A0 (x) + VO (x,1), at (x,t)€Q,, r=1,N,

Q) _
v (x,t) = N
(x0) A%()(X) + lim V]\(,k)(x, t), att= Nh,

(=T-0

i Tl
i)

il Pl Vi f

0 ]

§
i

!

tand through

S, (w?(x,[t]), p(x),0(x),$(x)) denote the set of functions
u:Q— R", piecewise continuously differentiable in X,t and
satisfying the inequalities
[uCx, ) - u® (x, 0| < eeo,
[uCx, Ty - u® @6 TH|| < pC0,
u, (%0 - ul (0] = P +000),
u, (x,T)- u®(x,T)| < p(x) +6(x),
. (2.8 - (x, 0| < B,
u,(x,T)- ufo)(x,T)” < p(x).

In view of the equivalence of problems (2.1)-(2.3) and (2.27)-(2.32),
Theorem 14 follows from Theorem 13

Due to the equivalence of problems (2.1)-(2.3) and (2.27)-(2.32)
from Theorem<13 follows

Theorem 14. If the conditions of Theorem 13 are satisfied, then

the sequence of functions {u(x,t)},k =1,2,..., is contained in
S, W@ (x,[t]), p(x),0(x), #(x)), converges to u*(x,t) -
solution of problem (2.1)-2.3) in S, (u®(x,[t]), p(x),
0(x),$(x)) and the inequality is valid

Jo* 0~ u e s;ﬁ(s;‘%(;ﬁ(;)d;)' x

= fmaxd 1. L, (5 Heo (5,06, (5,) + €0 (5, + 1134 (&, h) =<
s
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X[ Q. (51, u® (5T D, VO ELLD, A (5), w* (&, [ D)|dE,d&,
(x,t) = Q. Moreover, any solution of problem (2.1)-(2.3) in
S, (W®(x,[t]), p(x), O(x),$(X)) isolated.

2.3 About one algorithm of finding of the "isolated" solution
of a semi-periodic boundary value problem for the systems of the
nonlinear hyperbolic equations

In subsection 2.3, the method of a parametrization is used to
study the system of the form
o’u
Oxot
with conditions (2.2), (2.3).

To find a solution to the problem«(2.36), (2.2), (2.3) efficient
algorithms are constructed and sufficient conditions for their
convergence are established. These‘conditions ensure the existence of
an isolated solution to the problem under study. Thus, similar to
ou(x,t)
——— and

Ox
applying the method of a parametrization scheme, the problem (1.36),
(2.2), (2.3) we reduce the equivalent boundary value problem with
unknown functions A, (X) :

= f(x, t,u,g—’;), (x,0) € Q = [0, w] X[0,T];~ u< R" (2.36)

subsection 2.2 entering the function V(x,t) =

5{;; = fotu, ¥, +4, (), (DEQ, (237
¥ (x,(r-1h)=0, x€[0,w], r=1,N, (2.38)
7500 2 (- lim ¥ (60 =0, x€[0,0], (2:39)

A (X)+ lim V.(x,t)- A,,(x)=0, x€[0,w],s=1,N -1, (2.40
t— sh-0

)

U0 =Y O+ F(E0dE+ P (5 02, r =TN.(2.4])

Problem (2.37), (2.38) with fixed A, (x),u,(x,t), is a one-
parameter family of Cauchy problems for systems ordinary
differential equations where x €[0, w], and is equivalent to a
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nonlinear integral equation
V.o = _f F(xT,u, (X, 7).V, (x,7) + A, (x)dr. (242)

«

Instead V,(x,T) we substitute the corresponding right-hand side
(2.42) and repeating this process V (v =1,2,...) times we obtain

V.00= [ FO0mau (6, [ T (T
I -

..(':_:[;‘hf(x,Tv e, (e T DT, (T )+ AL (DT, +
.+t A (X))dT, + A (x))dT,. (2.43)
Hence defining tlirfhf_lo ‘7r (x,1), substituting them in (2.39); (2.40)

we obtain a system of nonlinear equations regarding, A.(X) :
MO0 2= Ot Gam), [ fOry (T

-- "Jl FCx.T, .ty (x. T, D).V (x.T,. )+ A, (xDdr, + __.
by

e+t Ay (X))dT, + Ay (x))dT, =0, x€[0,w],
Aeow T oG, [ O T

Tao- 1
J AT i u (X T D VL (X ) AL (DT,
Cs-1)h

et A (X)dT, + A (X)dT, - AL (x) =0, x€[0,w], s=1,N-1,
which we write in the form

Q. » (%, u([ 1, V(X[ 1D, A(x)) = 0. (2.44)
For  finding of ./ a “system from three  functions
{A, (X),V.(x,0),u, (x,)},r = 1,N, we have a vice-system
consisting of of equations (2.44), (2.43) and (2.41), defined by

function £, to splitting step h >0 and the number of substitutions
V.

Choose astep h>0: Nh=T (N=12,..), vector function
A2x)= (A?(x),..., AP(x)) €C(0,w],R") and suppose
that'the problem (2.37)-(2.41) when A _(x)=A"(x), r=1.N,
has a solution
u®(x,6)eC(Q.,R"),V(x,0)eC(Q,,R"),r =1,N.
The set of such A” (x) € C([0,w], R™) is denoted G,(f, x,h),

and the corresponding A‘” (x) solution system of problems (2.37)-
(2.41) by
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VO = (7 (%0, VP (x,0),
u®(x,[t]) = W (x,0),..,ud(x,1))".
Taking the function we construct the sets. Taking
22 G,(f,x,h), u@x,[tD), V©@(x,[t]), the function
©o(x) >0, we construct the sets:

S8, 9(0) = 1 0y (1) €C00LR™):
2. ) - A2 0 < px),r =1, N},
S (x) +VO(x,[t]), p(x)) = {A(x) + V(x,[1]),
A(X) = (A (X),..., Ay (X)) € C(O0,w], R™), # (V, (%, D)5-.., Vi (x,0)),
Vr(x,t)ea(Qr,R"):|Ar () - A2 )]+
V(x,t) - Vr(o)(x,t)” < p(x),r =1,N},
St ope) = {1, (00t (%0), 1 (5HECQ,R":
u, (x,t)- u?(x, t)” <wp(x), «(DEQ,, r=1,N},

Gy, p(x)) = {(%,t,u, W)z (K EQ,
u- w0 <wpEd, (xneQ,,

+

. 0
u- lim UI(V)
t— Nh-0

”v- 29 (x) - VO(x, t)” <px), (x,)EQ., r=1,N,

r=1,N,

(x, t)H <wp(x), t=T, x€[0,w],

V- 2000 im TP 00| < o0, =T, xel0,wD).
Through. .Dy(f, L,(x), L,(x), x, h) denote the set
(AP (), VO (x,[tD, u®@(x,[t]D), w, o(x)) at which the
function f(x,t,u,v) in G,(w, 0(x)) has continuous private
derivatives f. (x,t,u,v), f..(x,t,u,v) and
| £/t u, v =L, G, | £,/(xt,u,v)|| <L, ().
On system {4, (x),V, (x,t),u, (x,t)}, r =1, N, we make up
a triple it u(x,[t1)}, where
AX) = (A4 () Ay (X)), V(X[E]) = (Vi (X,0),..., Vi (X,1)),
u(x,[t] = (U (x,1),...,uy (x,1))".
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Assuming the existence A (x)€G(f,x,h), for the initial
approximation of the problem (2.37)-(2.41) we take the system of
riples  (A? (x),u?(x,0),v?(x,t)), r=1.N., and we
construct successive approximations according to the following
algorithm:

Step 1. Substituting u®(x,t), V% (x,t),r =1, N, < 'into

(2.44) from a system of functional equations
Q, (X, u@ ([N, V@ ([N, A(x) =0
define A™(x), r=1,N. Substituting in (2.43) instead of
u, (x,t), vV (x,t), A.(x),  respectively, /" u®(x,1t),
vOx,t), AY(x), r=1.N. we obtain{v®" (x,1)},
r =1, N. Functions u‘”(x,t) determiried from ratios (2.41), where
A(x)=22%x), V.(x0)=VP(x1), r=1,N.

