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INTRODUCTION

One of the main and most studied problems of the theory of the
hyperbolic equations of the second order is a periodic boundary value
problem. A systematic study of periodic boundary value problems for
hyperbolic equations with mixed partial derivatives started in 60s with
the work of L. Cesari [1-4], J.K. Hale [5], G. Hecquet [6-8], A.K. Aziz
[9-12],  V.  Lakshmikantham  [13],  S.V.  Zhestkov  [14],  A.M.
Samoylenko  [15,  16],  T.I.  Kiguradze  [17-27],  B.I.  Ptashnik  [28],
Yu.A. Mitropolskiy, G.P. Homa, M.I. Gromyak [29] and others dealt
with  further  investigations  of  the  solvability  of  periodic  boundary
value problems. To solve periodic boundary value problems of second
order  hyperbolic  equations,  were  applied  the  Fourier  method,  the
method  of  successive  approximations,  the  methods  of  functional
analysis, the variational method [30-51], etc. Despite the presence of
numerous methods for  study of  periodic  boundary value problems,
interest  in  them continues  to  this  day.  The  application of  different
approaches, ideas and methods leads to results formulated in different
terms.  The  development  of  information  technologies  and  its
comprehensive  application  in  applied  problems  imposes  new
requirements of the developed methods. Particular attention got to be
paid  to  the  methods  that  are  different  from  others  in  their
constructiveness at the stage of approximate construction of solutions
and in the study of such qualitative issues as the establishment of the
existence  of  a  solution,  the  rationale  for  the  convergence  of
approximate solutions to the exact one, an estimate of the inaccuracy
of the approximate solution.

One  of  such  constructive  methods  is  the  method  of  a
parametrization  that  was  proposed  by  D.S.  Dzhumabaev  [52],  for
solving  two-point  boundary  problems  of  ordinary  differential
equations.  The  point  of  using  this  method  is  to  enter  additional
parameters  and  bring  the  original  problem to  multipoint  boundary
value problem with a parameter. It allows in terms of initial data to set
conditions  for  the  solvability  of  the  boundary  value  problem  for
ordinary differential equations and to propose a family of algorithms
for finding its approximate solution.

A modification of the parametrization method is the method of
adding  a  functional  parameter,  devised  in  the  works  of  
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D.S.  Dzhumabaev  and  A.T.  Asanova  [53-54],  which  finds  its
application in  the study of nonlocal  boundary value problems with
data  on characteristics  for  a system of hyperbolic equations  with a
mixed  derivative  with  two  independent  variables.  There  were
constructed two-parameter families of algorithms for finding solutions
to  nonlocal  boundary-value  problems,  at  each  step  of  which  the
Goursat problems are solved. The coefficient criteria for the unique
solvability of a boundary value problem with data on characteristics
for a system of linear hyperbolic equations and sufficient conditions
for  the  existence of  a  solution of  a  boundary value  problem for  a
system of nonlinear hyperbolic equations with a mixed derivative are
established on the basis of this algorithm. However, issues related to
finding  the  necessary  and  sufficient  conditions  for  non-local
boundary-value  problems  for  systems  of  nonlinear  hyperbolic
equations with a mixed derivative, and building systems of equations
that  allow one  to  find initial  approximations  of  solutions  have  not
been studied.

In this work we consider semi-periodic boundary value problems
for  systems  of  hyperbolic  equations  with  mixed  derivatives.
Application of a method of  a  parametrization allowed us to  obtain
necessary and sufficient conditions to obtain necessary and sufficient
conditions  for  the  existence  of  an  "isolated"  solution  of  the  semi-
periodic boundary value problem for systems of nonlinear hyperbolic
equations  with  mixed derivative,  to  construct  systems of  equations
that  allow  to  determine  the  initial  approximations  of  solutions,  to
establish new criteria of the correct solvability of the semi-periodic
boundary value problem for systems of linear hyperbolic equations
with  mixed  derivative  and  to  propose  constructive  algorithms  for
finding its approximate solution. The advantage of the new algorithms
from the previously proposed ones is that there is no need to find a
solution to the Goursat problem at each step. 
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1 THE ALGORITHM FOR FINDING SOLUTIONS OF A
SEMI-PERIODIC  BOUNDARY  VALUE  PROBLEM  FOR
SYSTEMS  OF  LINEAR  HYPERBOLIC  EQUATIONS  WITH
MIXED DERIVATIVE

In  this  section,  we  consider  a  linear  semi-periodic  boundary
value  problem  for  systems  of  hyperbolic  equations  with  a  mixed
derivative.

Hyperbolic equations with mixed derivatives of the second order
from  two  independent  variables  are  applied  in  the  dynamics  and
kinetics of gas sorption with a linear and nonlinear isotherm, when
describing the kinetics of filtration clarification of low concentrated
aqueous suspensions on water purification filters,  when considering
the processes of drying air flow and isentropic one-dimensional plane
flow in gas dynamics [55].