Step 2. Function A? (x) = (AP(x), A2 (x),..., AP (x))" we
define as the solution of the system of equations (2.44), where
u (x,t)=uP(x,t), V.(x,t)=vP(x,t), r=1,N.
Again substituting in .(2.43) ‘instead of u,(x,t), V,(x,t),
2, (X), respectively, u'(x,t), VP (x,t), A?(x),r= 1N,
we obtain {V® (x,t)},r = 1, N. Functions ufz)(x,t) are defined
from relations (2:41), where

A(x)=A(x), V.(x,t)=vP(x,t), r=1,N.

Continuing the process on Kk step we obtain system of triples
A9, VP (x,0),u (x,0)},r =1, N.

Sufficient conditions for the feasibility, convergence of the
algorithm and the existence of a solution to a multicharacteristic
boundary value problem with functional parameters (2.37)-(2.41)

establish
Theorem 15. Let exist h>0: Nh=T,(N =1,2,...), vEN,

(AP (), VO ([, u® (x,[¢]), @, p(x)) € Dy (f, L, (%), L, (x), x, h),
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Q, , (%, u(x,[ 1D, V(x,[1), A(x)) is
oA

invertible for all (x,u(x,[1), V(x,[1,A(X)), where

x €[0,w], (A(x) +V(x,[t]),u(x,[t]) € S(A? (x) + VO (x,[t]),

0(x)) XSWw® (x,[t]), wo(x)) and the following inequalities are

executed:

oQ, , (x,u(x,[ D, V[N, AN |

OA

at which the Jacobi matrix

1) =y, (x,h),

2) q,xh ‘ll+yxhz‘ ]<u<f
/I ) =0 _
Feo | 2]
uw? 2
g

+1

3)

v (L h)’
> ¢ '_') max Y, (x, h) x<
o J! el

Qe Gt GO L D, T G L, AVE] < P00,
where L, = max L,(x), X = maxXx(X),

x€[0,w] x€[0,w]
\l rL hj
T Sl
il J Ikl J‘
Then the sequence of couple (A% (x)+V® (x,[t]),
u® (x,[t])), k = 0,1,..., determined by the algorithm is contained

in S(A2Ux) + VO (x,[t]), p(x)) XS (x,[t]), wp(x)),
converges to. (A"(x) +V*(x,[t]),u”(x,[t])) - solution of the
problem (2.37)-(2.41) and the estimates are valid:

a)

)L(k) (X)H + max sup
r=1,N te€[(r-1)h,rh)

- "’r(k)(x’ I)H <

N
- Q) "
1-2u Ko,

w )

Xmax ¥, (x, W)||Q, , (x, u® (x,[ 1), (x,[ 1), A (x)),

x€[0,w]

v (L h)’
+1 Z( 1_) max Y, (x, h) X<
ST o

where

w X
XT} - the largest integer not exceeding XT
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b) Mmax sup ‘uf(x,t) - ufk)(x,t)H <

r=1,N t€[(r-1)h,rh)

X
= | max |
o r=1,N

And any solution u(x,t), V(x,t), A(x) problems (2.37)-(2.41);

(&) - AR @) +max  sup  [Fr(E0- FPE, f)||]d§-

r=1,N t€[(r-1)h,rh)

where V(x,0) + A(x) € S(A? (x) + VO (x,[tD), p(X)),
u(x,t) € S(w® (x,[t]), wp(x)) isolated.
Proof. Believing that

u (x,t) =u®(x,0),v.(x,t) =v®(x,t) and solving equations
(2.44), we find
AV (x) = (AP (%), A5 (2,5 A5 (X))
By owing of the inequality 3) of the Theorem, with fixed
x<[0,w], existanumber &, >0, satisfying inequalities
£,Y, (x,h) <1/2,

yv()_(”q_) ‘
1- &5y, (x,h)

Q. (% u® (X, L, ¥, [ D, AP ()| < pC0),

aQ, , (36, u(x,[ 1),V (x,[ 1), A9 (x))
oA

uniformly continuous in S(A®(x), p(x))  and for &>0 find

and matrix of Jacobi

5, € (0, %) such that
0Qu 4 G LD,V @ LD AG))  0Q,, 6 u@ L[ 1D,V ([ D,
| oA oA
when for A(x), A (x) € S(A? (x), p(x)), the inequality is valid

||/1(§) - )T(?)” <38,, x<[0,wl.

Choosing a number
¥, ()

Q. G u® Go [, ¥ O Gol 1), A (E))H}

o =o, = rnaX<|1, 5
o

let's construct a repetitive process:
A0 () = A% G0,
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2 (Lm+1) (;) — A'(l,m)(;) _

1[0Q, Gu®GID. TG D. 2 G|
o OA

*XQ, n (%, u@ (x,[ 1),V (x,[1),A"™ (x)), x €[0,w],m = 0,1,2,....

(2.45)
By Theorem 1 of [87] the iterative process (2.45) converges to

A® (x) - isolated solution of the equation
Q, , xu@ (%[ D,V ([ D, A(x) =0
in S(A? (x), p(x)) and
||/1<1> (%) - A© (Z)” =
=y, G [Qu, Gou® LDV O G LD, AY D) < GO

(2.46)
Due to the arbitrariness of x estimate. (2.46) is valid for all
xe<[0, w].

Functions Vr(l) (x,t),r =1,4dN, determined from ratios

:
VPG = [ FGaT,u® (7).
(r-1h

T 1

NS SN RN SN
N

+ 20 (x))dz, +...+ AP (x))dr,,r =1, N.

Then

~(1 ~ (0
max. Ssup HVr( '(x, 1) - Vf )(X,t)H =
r=1,N te[(r-1)h,rh)

< (L, ()h)’
SJZ—;lTTf‘,,’V(HMD ()= A7 (0. (2.47)
It follows that
v (L h j
AV <D, M;?)max
j=0 !

r=1,N

ORI E

=3 O 3, e mQu o el D F O (eI, A% ()] < P0G

dé+

X
max s fu(x0)- u” (60 < fmaxA(©)- 27(€)
r=LN t€(r-1)h,rh) JreLN
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+ Imax sup ”v D&, ) - VO, t)”d& < wo(X).
r=1,N te[(r- 1h,rh)

From estimates it is visible that a system
AP () + VO (X[ € S(A? (X) + VO (x,[t]), p(x)),
u®(x,[t]) € S (x,[t]), wo(x)).
From the structure of the operator
Q, ., (x,uP(x,[ 1,V (x,[1),A(x)) and equahty
Q, , (X, u® (X[ N,V (x,[D, APV ()) =

follows that
Y, (. h[Q, , (x,u® [ D, ¥ (x,[ DA ()| =

=y, (x, h)max sup { J" L (x)Hu<'>(x ) - uO(x,7, )Hd‘r +
- Dhrh) | (-Tyn
eee +

+ f L‘(X)U:.‘:,,LZ(X)H”'(' Y(x, 7o) - ulx, )| dET, +

r-Oh

+ _[L,(x) J‘L,(x).,.
(r-TOon r-Dh «

"F L ofut oy - WO o d - dradr, +
A

+ i" , (x) _']‘ L, (X)... ,le , (x)Hv,“’(x,rv Y- VO(x, T, )Hdr‘, dr,dr,]1 =
»h

©)
(X, t)” +

Z(L (X)h) L,(x)hmax = sup ‘u

<y, (x,h)
j=0 r=1,N te[(r-1)h,rh)
L. (x)h)” ~ ~
+y, (x, h)&maix sup ‘vr(l)(x,t) - vr(o) (x, t)H =<
vl r=1,N te[(r-1)h,rh)

=2x(x) iﬁ“’ (E)dE + q, (x, DAY ().