In subsection 1.1, the scheme of a method of a parametrization
applied  to  a  semi-periodic  boundary  value  problem for  systems of
linear  hyperbolic  equations  with a  mixed derivative of  the  form is
provided 
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],[0,][0,=),( Ttx  

],[0,),(=)(0, Ttttu                         (0.2)
],[0,),,(=,0)( xTxuxu                    (0.3)

where )( nn  - matrix ),,(),,(),,( txCtxBtxA  n  - a vector
function ),( txf  are continuous on  , n  - vector function )(t

is continuously differentiable on  ][0,T , and satisfies the condition
).(=(0) T

In subsection 1.2, on the basis of the equivalence of the semi-
periodic  boundary  value  problem  for  systems  of  linear  hyperbolic
equations and the periodic boundary value problem for a family of
systems of ordinary differential equations, a criterion for the correct
solvability of the investigated problem (0.1)-(0.3) is established.

In subsection 1.3, we consider a semi-periodic boundary value
problem of the form (0.1)-(0.3) for 0,),( txB  i.e. 
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with conditions (0.2), (0.3). Similar to subsection 1.1, problem (0.4),
(0.2), (0.3) is investigated by the method of parametrization. On the
basis of this method, to find an approximate solution of the boundary
value problem (0.4), (0.2), (0.3), proposed an efficient algorithm that
differs  in  its  constructiveness  from  the  algorithm  proposed  in
subsection 1.1. In terms of the initial data, the coefficient criteria of
the unique solvability of the semi-periodic boundary value problem
(0.4), (0.2), (0.3) are established.

1.1  Statement  of  a  linear  semi-periodic  boundary  value
problem  and  sufficient  conditions  for  the  convergence  of
algorithms finding its solution

Mathematical  modeling  of  phenomena  and processes  repeated
after  a  certain  period  of  time  leads  to  the  need  to  study  periodic
boundary value problems of hyperbolic type. Periodic boundary value
problems for hyperbolic equations with mixed partial derivatives are
considered  in  the  works  of  L.  Cesari,  J.K.  Hale,  G.  Hecquet,  
A.K. Aziz, V. Lakshmikantham, S.V. Zhestkov, A.M. Samoylenko,
T.I.  Kiguradze,  B.I.  Ptashnik,  Yu.A.  Mitropolskiy,  G.P.  Homa,  
M.I. Gromyak and others.

Despite existence of a large number of the works devoted to a
research of periodic boundary value problems interest in them doesn't
weaken to this day. The application of various approaches, ideas and
methods  leads  to  the  results  formulated  in  various  terms.  The
development  of  information  technologies  and  its  comprehensive
application in solving applied problems imposes new requirements on
the  proposed  methods,  paying  particular  attention  to  their
constructiveness. The main characteristic of constructive methods is
the effective verification of the conditions of their applicability and
the possibility of using them to find solutions with a given accuracy.

In this regard, the development of new approaches to expand the
classes of solvable periodic problems and the creation of constructive

6

Ре
по
зи
то
ри
й К
ар
ГУ



algorithms  for  finding  their  solutions  is  relevant  both  for  the
development of the theory of boundary value problems with partial
derivatives, and for its application in practice.

The subject of research in this subsection 1.1 is the construction
of algorithms for finding solutions and determining the conditions of
convergence  of  the  proposed  algorithms  considered  on

][0,][0,= T   of  a  linear  semi-periodic  boundary  value
problem for a system of hyperbolic equations of the form

,),(),,(),(),(),(=
2














txtxfutxC

t

u
txB

x

u
txA

tx

u

(1.1)
],[0,),(=)(0, Ttttu                       (1.2)
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where  )( nn  matrices  ),,(),,(),,( txCtxBtxA  n  -  vector-
function ),( txf  are continuous on  , n  - vector-function )(t
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is called a solution to problem (1.1)-(1.3), if it satisfies system (1.1)
for all ),( tx , on the characteristic 0=x  takes the obtain value

],[0,),( Ttt   on the characteristics Ttt =0,=  has equal values
for ][0,x .

To find a solution to this problem, we introduce new unknown
functions 
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and write problem (1.1)-(1.3) in the form 
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],[0,),,(=,0)( xTxvxv                  (1.5)
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0

  xTtdtvttxu
x

    (1.7)
Here, the problem of finding a solution of a semi-periodic boundary
value  problem  for  a  system  of  hyperbolic  equations  (1.1)-(1.3)  is
reduced to a family of periodic boundary value problems for ordinary
differential equations (1.4), (1.5) and functional relations (1.6), (1.7).
Problems (1.1)-(1.3) and (1.4)-(1.7) are equivalent in the sense that if
the function  ),,( txu  is a solution to problem (1.1)-(1.3), then the
triple  )),(),,(),,(( txutxwtxv  will  be  a  solution  to  problem
(1.4)-(1.7) and, conversely, if a triple )),(~),,(~),,(~( txutxwtxv

is  a  solution  to  problem  (1.4)-(1.7),  then  ),(~ txu  solution  of
problem (1.1)-(1.3).

The  method  of  a  parametrization  [56-58]  is  applied  to  the
solution  of  a  problem  (1.4)-(1.7).  By  the  step  TNhh =:0>  we
partition the 
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In this case, the range of   is divided into N  parts.
Let  ),(),,(),,( txutxwtxv rrr  denote,  respectively,  the

restrictions  of  the  functions   ),(),,(),,( txutxwtxv  to

.1,=),,1)[(][0,= Nrrhhrr  

Then problem (1.4)-(1.7)  will  be  equivalent  to  the  boundary value
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,1,=,),(,),()(=),(
0

Nrtxdtvttxu rr
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r           (1.12)

where (1.10) - is the condition for gluing the functions ),( txv  in the

inner  lines  of  the  partition.  Let  )(xr  denote  the  value  of  the

function ),( txvr  with ,1)(= hrt   i.e.  )1)(,(=)( hrxvx rr 

and make a replacement for ),(),(=),(~ xtxvtxv rrr   Nr 1,= .
We  obtain  an  equivalent  boundary  value  problem  with  unknown
functions )(xr :
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Problems (1.8)-(1.12)  and (1.13)-(1.18)  are  equivalent  in  the  sense
that  if  the  system  of  triples  )},,(),,(),,({ txutxwtxv rrr

,1,= Nr  is a solution to problem (1.8)-(1.12), then the system 
),1)(,(=)({ hrxvx rr   ),1)(,(),(=),(~ hrxvtxvtxv rrr 

)},,(),,( txutxw rr ,1,= Nr  is  a  solution  to  problem  (1.13)-

(1.18) and,  conversely,  if  ),({ xr  ),,(~ txvr  )},,(),,( txutxw rr

Nr 1,=  -  is  a  solution  to  problem  (1.13)-(1.18),  then  triples
)},,(),,(),,(~)({ txutxwtxvx rrrr   ,1,= Nr  will  be  the

solution of problem (1.8)-(1.12).
Problem (1.13),  (1.14)  with fixed  ),,(),,(),( txwtxux rrr

,1,= Nr  is a family of Cauchy problems for ordinary differential
equations,  where  ],[0,x  and  is  equivalent  to  the  integral
equation 
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functional equations: 
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I unit matrix of dimension of .n
To find a system of four functions  ),,(),,(~),({ txwtxvx rrr  ,1,=)},,( Nrtxur

we have a closed system consisting of equations (1.21), (1.20), (1.18)
and (1.17).

Assuming  the  invertibility  of  the  matrix  ),( hxQ  for  all
][0,x , from equation (1.18), where 
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successive approximations are constructed according to the following
algorithm:
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,1,=),,(=),(),,(=),( (0)(0) Nrtxutxutxwtxw rrrr

first approximations in  ,1,=),,(~),( Nrtxvx rr  find solving the
problem (1.13)-(1.16). Taking 

),,(~=),(~),(=)( (0)(1,0)(0)(1,0) txvtxvxx rrrr 

system couple  ,1,=)},,(~),({ (1)(1) Nrtxvx rr  find the limit of the

sequence ),()(1, xm
r  ),,(~ )(1, txv m

r  defined the next way:

Step 1.1.  Assuming the invertibility of the matrix  ),,( hxQ
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][0,x , from equation (1.21), where ),,(~=),(~ (1,0) txvtxv rr  we

find :))(),...,(),((=)( (1,1)(1,1)
2

(1,1)
1

(1,1) xxxx N  

)}.~,,(),,,({)],([=)( (1,0)(0)(0)1(1,1) vhxGuwhxFhxQx   

Substituting the found ),((1,1) xr  ,1,= Nr  in (1.20) we find 

).~,,(),,,()(),(=),(~ (1,0)(0)(0)(1,1)(1,1) vtxGuwtxFxtxDtxv rrrrr   

Step  1.2.  From  equation  (1.21),  where

),,(~=),(~ (1,1) txvtxv rr
 we define

)}.~,,(),,,({)],([=)( (1,1)(0)(0)1(1,2) vhxGuwhxFhxQx   

Again  using  expression  (1.20),  we  find  the  functions

)},,(~{ (1,2) txvr  ,1,= Nr

).~,,(),,,()(),(=),(~ (1,1)(0)(0)(1,2)(1,2) vtxGuwtxFxtxDtxv rrrrr   

On  the  step  )(1,m  we  get  system  couple

.1,=)},,(~),({ )(1,)(1, Nrtxvx m
r

m
r

Suppose that the solution of problem (1.13)-(1.16) the sequence

of systems of couples ),({ )(1, xm
r  )},(~ )(1, txv m

r  defined and for m
converges  to  continuous,  respectively,  on  ],[0,x  rtx ),(

functions ),((1) xr  ),(~ (1) txvr , .1,= Nr

B) Functions ),,(),,( (1)(1) txutxw rr  ,1,= Nr  are determined

from the relations 

,
),(~

)(=),(
(1)

0

(1) 


 d
t

tv
ttxw r

x

r





,)(),(~)(=),( (1)

0

(1)

0

(1)  ddtvttxu r

x

r

x

r          .),( rtx 

Step 2. A) Assuming that 

,1,=),,(=),(),,(=),( (1)(1) Nrtxutxutxwtxw rrrr

the  second  approximations  on  ,1,=),,(~),( Nrtxvx rr  find
solving the problem (1.13)-(1.16). Taking the 