Thus
Y, G6M)|QL, (x,u® ([ 1, TP (X[ D, AP ()] =
Fw

u

=

= {MN } Qu)* m[aX]A(D(X)
x€[0,mw

(2.49)

Xo|,
u
Choose number £ > 0, satisfying for all x [0, ], inequality

)?w]‘%‘

Quw?*
1-2u [Zo,
“

I AGIEN
= Jt

X<y, D@, u @GNV O GID AP G| + & < pCo.
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If A(x)€ S(AP (x), pP(x)+£), where
PP =y, (% |Q,, L u® CLL DV D G, AV GO

then, by owing of inequalities 2), 3) of the theorem and (2.47), (2.49),
the estimate

2 () - 2000 =

ITlaiX‘
r=1,N
smal\xr(x)- )L(ro)(x)H+maix sup |[V.(x,0)- Vr(o)(x,t)H =
r=1,N r=1,N te[(r-1)h,rh)
<max|4, (- A0 +max  sup [, (0 - TG0 +
r=1,N

r=1,N t€[(r-1)h,rh)
DI 0) /o, SN o O W2
+max AP GO - AV GO +max sup [V G 0= VO Gonl =
r=1,N r=1,N te[(r-1)h,rh)
Xw

o)l
)

~

Xw

AV (x) #AV(x) + & <

=(2p)*

+1IAV(x) + & =<

+1

§ (L Com)’
—X
Z Jt

£
<y, (6 M| Qy G, u @ LD,V (LD, A2 G|+ & < o),
ie. SAYX), pP(x)+8) = S(A?(x), p(x)). From the
conditions = of the theorem it follows that the operator
Qun (x,u P ([N, VP (x,[ 1), A(x)) to
S(AV (x), p P (x) + &) satisfies all the conditions of the Theorem 1
[87]. Therefore, the iterative process:
AC0 (x) = AV (x),
A’(Z,m+1) (;) —
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1|0Q,, p (G uP LD, VOGN, A ) |
By
xQ, , C6u® (%[, VD (x,[1),A%™ (x)), x€[0,w], m=0,1.2,...,
converges to A® (x) - isolated solution of the equation
Q, , uV ([ D,V (x,[1), A(x) =0
in the set S(A? (x), p, (}) +£), x<[0,w] and
22 GO - AP Cof = Q. (e u® G LD, ¥ VG [, AP )

from here, from (2.48), by owing of conditions 2), 3) of Theorem 1, it
follows that

x

_)L(Zm)( )

>

- 10| < 2 “ XL@M‘ x

<y, (% W@, ot @ (X, LD, v<°’(x [, A2 || < pGo-
(2.50)
By owing of arbitrariness x assessment (2.50) is valid for all
x €[0, w]l. 1t is not difficult to establish that A® (x) is continuous
on [0, w].
Functions Vr(2) (x,),r = 1,_N, determined from ratios

.
TG0 = [ FGor,u® (6T
(r-hn

F(x. T, . ufPC(x,z,. ).V, (x,7,.) + A2 (xDdr, + + A (xdT, .

HL

Cr-THOn

r =1, N. With assumptions of the theorem there are estimates
@ 5@
VO - V0| =

max sup
r=1,N te€[(r-1)h,rh)

lL hj
Z (j))

j=0

L,(x)hmax sup ‘u —ufo)(x,t)H+

r=1,N t€[(r-1)h,rh)

L. (x)h ~ ~
+ &m@ sup ‘Vr(l) (x,0) - VO (x, t)H +
v! r=1,N te[(r-1)h,rh)

+SMmEIXHA(rZ)(X)' )L(rl)(X)HS
j=1 J: r=1,N
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1l ] v ]
Ty S
0 ﬂ il )‘
Xmax sup H D (x,t) - ufo)(x,t)H+
r=1,N te[(r-1)h,rh)
L (x)h L,(x)h
( (X) ) 1+y, (x h)ZM max Sup H Dx,t)- vO(x, t)HThus
J! r=LN €l(r-1)h,rh)
A@(x) = max”;@ ()= AP +max sup [P x0- VO x0|

r=1,N tel(r-1)h,rh)

SEM.(,))Lz(X]h“*%[XJh)EW]X

T
Xmax sup Hu( D(x,t) - uP(x, t)H
r=1,N te[(r- 1)h,rh)

v

(L(

1+y\

j=0

Xmax Ssup Hv( (X, t) 3 v(o)(x t)H
r=1,N t[(r-1)h,rh)

<x(X)max sup Hu( I(x,0) - u®@(x, t)H
r=1,N te[(r- Dh,rh)

+q, (x,Wymax_(‘sup~ [V (x,0- VO (x0) =
r=1,N te[(r-1)h,rh)

xXw

2 2 (D
——= 7 (u)” max A (X).
[ Xa)} ' x€[0,w]
u
Then there are inequalities

2 1
max sup Huf d(x,t) - u’(x, t)H =<
r=1,N te[(r-1)h,rh)

= mea;f”x@ (&) - AP @) +max sup [FPE 0- ¥ (é‘,t)”]d§

r=1,N t€[(r-1)h,rh)

=

220 A% ()| +max  sup [P (x0- FO(x0) <

r=1,N r=1,N te[(r-1)h,rh)
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[;’?w "
2 u Ie))
= (ZM) — +1| max A (X) =

Xa) ] x€[0,w]

u

Quw’ [%]‘ § (Lh)

Sl 2 \& IZ(: } X

“

Xmax ¥, (%, M)|Q, , (%, u® (%[ D, v ([ 1), A2 <0 (0.

x€[0,w]
Assuming that are defined
AUD (), VED (x,[tD), u® P (x,[t]), where

AP+ VP (L), uf P (3, [E) € ST () + V.7 (x,[€1), p(x)) X
XS (u® (x,[t]), wp(x)), and estimates are established
AYD 00 = max|[AP GO AP+ @)

+max sup
r=1,N te[(r-1)h,rh)

VD (x,r)- Vr(k'z)(x,t)u =

X
u

%)
MN max AY (x),
ﬂ | x€[0,w]
[ Iz }
max_sup mHul*'“u,r)» o) s;jﬁ""‘(éldi- (2.52)
k an approximation in the functional parameter A’ (x), find from
the equation
Q, (X, u V[N, VEP (%[ 1, A(x)) = 0.

Using (2.51), (2.52) and equality

Q, n(xu P ([ D,V ?(x[D, AP (x) =0,
install the inequality is valid

¥, (6 h)||Q, ,, (x,u® P (x,[1), V%V (x,[ 1), A%V (x| <

3.0 S OO

el

L,(x)hmax sup uf"'“(x,t)-uﬁk'2>(x,t)u+

r=1,N te[(r-1)h,rh)

82



3 oy GO

~ (k-1 ~ (k-2)
max sup Hvr( )(x,t) - vr( (x, t)H <
r=1,N te€[(r-1)h,rh)

=20(x) PP EIDE + q, (x DIAKD (x) =

xXw
[ P
=Quw" —MN max A (x). (2.53)
[ Xa):| | x€[0,w]
u

Take
PEP GO = ¥ (W |Q,, G u® P LDV EGRL DAY GO
at x [0, w] and show that
S(A* P (x), p* P (x) + &) = S(AV (%), P(x)).
Really, in view of inequalities (2.51), (2.53), 3)

A, (x)- A© (E)H +max sup \\7, (x,0)- VO (x, t)H =
r=1,N te[(r-4)h,rh)

<max|\4, G- A0 ()

r=1,N

>

lTlQ(‘
r=1,N

‘+m@ sup ‘
r=1,N t€[(r-1)h,rh)