),,(~=),(~),(=)( (1)(2,0)(1)(2,0) txvtxvxx rrrr 

systems  of  couples  ,1,=)},,(~),({ (2)(2) Nrtxvx rr  we  find  the

12

Ре
по
зи
то
ри
й К
ар
ГУ



limit  of  the  sequence  ),,(~),( )(2,)(2, txvx m
r

m
r  defined  in  the

following way:
Step  2.1.  Assuming  the  invertibility  of  the  matrix

][0,),,(  xhxQ ,  from  equation  (1.21),  where

),,(~=),(~ (2,0) txvtxv rr  we find 

:))(),...,(),((=)( (2,1)(2,1)
2

(2,1)
1

(2,1) xxxx N

)}.~,,(),,,({)],([=)( (2,0)(1)(1)1(2,1) vhxGuwhxFhxQx   

Substituting the found ),((2,1) xr  ,1,= Nr  at (1.20) we find 

).~,,(),,,()(),(=),(~ (2,0)(1)(1)(2,1)(2,1) vtxGuwtxFxtxDtxv rrrrr   

Step 2.2. From equation (1.21), where ),,(~=),(~ (2,1) txvtxv rr

we define 
)}.~,,(),,,({)],([=)( (2,1)(1)(1)1(2,2) vhxGuwhxFhxQx   

Again  using  expression  (1.20),  we  find  the  functions

)},,(~{ (2,2) txvr  :1,= Nr

).~,,(),,,()(),(=),(~ (2,1)(1)(1)(2,2)(2,2) vtxGuwtxFxtxDtxv rrrrr   

At  step  )(2,m  we  obtain  a  system  of  couples

.1,=)},,(~),({ )(2,)(2, Nrtxvx m
r

m
r

Suppose that the solution of problem (1.13)-(1.16) is a sequence

of systems of couples ),({ )(2, xm
r  )},(~ )(2, txv m

r  is defined and at m
converges to ),({ (2) xr  )},(~ (2) txvr , .1,= Nr

B) The functions  ,1,=),,(),,( (2)(2) Nrtxutxw rr  are  defined

from the relations 

,
),(~

)(=),(
(2)

0

(2) 


 d
t

tv
ttxw r

x

r





,)(),(~)(=),( (2)

0

(2)

0

(2)  ddtvttxu r

x

r

x

r  

where .),( rtx 

Continuing the process, at the step k  we obtain the system ),({ )( xk
r

),,(~ )( txv k
r  )},,(),,( )()( txutxw k

r
k

r  .1,= Nr

The conditions of the following statement provide the feasibility
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and  convergence  of  the  proposed  algorithm  [59-62],  and  also  the
unique solvability of the problem (1.13)-(1.18) .

Theorem  1.  Let  for  some  1,2,...,=,=:0> NTNhh  and
)(,, nNnNN   matrix  ),( hxQ  reversible  for  all

][0,x  and inequalities are carried out

1) );,()],([ 1 hxhxQ  

2) 1.<]
!

))((
),([1

!

))((
=),(

1=







 





   j

hx
hx

hx
hxq

j

j

Then there is a unique solution of problem (1.13)-(1.18) and estimates
are valid 

,),(~),(~supmax)()(maxmax) )(*

),1)[(1,=

)(*

1,=






txvtxvxxa k
rr

rhhrtNr

k
rr

Nr









































jx

kj

k
rr

rhhrtNr
da

j
xa

t

txv

t

txv
 )(

!

1
)(

),(~),(~
supmax 0

01=
0

)(

),1)[(1,=

}.,)(max,)(max{max)}(),({max
0

][0,][0,
21

0

fttdaa
TtTt

x

 




b) ,),(),(supmaxmax )(*

),1)[(1,=






txutxu k
rr

rhhrtNr









),(),(supmax
)(*

),1)[(1,=
txwtxw k

rr
rhhrtNr

,),(~),(~supmax)()(maxmax )(*

),1)[(1,=

)(*

1,=0 






 txvtxvxx k
rr

rhhrtNr

k
rr

Nr

x



1,2,...,=,
),(~),(~

supmax
)(

),1)[(1,=
k

t

txv

t

txv k
rr

rhhrtNr 












 



where  ,),(max=)(
][0,

txAx
Tt

 ,),(max=)(
][0,

txBx
Tt



),(max=)(
][0,

txCx
Tt

 ,

)(0 xa
,)]()(1][)()([,

),(1

)]()()][()([
max= 3

0

31













 





db
hxq

xxxbxb x




)]()()][()(]([
!

))((
),([1

),(1

),(
=)( 311 xxxbxb

hx
hx

hxq

hx
xa 






 







 ),()[()()()}()(1,)()({max 232313

0

hxqxbxbdbbbb
x


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]),
!

))((
),(










hx
hx

  )()({max)]()(1][)()([=)( 131

0

3

0

2 



bbxa
x

,
!

))((
),(=)(,)()}()(1,

1

0=
11121311 j

hx
hhxxbddbbb

j

j






 


 1,)()(=)(2  xxxb  .
!

))((
]

!

))((
),([1=)(

1

0=1=
3 j

hx
h

j

hx
hhxxb

j

j

j

j






 




Proof. The following inequalities take place 

 


!

))((
),,,(

1

0= j

hx
huwhxF

j

j





],),(),()(),()([supmax
),1)[(1,=

txftxuxtxwx rr
rhhrtNr






,),(~supmax
!

))((
),,(

),1)[(1,=
txv

hx
vhxG r

rhhrtNr 




 



.
!

))((
),(supmax

1=),1)[(1,= j

hx
txD

j

j
r

rhhrtNr



 


From the zero step of the algorithm, the following estimates follow: 
)(max

(0)

1,=
xr

Nr







 ]),()()()()([sup
!

))((
),(

][0,

1

0=

txftxtx
j

hx
hhx

Tt

j

j










},,)(max,)(max{max)()(
0

][0,][0,
21 fttxbxb

TtTt
 





 


)(max
!

))((
),(~supmax

(0)

1,=1=

(0)

),1)[(1,=
x

j

hx
htxv r

Nr

j

j
r

rhhrtNr









 },)(max,)(max{max)(
!

))((
0

][0,][0,
2

1

0=

fttxb
j

hx
TtTt

j

j






},)(max,)(max{max)()(
0

][0,][0,
23 fttxbxb

TtTt
, 








)(),(supmax
(0)

),1)[(1,=
ttxwr

rhhrtNr


},)(max,)(max{max)(1])()([
0][0,][0,

23

0

fttdbb
TtTt

x

, 







)(),(supmax
(0)

),1)[(1,=
ttxur

rhhrtNr


}.)(max,)(max{max)()]()([
0][0,][0,

231

0

fttdbbb
TtTt

x

, 



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The following estimates are valid: 
 )()(max

(1,0)(1,1)

1,=
xx rr

Nr







 )(),(supmax)(
!

))((
),( (0)

),1)[(1,=

1

0=

ttxwx
j

hx
hhx r

rhhrtNr

j

j















 )(),(supmax)(
!

))((
),( (0)

),1)[(1,=

1

0=

ttxux
j

hx
hhx r

rhhrtNr

j

j









,),(~supmax
!

))((
),( (0)

),1)[(1,=
txv

hx
hx r

rhhrtNr 














),(~),(~supmax
(1,0)(1,1)

),1)[(1,=
txvtxv rr

rhhrtNr

 )()(max
!

))(( (1,0)(1,1)

1,=1=

xx
j

hx
rr

Nr

j

j









 )(),(supmax)(
!

))(( (0)

),1)[(1,=

1

0=

ttxwx
j

hx
h r

rhhrtNr

j

j











 )(),(supmax)(
!

))(( (0)

),1)[(1,=

1

0=

ttxux
j

hx
h r

rhhrtNr

j

j







),(~supmax
!

))(( (0)

),1)[(1,=
txv

hx
r

rhhrtNr

 




)(),(supmax)()( (0)

),1)[(1,=
3 ttxwxxb r

rhhrtNr
 

  


)(),(supmax)()( (0)

),1)[(1,=
3 ttxuxxb r

rhhrtNr


.),(~supmax),( (0)

),1)[(1,=
txvhxq r

rhhrtNr 

 

Let's establish inequality 
=)((1,1) x




)()(max),(~),(~supmax= (1,0)(1,1)

1,=

(1,0)(1,1)

),1)[(1,=
xxtxvtxv rr

Nr
rr

rhhrtNr


   dbxbbbxxxbxb
x

)()}()(1,)()({max)]()()][()([ 2313

0

31




})(max,)(max{max
0

][0,][0,
ftt

TtTt
, 
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 )()(]
!

))((
),(),([ 23 xbxb

hx
hxhxq










.})(max,)(max{max
0

][0,][0,
ftt

TtTt
, 





Thus


 )()(max
)(1,1)(1,

1,=
xx m

r
m

r
Nr



,),(~),(~supmax
!

))((
),( 1)(1,)(1,

),1)[(1,=
txvtxv

hx
hx m

r
m

r
rhhrtNr















(1.22)




),(~),(~supmax
)(1,1)(1,

),1)[(1,=
txvtxv m

r
m

r
rhhrtNr




 )()(max
!

))(( )(1,1)(1,

1,=1=

xx
j

hx m
r

m
r

Nr

j

j




 



),(~),(~supmax
!

))(( 1)(1,)(1,

),1)[(1,=
txvtxv

hx m
r

m
r

rhhrtNr

 

.),(~),(~supmax),( 1)(1,)(1,

),1)[(1,=
txvtxvhxq m

r
m

r
rhhrtNr





 

(1.23)
Owing to inequality of 1<),( hxq  follows the uniform convergence

of the sequence ),,(~ 1)(1, txv m
r

  for ,),( rtx   to ),(~ (1) txvr  and

convergence of a sequence of systems of functions  )(1)(1, xm
r

  to

continuous on ][0,x  functions )((1) xr  for all :1,= Nr  





),(~),(~supmax
(1,0)1)(1,

),1)[(1,=
txvtxv r

m
r

rhhrtNr

.),(~),(~supmax)],([ (1,0)(1,1)

),1)[(1,=0=

txvtxvhxq rr
rhhrtNr

j
m

j




 


 )()(max

(1,0)1)(1,

1,=
xx r

m
r

Nr





 ),(~),(~supmax
!

))((
),()],([ (1,0)(1,1)

),1)[(1,=0=

txvtxv
hx

hxhxq rr
rhhrtNr

j
m

j 








.)()(max
(1,0)(1,1)

1,=
xx rr

Nr
 
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




)()(max),(~),(~supmax
(1,0)1)(1,

1,=

(1,0)1)(1,

),1)[(1,=
xxtxvtxv r

m
r

Nr
r

m
r

rhhrtNr


 }
!