Vo(x,0)- VD (x, t)” +

+ max|[ 440 (0 - A2 (0|
r=1,N

+ max sup HV}"' D(x,t)- v ()_(,t)H
r=1,N t€[(r-1)h,rh)
A‘E"l)(x) r A'S‘O)(X)H + max sup ‘

r=1,N te€[(r-1)h,rh)

+ ...+ m@g‘
r=1,N

TO%,0- VO, t)H <

Fo
gw][ |
=p* () +E+ Q) E L A () +
XCU}!
u
NEZ
+ ) E L AV L+ AV (X) <
u
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Xw }

[;{ k
2 |, o) B
@ L) oy s saeglE g,
1-2u [Xa) | "
u

X<y, (% h)||Q,, G u@ G LD,V GLL D, A2 )| + & < po.
Q,n(x u* PG, VAP (xID, AX))  in

Because )
S(A% Y (x), p* P (x) + &) satisfies all the conditions of Theorem
solution of the equation

1 of [87], then there exists A (x)
Q. (xu* P I[N,V (X[, A(0)) =

in S(A* Y (x), p.,(x) + &) and estimate is valid
oo - 2o =

=y, ( h||Q, , Geu™ P G [ 1, ¥ GG D, A% G-
(2.54)
By owing of arbitrariness x _@stimate (2.54) is valid for all
x €[0, w]. 1t is not difficult to.establish that A’ (x) is continuous

on [0, w]. At assumptions of the theorem there are estimates
k k-1
A0 0= AP o+

VO (x,0) - VD (x, t)H <

A™ (x) 'max
r=1,N

+ max. Sup ‘
r=1,N teg[(r-1)h,rh)

N X
[ Xa) ] )
=2 u e}
=2uw) = max A (x),
X | x€[0,w]
Au ’
o)< P

may sup Hu 0= u

For systems of differences

k+1 k k+1

maXH/'L( P(x)- AL )(X)H +max Sup H D (x,0)- v
r=1,N te[(r-1)h,rh)

r=1,N
k+1
max Ssup HUE D (x,0) - uf
r=1,N t€[(r-1)h,rh)
1,2,... the inequality is valid
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oy g’ﬂj Z(ﬁ“)‘]x

Xmax sup
r=1,N te[(r-1)h,rh)

+ (L% g

0

u(x,t)- u*(x, t)H +

~ (k ~ (k-1
..max sup Hvr( Y(x,t)- V! )(x,t)H <
r=1,N t€[(r-1)h,rh)

<x(max sup [u®C0)- u* V0| +

r=1,N te[(r-1)h,rh)

+q, (x, hymax _sup HV:")(x,t) - P Gon) =
r=1,N t€[(r-1)h,rh)

( ] max A® (x), (2.55)

|: :| x€g[0,w]
u

ma f“EmH"fM("’”'“ﬁA]("")HS;JNWde’ (256)

maXH)L(k”)(x) 2P|+ max s sup  [FEV (0 - T (x| =
r=1,N t€[(r-1)h,rh)

A )+ AV )+ + AV (x) <

,m]\ b

= ‘Xz

S(ZM)k+1

@uw?
120 [Fol,
u

<max Q. , (. u® (oL D, ¥ Gol 1), 47 ()| < p(),

x<€[0,w

(@hy’

<[ 1]“ %
% Jt

k+1 (0]
max sup Huf D (x,t)- u’ )(x,t)H =
r=1,N te€[(r-1)h,rh)

.
= jfmgnxxﬁ““(s)— A9 ()| +
S\ r=1.N

o

+max sup [[FHU(E D - VO, r)||]

r=1,N t€[(r-1)h,rh)
B
u

o
u

Quw?
=l

!
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Xmax ¥, (% h)|Q, , (x,u® (%[ 1,7 (x,[ 1), A7 ()| < wp(x).

x€[0,w]
From inequalities (2.55), (2.56) and q, (x, h) <1/2 it follows that the
sequence (A" (x) + V¥ (x,[t]),u™ (x,[t])) at k — o converges
to (A (x)+V ' (x,[t]), u’(x,[t])) - solution of the problem
(2.37)-(2.41) in S(A?(x) + VO (x,[t]D, p(x)
XS (@ (x,[t]), wo(x)). Install of inequality

k k
max [A%7 (x) - A% (x)| + max  sup
r=1,N r=1,N te[(r-1)h,rh)

VP (x, 02 TP (x,0) <

o
[ 50| %]
S[(ZM)P-I +(2M)p-2 +---+1](2M)k+1 AuN N 8 X A(l) (X) <
|iXa):|' x€[0,w]
u

max AL (X) =<

Xmax ¥, (%, W)|Q,., (%, u® (%[ 1,7 (x,[ 1), AV (:))

x€[0,w]

3

(2.57)

k k
max sup Huﬁ P (x,t) - uf )(x,t)H <
r=1,N te[(r-1)h,rh)

x

= fmax||A*TP (&) - AR (E)]ds +

) r=1,N
.
+ fmax sup [V (&0 - V9E D|dE. (2.58)
6 r=1L.N tel(r-1)h,rh)

In inequalities (2.57), (2.58) passing to the limit at P — %, obtain
estimates a), b).

The isolation is established similarly to the proof of Theorem 13.
Theorem 15 is proved.

Functions v* (x,t),u (x,t), k=0,1,2,... are defined by
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equations:

" A (x) + vV (x,1), at (x,t)eQ_, r=1,N,
v (x,t) = N
(x0) A%()(X) + lim V]\(,k)(x, t), att= Nh,
t—T-0

ux 0=y + Xy‘“(é,t)di
8

and through S(u” (x,t),[w +1]0(x)) denote the set piecewise=
continuously differentiable at X, ¢ functions u:Q — R", satisfying
inequalities
”u(x, - u®(x, t)” <[w +1]p(x),

[0 - 22 Go - VOG0 < Lw +11000;
|u(x, T)- u@(x, :r)|| <[ew +11p(x),
[V, T - 29 (x) - VO (x, T)|| <[ +110(x),
ou(x,t)

Oox

where v(x,t) = . In view ofthe equivalence of problems

(2.36), (2.2), (2.3) and (2.37)-(2.41) from theorem 15 follows

Theorem 16. If the conditions of Theorem 15 are satisfied, then
the sequence of functions (U’ (x,t)), k=0,1,..., is contained in
SW?(x,t),[w+1]10(X)), “converges to u*(x,t) - problem
solving (2.36) ,(2.2), 2.3).to S(u® (x,t),[w +1]1p(x)) and the
inequality is valid

Xmax ¥, (% )|Q, , (x,u® (x,[ 1,7 (x,[1),A” (x))

x€[0,w]

> (x, 1)

Moreover, any solution to the problem (2.36), (2.2), (2.3) to
S (x,t),[w+1]p(x)) isolated.

Proof. Suppose that the conditions of Theorem 15 are satisfied.
Because for all k =0,1,2,..., (A% (x) +V® (x,[t]),u™ (x,[t]))
is contained to
S(A? (x) + V@ (x,[t]), p(x)) S (x,[t]), wp(x)),
converges  to (A" (x) + V™ (x,[t]),
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u* (x,[t])) € S(A” (x) + VO (x,[t]), p(x)) XS (x,[t]), wp(x))
- solve problems (2.37)-(2.41), then we determined the sequence of
functions W@ (x,1)), k=12,..., is  contained in
Sw(x,t), [w+1] p(x)), converges to U (x,t)<

e S (x,t),[w+1]p(x)) - solve problems (2.36), (2.2), (2.3).
By owing of estimates a), b) Theorem 15 at (x,t) € ©2, takes place
inequality (2.59).

Theorem 16 is proved.

2.4 The problem of choosing the initial approximation

In this subsection, an estimate of; the difference between
AP%(x) A (x), x€I[0,w], the components of which are
composed of the values of the solutions of the boundary value
problem (2.36), (2.5)-(2.7) at the points of partition of the segment
[0,T1, and A’ (x) - system solution

Qaxy(l 'J)*th(E)dE.O./\(X)mi(l D+ ;ff(E,[ Lyh+

-+ ZPL(«I:“] DA E,, ACED. (L DIAE) = O, A = C 0, wl, R™ ). (2.-60)
This system of equations, 'in contrast to ordinary differential
equations, consists from. nIN non-linear integral equations and fully
determined according to the initial data of the problem and differ in
the choice of values h> 0 and v € N. Since the values of h >0 and

V affect thendimension and complexity of the system of equations,
we propese algorithms for finding solutions to this system, based on
the transition from simple and smaller dimensions of the system to a
more,.complex and larger system.

Let A9x)e G,(f,x,h) - decision (2.60) and
(A2 (%), VO (x,[tD, u® (x,[t]), w (x,[t]), p(x), O(x), (X)) €
el, ( f’ L, (X)’ L, (X)’ L, (X), X, h)-
Theorem 17. If matrix
0Q, , (x,u(x,[ 1),V (x,[ 1, A(x), w(x,[ 1))
oA

Jacobi invertible

88



for all  (x, u(x,[1, V(x,[1, A(x), w(x,[D),

xe€[0, w],
V(x,[tD, u(x,[t]), w(x,[t])) € S(A?(x),
P(x)) XSV (x,[t]), 0(x)) XS (x,[]),

P(x)) XS(W? (x,[t]),p(x)), and performed inequalities 1)-5)
of Theorem 13, that estimates takes place

||/1*(x) - A<°’(x)|| =

where

(A (%),

. fEas
=[c,(x)c, (x) +¢,(x) +1)c, (X)L, (x) + L((X)]j(f\e”

< fmax{l. L, (Z,33[c, (5,060 (5,) + €0 (S,) +113<
s

XY, (51’ h)[VZ,‘ @ [Lz (51) + L3 (51)]]7 Xoxmay (sup

5 .
&) J‘maX(l,Lx(:J)w{hf(tzyTul/'(T.) *

5 0 5 T &
FPOEME, [ (Erp@)t POEM o [ F(ET w @I A (E)AEL A (E).0 (@) +
0 (r-Dh 0 (r-1h o

& 3
+ [F (& @)+ PUOEDEL AV E) W @ )E)dT, + ..
B s
~~+A-(r“)(§z)rl/}(rz)+~]‘f(§237131/’(72)+
-+ P““’(:: DS, A (S0 (T A ED AT, + AL (S0 (7)) +

Sres e &fpt“” (EDAE,. AL (5.4 (7, NAEDd T, dE,

L|asazs +

V- 1
+[e(x)c, () + 10y, (x b [Z (0)+L,(x)]hx
j=0 '
Xmax sup jmax{l’l-\(f)) ] j [Enw@)+

g n § v-1 < &
FPOEME, [TERY@)* PG [ [EruE)r+ PPENE AT @)+ [FE.T,vw @)+

T PO CEDAE, . AP (S, .40 (o DA E DA T,
5
A A @)+ [F G )+
:
J>L‘°’ (EDdE. . A (E, .4 (v DA E AT, +

A E Y @)+ jf(g. TLw @)+

-+ ;_‘PL‘O’ CELDAE, , A CE, )./ (v, )DdE,dd T, di:’J - (261)
Proof. Considering structure operator

Q, (X, u(x,[ 1, V(X[ 1), A(x), w(x,[ 1))  and equality

Q. (LD + PP(EDE, 0, AP/ (LD +
&
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+ FETLp A D+ POEIdE A @) A DI =0,
from the inequality a) of Theorem 13 we obtain
* 0
max |47 () - A7 (0] =
r=1,N

. feg
16,06, (046,00 + 116, (L, () + L, (0] f(@e? x

XfmaX{ 1. L, (ED I, (XD (X)) + o (X)) + 1134 (&, A1) ><
@, (E U@ (E LD T O (EL LD, AV (ED, w (&, D) -
QG D+ PO EDAE. 0,20 E DA D +

+ JrEa e an s '_PL“" (E)dEL AP (£, 4 (LDIAE,)

ds,ds +

+[c, (X)e; (x) + 11y, (x, )| Q, ,, (X, u@ (x,[ 1), VPV [, A2 (x), w (x.
- QI+ }’-‘" .:)d.:yﬂy/n‘”(X)’w([-)*OJ’/(;,[-L'//('

+ '_PL‘”) (&, 0dE, . A (ED. ol -]))dE)H =

e
=l (06, (0) + ¢, () + e, (L, (x) + Ly ()] f(E)ed X

= fmax{l, L, (5, e, (5,000 (51D + €6 (5, + 1134 (&, . h) =<
3

L, 1h
Z( Eoh’

Jj=0

[L,(&) + L;(5)]h <

xmax{max sup

WO .0 (o) P“m( )de,

b

ax \sup Hw“”(&l,t) P () -

r=1,N te[(r-1)h,rh)
«f :

- JrER L+ PO (E DS, AP (5,000 IS,
3 5

|-
+y AR ED 05,0 |ds,ds, +

max Ssup ‘
r=1,N te[(r-1)h,rh)

+16,006,()+11, () 3 (L(J’?}’)][Lz(xwg(x)lhx

©), )= _Yfﬂl‘;—d‘gy
w0 ﬁ,() H

xmaxlmg( sup

max sup [w®(x,0)- 4 (1) -
r=1,N t€[(r-1)h,rh)

- ff E. Ly () + _P\("’(El dAE,, A (E),yp )NAE
é 5
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L (x)h)" ~
&M sup PO @62
v! r=1,N tel(r-1)h,rh)

+ Yy, (x,h)

As vO(>x,0),u®(x,t),w?(x,t) are solutions to Goursat
problems (2.27)-(2.32), at A (x) = A”(x),x€[0,w], then on
Q ,r =1, N, estimates take place

[ xnp@+

50
max sup [0 (o0)] <maxsup
LN (D) FLN D)

FPO@E [ [rape)t POEE,.
s [

i

I fOEIE A W)+ [Er i)
+ POEDAE, . A (ED). W (v DAEID T, [+ i
5

A IO @)+ E ) +

* FEHE @ MEN K00 e 4 PO (DS, » AAUED. (e, DA EdId T,
i i 5

(60 -p(O- PREHE

max sup <

r=LN tel(r-Dhyrh)

FOE 0as

51

9df< <max . sup
P=LN (- 1)h,rh)

max sup |wi(x,0) - 3 () -
r=1,N te[(r-1)h,rh)

=

- JrE L a) v POEDAE, A (), IdE

=<max . sup
oLl D)

L. [ rEmwE) -

-Dh

fy;“’(;)a,:,, ) f(s,rz,w(n)+]31"‘ & [ fEnp@)++ j’»‘,”(‘g’. )dE, AP (0 (T,) + :['f({:",r\,,qf @)+

&
+PACEDIEL ACE D (7. DA E DA T, + ..

e AP(ENY (7)) + i]"f(é" STy (T5) +
b

£l 1
+ UENE MG )BT + Q@)+ [Eru@)+r + JACE DA EL - ACE, D¢/ (o dDd S, dd T, d&”.
i B

0

taking into account which, from (2.62) we will receive validity of
inequality (2.61). Theorem 17 is proved.
From the estimate (2.61) shows that the initial approximation of

the parameter will be closer to the exact solution A (x), the smaller
the partition step h>0 or the greater the number of substitutions
v =1,2,.... The initial approximation by the functional parameter -
A?(x)e C([0,w],R™) will be sought as the solution of the
equation (2.60), i.e. the system
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m x 5
AW Ay [ @)+ o @S [ fonp@)+
i i wn

1y

+ P N‘Lj'”wf(X.rv.w(n)*f for©aE 20+

I

G T D+ P (EDAE, Ay (51 (e DAEIAT, + ...+ Ay (XDt () +

S

T )+ P (EDAE, Ay (B, (2:dE) AT, + A (XD (71 +
E 3

(2.63)