))((
),({1)],([

0= 








hx
hxhxq j

m

j




),(~),(~supmax
(1,0)(1,1)

),1)[(1,=
txvtxv rr

rhhrtNr

.)()(max
(1,0)(1,1)

1,=
xx rr

Nr
 

Passing to the limit at ,m  obtain estimates:
 )((1) x




)()(max),(~),(~supmax= (0)(1)

1,=

(0)(1)

),1)[(1,=
xxtxvtxv rr

Nr
rr

rhhrtNr










),(~),(~supmax
),(1

!

))((
),(1

(1,0)(1,1)

),1)[(1,=
txvtxv

hxq

hx
hx

rr
rhhrtNr









}.)(max,)(max{max)()()(max 0
][0,][0,

1
(1,0)(1,1)

1,=
fttxaxx

TtTt
rr

Nr
, 














 



)()([
),(~),(~

supmax=)(
~

3

0

(0)(1)

),1)[(1,=

(1)  b
t

txv

t

txv
x

x
rr

rhhrtNr

  


ddbbbb 1121311131

0

)()}()(1,)()({max)]()(1][

=})(max,)(max{max
0

][0,][0,
ftt

TtTt
, 





},)(max,)(max{max)(=
0

][0,][0,
2 fttxa

TtTt
, 



,)(
~

),(),(supmax
(1)

0

(0)(1)

),1)[(1,=
 dtxwtxw

x

rr
rhhrtNr

 


.)(),(),(supmax
(1)

0

(0)(1)

),1)[(1,=
 dtxutxu

x

rr
rhhrtNr

 


 )}(
~

),({max (1)(1) xx

}.)(max,)(max{max)}(),({max
0

][0,][0,
21 fttxaxa

TtTt
, 





For systems of differences 

),()( )(1)( xx k
r

k
r  

 ),,(~),(~ )(1)( txvtxv k
r

k
r 

),,(),( )(1)( txwtxw k
r

k
r  ),,(),( )(1)( txutxu k

r
k

r   ,1,= Nr

1,2,...=k  the estimates are valid: 


 )()(max
1,0)(1,1)(

1,=
xx k

r
k

r
Nr


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 



),(),(supmax)()( 1)()(

),1)[(1,=
1 txwtxwxbx k

r
k

r
rhhrtNr



,),(),(supmax)()( 1)()(

),1)[(1,=
1 txutxuxbx k

r
k

r
rhhrtNr







 



),(~),(~supmax
1,0)(1,1)(

),1)[(1,=
txvtxv k

r
k

r
rhhrtNr

 



),(),(supmax)()( 1)()(

),1)[(1,=
3 txwtxwxxb k

r
k

r
rhhrtNr



,),(),(supmax)()( 1)()(

),1)[(1,=
3 txutxuxxb k

r
k

r
rhhrtNr





 


 )()(max

)1,(1)1,(

1,=
xx mk

r
mk

r
Nr



,),(~),(~supmax
!

))((
),( 1)1,()1,(

),1)[(1,=
txvtxv

hx
hx mk

r
mk

r
rhhrtNr















 



),(~),(~supmax
)1,(1)1,(

),1)[(1,=
txvtxv mk

r
mk

r
rhhrtNr

.),(~),(~supmax),( 1)1,()1,(

),1)[(1,=
txvtxvhxq mk

r
mk

r
rhhrtNr





 

 



),(~),(~supmax
1,0)(1)1,(

),1)[(1,=
txvtxv k

r
mk

r
rhhrtNr

.),(~),(~supmax)],([ 1,0)(1,1)(

),1)[(1,=0=

txvtxvhxq k
r

k
r

rhhrtNr

j
m

j





 


 )()(max

1,0)(1)1,(

1,=
xx k

r
mk

r
Nr






!

))((
),()],([

1

0= 








hx
hxhxq j

m

j

 



),(~),(~supmax
1,0)(1,1)(

),1)[(1,=
txvtxv k

r
k

r
rhhrtNr

.)()(max
1,0)(1,1)(

1,=
xx k

r
k

r
Nr


 

Passing to the limit at ,m  we obtain estimates: 





),(~),(~supmax
)(1)(

),1)[(1,=
txvtxv k

r
k

r
rhhrtNr




 



),(),(supmax
),(1

)()( 1)()(

),1)[(1,=

3 txwtxw
hxq

xxb k
r

k
r

rhhrtNr


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,),(),(supmax
),(1

)()( 1)()(

),1)[(1,=

3 txutxu
hxq

xxb k
r

k
r

rhhrtNr












   (1.24)


 )()(max

)(1)(

1,=
xx k

r
k

r
Nr






 



),(),(supmax
),(1

)()( 1)()(

),1)[(1,=

1 txwtxw
hxq

xxb k
r

k
r

rhhrtNr



,),(),(supmax
),(1

)()( 1)()(

),1)[(1,=

1 txutxu
hxq

xxb k
r

k
r

rhhrtNr













(1.25)




),(),(supmax
)(1)(

),1)[(1,=
txwtxw k

r
k

r
rhhrtNr

,
),(~),(~

supmax
)(1)(

),1)[(1,=0




d
t

tv

t

tv k
r

k
r

rhhrtNr

x




















),(),(supmax
)(1)(

),1)[(1,=
txutxu k

r
k

r
rhhrtNr




  dk
r

k
r

Nr

x

)()(max
)(1)(

1,=0

.),(~),(~supmax
)(1)(

),1)[(1,=0

 dtvtv k
r

k
r

rhhrtNr

x

 




Summing,  respectively,  the  left  and  right  parts  of  the  inequalities
(1.24), (1.25) we have 

=)(1)( xk






)()(max),(~),(~supmax= )(1)(

1,=

)(1)(

),1)[(1,=
xxtxvtxv k

r
k

r
Nr

k
r

k
r

rhhrtNr






 



),(),(supmax
),(1

)()]()([ 1)()(

),1)[(1,=

31 txwtxw
hxq

xxbxb k
r

k
r

rhhrtNr



,),(),(supmax
),(1

)()]()([ 1)()(

),1)[(1,=

31 txutxu
hxq

xxbxb k
r

k
r

rhhrtNr















(1.26)


















t

txv

t

txv
x

k
r

k
r

rhhrtNr

k ),(~),(~
supmax=)(

~ )(1)(

),1)[(1,=

1)(

 


 ),(),(supmax)(1][)()([ 1)()(

),1)[(1,=
3

0

txwtxwb k
r

k
r

rhhrtNr

x


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,]),(),(supmax)( 1)()(

),1)[(1,=
 dtxutxu k

r
k

r
rhhrtNr





       (1.27)

,)(
~

),(),(supmax
1)(

0

)(1)(

),1)[(1,=
 dtxwtxw k

x
k

r
k

r
rhhrtNr





 

.)(),(),(supmax
1)(

0

)(1)(

),1)[(1,=
 dtxutxu k

x
k

r
k

r
rhhrtNr





 

For  function  )}(
~

),({max 1)(1)( xx kk    on  the  basis  of
(1.26), (1.27) we establish inequality 

,)}(
~

),({max)()}(
~

),({max )()(

0

0
1)(1)(  dxaxx kk

x
kk

 
  (1.28)

  )}(
~

),({max 1)(1)( xx kk

.)}(
~

),({max))((
1)!(

)( (1)(1)

0

1
0

0

0  dda
k

xa x
k

x




 


Establish inequalities 

,),(~),(~supmax)()(maxmax )()(

),1)[(1,=

)()(

1,=



 



 txvtxvxx k
r

pk
r

rhhrtNr

k
r

pk
r

Nr
















 




)}(
~

),({max
),(~),(~

supmax
)()(

)()(

),1)[(1,=
xx

t

txv

t

txv pkpk
k

r
pk

r

rhhrtNr

  )}(
~

),({max...)}(
~

),({max (1)(1)1)(1)( xxxx pkpk















 





 dda
j

xa
xjxpk

kj

)}(
~

),({max)(
!

1
)( (1)(1)

0

0

0

2

1=
0















 





 daada
j

xa
xjxpk

kj

)}(),({max)(
!

1
)( 21

0

0

0

2

1=
0

},)(max,)(max{max
0

][0,][0,
ftt

TtTt
, 













,),(),(supmaxmax )()(

),1)[(1,=
txutxu k

r
pk

r
rhhrtNr










),(),(supmax
)()(

),1)[(1,=
txwtxw k

r
pk

r
rhhrtNr

,),(~),(~supmax)()(maxmax )()(

),1)[(1,=

)()(

1,=0 



 





 txvtxvxx k
r

pk
r

rhhrtNr

k
r

pk
r

Nr

x



,
),(~),(~

supmax
)()(

),1)[(1,= 












 

 t

txv

t

txv k
r

pk
r

rhhrtNr

passing to a limit at ,p  at all ,),( rtx   ,1,= Nr  we obtain
the estimates of Theorem 1.

Let's  prove  uniqueness.  Let  exists  ),,(),,(~),(( txwtxvx rrr

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)),,( txur
  ,1,= Nr  another  solution  of  the  boundary  value

problem  (1.13)-(1.18).  Similar  to  relation  (1.28)  for  differences

),,(~),(~),()( txvtxvxx rrrr


   
t

txv

t

txv rr








  ),(~),(~
 for  all

,1,=,),( Nrtx r  we obtain:





 



 ,),(~),(~supmax)()(maxmax
),1)[(1,=1,=

txvtxvxx rr
rhhrtNr

rr
Nr




















 t

txv

t

txv rr

rhhrtNr

),(~),(~
supmax

),1)[(1,=

,),(~),(~supmax)()(maxmax)(
),1)[(1,=1,=0

0




 





 tvtvxa rr
rhhrtNr

rr
Nr

x

 .
),(~),(~

supmax
),1)[(1,=




d
t

tv

t

tv rr

rhhrtNr 

















Using Bellman-Gronwall inequality [63] we have 









 ,),(~),(~supmax)()(maxmax
),1)[(1,=1,=

txvtxvxx rr
rhhrtNr

rr
Nr



0.=
),(~),(~

supmax
),1)[(1,= 















 t

txv

t

txv rr

rhhrtNr

From  where  follows  that  ),(=)(),,(~=),(~ xxtxvtxv rrrr
 

,
),(~

=
),(~

t

txv

t

txv rr







 

 .1,= Nr  From inequalities 

   



),(),(supmax
),1)[(1,=

txwtxw rr
rhhrtNr

,
),(~),(~

supmax
),1)[(1,=0




d
t

tv

t

tv rr

rhhrtNr

x
















 



),(),(supmax
),1)[(1,=

txutxu rr
rhhrtNr

 dtvtv rr
Nr

rr
rhhrtNr

x














 )()(max),(~),(~supmax

1,=),1)[(1,=0

have  ,1,=),,(=),(),,(=),( Nrtxutxutxwtxw rrrr
  for  all  .),( rtx 

Theorem 1 is proved.