+ &7y @)+ Py (E)dE, Ay (5,4 (7,))dE)dT, =0,
b 5

sh x n
A0+ [ (eru@)+ f.@dE [ @)+

- ﬁ (&)dg,...(':j:, [T )+
. y ()&, 2,00 @)+ ;[f G )+
P CE SIS AL CE>th oL DAEIA T, e AL (XA A AL D (D> A
- :ff (Eraw (T) + ﬁ (E)E,, A (), (v, DAY T, +

RGO )+ [F(E T )+

(2.64)

+ iﬁ; (EDdE,, A (5D, (z,DAdEddAdr, = A.,,(x) = O,

where x<[0,w]l,s =1, N - 1. The system of equations (2.63),
(2.64) is a complex nonlinear dimension system rnN. However, this
system is completely determined. by.the source data of the problem
and to find it solutions A°2(x) € C([0,w],R™) can apply known
methods of the theory of monlinear systems of equations [88, 90]. One
of the main methods.for finding solutions are iterative methods. Fast
converging iterative type methods Newton's method generally implies
the existence of-a''good" initial approximation. To find such an initial
approximation suggests the following approach. Consider first system
(2.64) at h=T(N'=1),v =1:

Qurxyl+ fEAE0, 20,4 D+ JFELy D+

+ i]’t(is, dAE,, A(E), (L DIAE) = O, A(Xx) = CUO0,w], R™ )

(2.65)
which has the form

JIemp@+ Py G)dE 2 (045 (@)+ ff(SvTvl/'(tH

P (EDAE A, (E).ep (2 dEdDT — O, x =[O, col.

S

Let A +(X) - decision (2.65). Next, consider the system (2.60)
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at h = r (N = 2),v =1, which is written as
2

ICRARCN ij(x,r,w(m Pur A (004

+ ff(E,r W@+ ﬁ o EDAEL A (E)@)dE)dr =0, (2.66)

A W+ Jr( my CUEAC jr( W+

+ ]kl,z)l(sl)dsl, A

1,

r O @NAEdT - A, (x),= 0,

e
where x<€[0,w], i.e. initial system approximation (2.66), (2.67) -
vector-function AI,E(X) - ()LLZ,l(X)’ )LLZ,Z (x)) €0, ], an)

2 2 2
we define as follows:

SENORE AN Ol

= A O+ [F Ty () + P (EIE 2 (Ot () +

ST P (535 A (D (AT
Taklng r (%), the funetion ©;(x) > 0, we construct the sets
2

Sy COQ=TL, 00, el

)]

1, —r 1,
2

A T (x) - A'N T (X)H =< pl(x),r =1,2}.

G101 00)= (st W: 1€,

-7
s

2

<pyx)

v- A

1,

< P (%),

< P (x), ‘W_x

1,

T T
s —.s
2 2

x€[0,w], te

T T
s-1)—, s—|,s=1,2"
( ) > 2 ] }‘
Statement 1: Let function f(x,t,u,v,w) in

Gl[)LlT(X)’ Pl(X)] have uniformly continuous partial derivatives
T2
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f.(x,t,u,v,w)s f'(x,t,u,v,w)> f (x,t,u,v,w) and matrix

Jacobi 2@ Cowl 1+ PCEITE0, A T D +
+ jf ELLydD+ ;PL(E. YAE, A (LDE) is invertible for all

Ax) € S(/%l 1 (X, 0(¥), xe[0,w] and the following
2

inequalities are executed:

1y

a

B

Q %(x,yrl 1+ ”‘P»(E)d;‘,ov A0 (L) + ;ff Gy +
-1

T
=) (x, E)’

+ PUEDAE, . AE) . -]))d.é)}

. :F(:’.)di
2) 16 () + 1), () + ey (L, (0 + Ly (0] f&)e’ x

< fmaxt 1, L, (£} () + Do (5 Flha (5.2 <

B

@ xyld+ [ (A0, - (i (D + [ EMy (D

d&§,dE +[co(x)c, (x) +

+ ﬁz (EDAE,, X (). ([ INAE)

1,=—

+1]y1(x,§) Q ; (xyl1+fl ()0, ; (4 (D +
2 02 2

+ FED A #ff [ EDE, L (&5 T < p,(0).

. A(m+1) (X)
Then there is a number © o =1 such that the sequence “*; T >
2

m = 0,1,2,...,"is determined by the iterative process:
o o~
A% 0 =% 4 (0,
) >

2
1 —
A (x) = 27000 -
, T

2

1| o . U
o3z Qv+ Oﬁjé(é)dé,OJEé(X),w([~]) *

1

*FEILYAD* PO EIE,AD @, A DE| X

Qs (xyli+ PYEMEOAT P+ [FELAD+
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PR (EDAE,, AT (), (LIS, (2.68)

1
0

= A(x . .
m=0,1,2,...,  converges to 1,5( ) _ isolated solution of the
2
system of equations
QL Cowli+ PEMED, A0+ FEp D+

-+ iPL(&.)d&.,A(;‘,—'),U) CLIDAEd = O

[s

at S(;LLZ (x), £1(X)) ang inequality takes place

2

=y, (x, %)%Ll (x)M (x), = (2.69)

)le(x)_ )le(x)
5 s

2

where

MO = | Jrexmaw @+ P (AE A (e +

ST G+ P (EDAE A EN (T))d.E)dTH-

Really, as operator

Q r (x.y/L1+ P(EIEE 0, A (LD +
= S

+ FE Ly A D+ PEDAE . A4 1) = O
3 §

in S(/ll,z (x), £1(X))_satisfies all the assumptions of Theorem 1 of
2

[87], we obtain the existence )LLZ (x) - of an isolated solution of
2
equations (2.66), (2.67) and the estimate

HAI £ (X) - oy - (x)H =

1

<max.Y;| X,

x€[0,w]

T
2

Q¢ 1+ fu 1 ()EOA 1 ()G +

+ ff(é,[-],w([-mﬁﬁll(&l)da,% (g (2.70)

Let's estimate norm of the operator

Q r (x.yLd+ PEIIE, 0, A A D+
= 5

+ FELLpAD+ PEIDE, A, L INDE) :
s s

1,

Q  (xwl1+ fi (5)dE0, X Oy (D +
2 0o 2 2
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=

+ FELpaD+ [, 65,7 - @0 ()dE)

=L COL| fF o (O P (AE, Ay GO G +

(2.71)

+ FE T P (EDAE . A () (r))d&)dr“.

The right part (2.71) substituting in (2.70) we obtain the validity

nzk—l
estimates (2.69). Let AL% €C(0,w].R ) _ the solution of the

system of equations

Q r (owlI+ MEEANBAN+ [FE Ly D)+

+ PCEDE, L ACED o (L DDIAES = O,
at v =1, N = 2% and there is an inequality

T T

A (0=, (0 =max ¥, (65 5 L COM (),
Sk-1 k-1 x€[0,w
T
(2r—1)2k_1
M (x) = max- ff(x,f,w(f) +
r=1,2k72 T
Qr- 2)2k_1

P O L 0G@ ETr@
e J

"

o ’Zk—z’ ’2k—2’

+ P EDAELA . (O @NdE)dT

. A X . .
Find 1,Lk( ). solution of the equation
2
Q. Gl A+ PEDAE.0. ACO S A D+
+ ]‘f(;‘,[ Ly d D+ iﬁ(,&")d;“, A(E), Y (L IHdE) =0,

at v'=1, N = 2% which is in vector-coordinate form is written as

A a0 A 0 (0 fFemu @+

* P2 MRy O+ [T

+ ﬁlz (EDAEL2, 1 o () @DdEdT =0, (2.72)
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T
s

BN jf(x T (@) +

2k

+ U_P~‘ %.S(,S)d;%’ %VS(XM @+ fo(ifw'(f) +

* P (EIAELA L (D @)ADAT R 4 GO = 0027

3)
where x [0, w], s =1,2" -
(2 73) vector-function
T O=C (02 . 15001
2 2 2
we define as follows:

1. Initial approximation systems (2.72),

(x)) e (0, w], R™")

= =1 21(—1
A‘I)Lk’zr_ l(X) Al,%,r (X)’ r 3 ]
2 2

2 X) = X) +
EPRCRV NSO
2 2
@r 1)7
ML NN CORZI CO by

+ J‘f(xrlp(r)+‘P\, Cr

@r z)—

&)y (x)dE)dr.

+ Djf(ar,w(r)+;ﬁlyﬁ,r(§od§pa, -

ok

Take /ll,ik (x), the function ©,(x) > 0 and construct sets:
2
5(7L1 r (X, 0 (X)) =
K

A w O A 4 (< po.r =125

2k

G,(7 1 (0, 00) =03, ): (D EQ,
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~ T T
W - A,l’ik’s <pk(X), XG[O,G)],IE (S' 1)2—k,52—k],5=1,2k}.
2
Statement k. Let function f(x,t,u,v,w) at

G, (7L1 T (x), P (X)) has uniformly continuous partial derivatives
R

f.(x,t,u,v,w), f/(xt,u,v,w), [ (xt,u,v,w) and

matrix Jacobi %Q,%(xyr/'[]+‘;P~(E)d;~10,l(x}u"([ )+ :jf(gu,w([-m
+ PCEDAE L ACE . A DA is invertible for all

Ax) € S(/ll T (x), 01(X)), xe[0,w] and ‘e following
o
inequalities are executed:

1) H[%a‘%mwmUj‘a(s)d;,o,zu),w([awJr(s.[-l,w<[-1)+
-1

T
S

=y, (x,

+ PUEDAE, AELY A -]))dé)]

L s
2) [(c, (x) +1)c (x) +1]e, (DL, (X)*L\(X)Jf‘(f)t"‘ x

s T
= _[rnax{ 1, L1 (51 )} [(C1 (51) N l)co (El) + 1])/1 (51’ 2_k) X
0
{‘Q,;(x,://[a+:ﬁ‘_%(:)dsoil O EBVO+

d&,d& +[c, (X)), (x) +

* bﬁl; (£)d&,, /Tl’l (). ([ DHAE)

X

Q ; (xyl1+ fi 1 (B)AEOA ; (0] +

g b

T
+1]y1(x,2—k)

S
~

HENwAD+ L E)ELL - (©.5[))dE)

0

< pi(x).

2D (0,

Then there is a number  « =1 such that the sequence

m = 0,1,2,..., is determined by the iterative process:

2% ) =0 4 (0,

Sk ok
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A () = 24 (30 -
2k 2“

1120, xyli+ ﬁ“) (EUE0AT W)+

6/11

CEDpE+ P G, A @O0

XQ s (el y @0 AT WD+ e
+ PR (EDAE, AT (S, (L DY), 2.74)
0 ’ 21( ? 21(

m=0,1,2,...,  converges to /ll,lk () isolated 'solution of the
2

system of equations
Q'_L‘(X:w[ 1+ *ﬁ(f)d;ﬂﬂyl(x)ylﬂ([ H+ 'ff(f:'y['],f/'([ H+

-+ iﬁ(s dAE, ., ACED. 2 (L DIAE> = O

S(;L r (%), 01(X) anq inequality takes place

2k

A ()= A5 ()

,? ,?

Syl(x,zlk)zlkLl(x)M(x), 2.75)

where
@r |>7

§ f(xrw(r)+ﬁ, r (©AEA . 0@+

c2r- 21—

M (x) = max

L E T p (@GS, (@D

0 ok ’Zk-l

Really, as operator

Q r (xyld+ P(EIEE.0, A, A D +
25 o

SUACHERA S }L(E.)dé, A A DIIE) = 0

S()L r (%), 0, (X)) satisfies all the assumptions of Theorem 1 of
zk

[87], we obtain the existence Al,i (x) _ of an isolated solution of
21(
equations (2.72), (2.73) and the estimate

T (X) T (X)
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XN

Qr (eyl1+ i 1+ (D)E0Z + (0[] +
2t 2t ks

§ v

<max Y,
xe[0,w]

T
x,z—k

+ FERYAD i €482 L @519

Let's estimate norm of the operator

Q]V:ﬁ (o[ 1+ Gﬁ(&)d;,o,A(x).z/'(l D+

ERYAD f (G870 (1)dE)

. (2.76)

+ t]'f(;—l[ Ly dD+ iPL(E. YAE, Ay (L DAE):

Q  (xyll+ fi 1 (§)dE0.A , (). (LD +
2 0 2 2

=

T
@r-nop

J reorw@ =+

ooy T
(zr-z)?

=L, (x)

T
% max
2% ra2k

+ P (DAEA GO+

2k—1’r 2k-17

+ fETw@* p (EXELA L Eh@)dEde|. (2.77)

5 1,72k_|,r l,Tk_l,r

The right part (2.77) substituting in" (2.76) we obtain the validity
estimates (2.75). From the.obtained estimate it can be seen that the

norm of the difference Az,Lk () - )Lz’lk(x) as the number of splits
2 2

increases N becomes a small value. Here we have advanced in step h
proceeding from the solution of the system of equations (2.60) with N

nzk—l
=1, v=2.Now we will advance in v. Let /11’% €C(0,w],R )
=

- the solution of the system of equations

QL%(XVW[]*if»(;‘)d;‘vovi»(xlvl/'([ ]]+]'f(§,[],|/r[[]]+
-+ ipL(g, dDAE,. ACED. 2/ (L DIAIED = O,
at v =1, N = 2% and there is an inequality

A (- 5 (0

2k-1 2k-1

T T
=<max Y» [ X’F] —7 L, ()M (%),

x€[0,w] 2
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M (x) = max_ ff(X,T,UJ(T) +

T
@r-2

NG <xwm+jf< T+

i

P e EOAELA L (O S,

o Tok-27

Find lk( ) - solution of the equation
2

Q. (el 1+ PUEIAE.0, AGD. 4 (D +
+ iff(«:t.,[ Ly D+ iPL(EI dAE,, A(E)yY (L D)dE) = O,
v — 1 _ k h- h . . d. f . .
at > N = 2%, which is in vector-coordinate form-is written as
2, 1(x) 2, Z(x) fr(xrz/(t)*-

+ nﬁ‘%l‘ ©dE2, 1 5, (09 (r)+ujf(,,r.w<r)+
: £

P 2 EDAELA 4 @ ENddr =0, (278)

T
s

et jf(x @)+
2" (s- 1)7

* P (©)dEA L U@+ vfr(ar,w<r)+

£

P (ENEEA L (D @)ADAT A (=027

9)
where x€[0,w],s =1,2% - 1. Initial approximation systems (2.78),
(2 79) vector-function
~ ; ok
T(X) (A' T 1(X)A' T 2( ) "A' T Zk(x)) EC([O’G)]’R2 )

Tl L Tl
2" 2" "ok 2"

— k-1
r (X)’ r 152 >

we define as follows: )Ll,ik,2r- 1(X) - /11, kT -
=

Ao (=4 . (0+

> s
Zk Zk 1
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T
@r-ge

R R S o T S O P S CORT IO
5 VgreT SR

T
2

FFETv@ f o (E)MEA ,  (E)GE)ET.

0 k-1’ k-1’
Take )Ll,ik (X, the function 0, (x) > 0 and construct sets:
2
S 1 (0, P (X)) =
R
Ay (O- A . (O < (O r =125
,27, 1’27"’
Gl(ﬁ’ T (X)) pk (X)) = {(Xv ty u,V, W) . (X, t) e Q)
u_xlsz,S < P, (x), V_Zl’zlk’s < P (x),
w- A T < p(x), xel0,w],te (s-1)£k,s£k],s=1,2k
1’2715 2 2
Statement (v , k). Let | function  f(x,t,u,v,w) at

G, (;LV T (%), Oy 1 (X)) has uniformly continuous partial derivatives
S

f.(xt,u,v,w)y  fi(xtuv,w), f (xtu,v,w) and

matrix Jacobi C%o\%w//[1+;ﬁ(;=)d§, 0, A(x), r//([-1J+;ffts,[-J,w([-1>+
+ PEDIE LA A DA is  invertible for  all

ARES(A 1 (2,0, (X)), xe[0,w] and the following

ok
inequalities are executed:
1) [%o i PEE0ANGID + [y

-1

T
=y, (X, =)

+ :ﬁ(a YAE,, A(E), 0 ([ J))ds)] 2

L s
2) [(c, (x) +1)c (x) +1]e; (DL, (X)*L\(X)Jf‘(f)t"‘ x

X fmax{ 1L, (5}, () + Dy () + 11y, (S o) X

102




{‘o. Lyl L @dEOL D+ FEHw D+

* L (EDAEL T @) I DE)|dEdE + ey (e, (x) +

T
+1y, (%, 27)

Q ¢ (xylI+ i (©)E0,A ; (OP([D+
"ok "2k "ok

0

+ FEHYD+ [, @55 + OO < ).

0

2 (0,

Then there is a number @ =1 such that the sequence .
2

m = 0,1,2,..., is determined by the iterative process:

A% (x) = i r (%),

YooK zk
A«(m+1) (X) A,(m (X) N
VoK Yok
2= /T(xw[1+ L OHE0A ()

0k
-1

+ jf(&[]w([ D+ W (§)d80 27 () (DdE|

XQ Gyl f.v%@)ds,o’ﬂ%( D+ nj'f(s,[],u O+
+ ﬁ"" (&)da,h""’ (). ([ 1dS),
Ay (x)
V,z—k

converges to - isolated solution of the system of equations

Q + (y 1+ P(EIIE,O0, ALy (LD +
o 5

+ FEL e A D+ PUEIEE,, AE). 4 A 1)) = 0
d U

in S()LV,Lk (X0, 0, 1k (X)) and inequality takes place
2

N B ¢

k

=y, (x, ) L ()M (%),  (2.80)

2k

"ok 2

where
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T
@r-1)—
2k

M(X) = max. J'f(x’rl’w(rl) +

@r-2)——
Sk

P ©6E JferpE) s

(2r-2)—
Zk

+ ﬁvwf.l’r(g)dg’m Vf;;(x,rv,w(rvﬁ

@r-2)—
Sk

B O L () G )+

L
gy

r L (E)Y @ NAE)YdT, ....tp (7)) +

B >
Sk-1

+ (l)-p’lf. I(I‘_l,r (é—l)dgl’a‘v
*FETW @ P (EXEA o (G @)AEdT, () +

+ Xff(E,rl,w(Tl) +po
0 0

2k-1

LEVAELA (&)@ )dE)dT,

'Zkfl

Really, as operator
Qs G T A% PCEIAE,0, A, (T D+

+ Jf(&LLy A D+ PEIDE, AE)LY A DHE) =0

in S(AV,LI{ (9,00 (29) satisfies all the assumptions of Theorem 1
2
. . A (%) .
of [87],.then we obtain the existence of V,Lk - isolated

2
solution of equations

O, (T A+ PUEIAE.0. ACO. A D +
VeoR o

+ i]'f(;—l[ Ly d D+ iﬁ(é—’. YAE, A(E)y (L DAE) =0

X

Q ; (xylI+ i (©)E0L (O ([D+
ok 2 2

and the estimate

=

A L O-A L, O
V’Ei? V,E;:

T
<max ¥, (x,—),
xel0,0] 2 §
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+jf(;—[w([])+ﬁ (G5 () (D)D)

v, —

(2.81)

Let's estimate norm of the operator

Q L, L+ P(EIAE.0. A (LD +
VeoR 5

+ ‘ff(;‘,[ Ly d D+ iP»(,E.)d;C.,A(&), Y (L DAE):

*FERwAD+ f L E)E L @) 1)ds)| <

Q , (xyl1+ f  (£)dE0. A , (). (D +

ln‘o

v

(2r-1)2Lk

<L (X) k max J‘f(X,Tl,”I/J(Tl)'F
27 rmaahet @r-2)=
ok

+ j‘ar () jf(xrz v ﬁ, ,,r(é)df,«.

(r- 2)*

jf(xr @)+ J’\v o DAER 0@+
@r- z)— 2!

+ s e

+ﬁ v EDdESA 1 (5D, Y (z,NdE)dr, ...,y (T,) +
6 Vok-1? V’Zk—l’

= (S Ta. (v +
&

T ,,.(51)‘1&1,25v T ( ).y (r,))dE)dT,,y (T,) +

B >
2k—l

R ERwE+ p o (G () @)EDT

. >
2k-1

Substituting in (2.80) inequality (2.81) we obtain the validity of the
estimate (2.79). Thus, the introduction of additional parameters and
the ‘consideration of an equivalent problem with parameter (2.37)-
(2.41) allow you to reduce the problem of the initial approximation for
the nonlinear semi-periodic boundary value problem (2.1)-(2.3) to
finding A (x) € C([0, w], R"**)- solutions system of equations
(2.60). Promotion by number of substitutions v € N and in step
h>0:Nh=T carried out based on iterative processes where as an
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initial approximation the solution of equation (2.60) is taken with the
previous parameters V' and h.
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Conclusion

This work is devoted to the study of the solvability of semi-
periodic boundary value problems for systems of hyperbolic equations
with mixed derivatives and the construction of constructive algorithms
for finding approximate solutions.

Before, using the method of introducing functional parameters
for nonlocal boundary value problems of hyperbolic mixed derivative
equations, two-parameter families of algorithms for finding selutions
to nonlocal boundary value problems were constructed, at each step of
which Goursat problems are solved. On the basis of  this algorithm,
necessary and sufficient conditions for the umique ‘solvability of
nonlocal boundary value problems for linear hyperbolic equations
with a mixed derivative are established, and: for non-local boundary
value problems for non-linear hyperbolic equations - sufficient
conditions for the existence of a solution. In this regard, it is important
to find the necessary and sufficient_conditions for the existence of an
"isolated" solution of nonlocal boundary value problems for systems
of nonlinear hyperbolic equations and the construction of systems of
equations that allow one to determine the initial approximations of
solutions. Therefore, along with these questions, we study the
construction of constructive algorithms for finding solutions and the
establishment of new criteria of the unique solvability of the semi-
periodic boundary wvalue problem for systems of linear hyperbolic
equations with'a mixed derivative.

In the firstesection of work, a linear semi-periodic boundary
value problem for systems of hyperbolic equations with a mixed
derivative is investigated. The studied boundary value problems are
reduced to families of periodic boundary value problems for ordinary
differential equations and functional relations. In terms of the initial
data on the basis of a method of parametrization, constructive
algorithms for finding approximate solutions to the problems under
study are proposed, at each step of which there is no need to solve the
problems of Goursat, and the coefficient criteria of unique solvability
are obtained.

In the second section for the semi-periodic boundary wvalue
problem of systems of nonlinear hyperbolic equations with a mixed
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derivative in terms of the initial data, an algorithm for finding an
approximate solution is proposed and sufficient convergence
conditions are obtained.

One of the difficult problems of the theory of nonlinear boundary
value problems is the choice of the initial approximation to the
solution. In order to find the initial values of the functional
parameters, systems of nonlinear equations are constructed. They are
determined by the initial data of the problem and differ in the choice
of the partition step and the number of substitutions [91-115].

The results obtained in this work are theoretical and can be used
in the construction of computational algorithms for solving semi-
periodic boundary value problems for systems [of hyperbolic
equations, as well as in the reading of special courses at the
mathematical faculties of universities.
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