1.2  Necessary  and  sufficient  conditions  for  the  unique
solvability 

The  equivalence  of  problems  (1.1)-(1.3)  and  (1.13)-(1.18)
implies that the conditions of Theorem 1 are sufficient conditions for
the  unique  solvability  of  the  linear  semi-periodic  boundary  value
problem for a system of hyperbolic equations with a mixed variable.

In this subsection,  the coefficient  characteristics of the correct
solvability of the boundary value problem (1.1)-(1.3) are established.

22

Ре
по
зи
то
ри
й К
ар
ГУ



In addition, a relationship has been established between the constant
of the correct solvability of the boundary value problem (1.1)-(1.3)
and the function  ),( hx ,  which bounds the norm of  the  matrix

),( hxQ  from above.
The theorem is valid.
Theorem 2. Let the conditions of theorem 1 are fulfilled. Then

the problem (1.1)-(1.3) has the single solution ),(* txu  and estimate
are valid 




















 

0

*

0
0

* ,,max
t

u

x

u
u

},)(max,)(max{max),(
0

][0,][0,
ftthxM

TtTt
,




     (1.29)

where 






 daa

da

exahxM
x

x

)}(),({max

)(

)(=),( 21
0

0

0
0  

).(1})]()()[(),()({max)}(),({max 2313121 xbxbxbxxbxbxaxa  

Definition 1.  The boundary value problem (1.1)-(1.3) is called
correctly solvable if for any ),,(),( nRCtxf   the continuous for

][0,T  functions  ),(t  )(t  has  the  single  solution  of
),(),( nRCtxu   and the inequality is valid 


















00
0

,,max
t

u

x

u
u

},)(max,)(max{max
0

][0,][0,
fttK

TtTt
, 



         (1.30)

where K  - constant, does not depend on ).(),,( ttxf   
From Theorem 3  [64,  p.342]  follows  that  the  boundary value

problem (1.1)-(1.3) is  correctly solvable if  and only if  the periodic
boundary value problem is correctly solvable 

,),(),,(),(= 



txtxFvtxA

t

v
        (1.31)

].[0,),,(=,0)( xTxvxv            (1.32)
Function  ),,(),( nRCtxv   with  continuous  on    the

derivative at argument t , is called the solution of the problem (1.31),
(1.32), if it satisfies system (1.31) and periodic condition (1.32).

Definition  2.  The  boundary  value  problem (1.31),  (1.32)  is
called correctly solvable if, for any ),(),( nRCtxF  , it has the

23

Ре
по
зи
то
ри
й К
ар
ГУ



single solution and the inequality is valid 
,

010
FKv                              (1.33)

where 1K  - constant,  independent of ).,( txF  

Let ),( txv  - be the solution of problem (1.31), (1.32). Then
a) a couple ]))[,(~),(( txvx   with components 

),1)(,(),(=),(~),1)(,(~=)( hrxvtxvtxvhrxvx rr 


where ,1,=,),( Nrtx r  is the solution to the problem 

),,()(),(~),(=
~

txFxtxAvtxA
t

v
rr

r 





,1,=,),(0,=)1)(,(~ Nrtxhrxv rr         (1.34)

],[0,0,=),(~lim)()(
0

1  


xtxvxx N
Tt

N      (1.35)

,11,=],[0,0,=)(),(~lim)( 1
0

 


Nsxxtxvx ss
sht

s  (1.36

)
b) there are such numbers 0,>, 21   that 

,1,=,),(,),(~,)( 21 Nrtxtxvx rrr   

c) for any N  equalities are performed
,1,=),~,,(),(

~
)(),(=),(~ NrvtxGtxFxtxDtxv rrrrrr

    (1.
37)

).~,,(),(
~

=)(),(   vhxGhxFxhxQ           (1.38)

Because  ,
!

))((
)~,,( 2



 



hx
vhxG r   and

),(
~

),,( txFtxD rr   at    r  uniformly converge to 
,...),(...),(=),( 111

1)(

11

1)(0=





ddxAdxAtxD jj

j

hr

t

hrj
r 





 




 11

1)(

),(=),(
~

 dxFtxF
t

hr

r

,...),(),()...,( 111

1)(

1

1)(

1

1)(0=





dddxFxAxA jjj

j

hr

j

j

hr

t

hrj












,1,=,=0 Nrt  then going to the limit at    in (1.37), (1.38)
and dividing both parts (1.38) into 0,>h  we obtain 

(1.39),1,=,),(),,(
~

)(),(=),(~ NrtxtxFxtxDtxv rrrrr  





 

],[0,),,,,(
~

=)(),(
1

  



 xhxFAFxhxQ
h

     (1.40)

24

Ре
по
зи
то
ри
й К
ар
ГУ



where

)).1)(,(
~1

),...,,(
~1

),,(
~

(=),,,(
~

1,1 hNxF
h

hxF
h

NhxFhxFAF NN  

Thus,  if  ),( txv  is  a  solution  to  problem  (1.31),  (1.32)  at
),(),( nRCtxF  , then 

)],([0,))(),...,(),((=)( 21
nN

N RCxxxx  

is the solution to equation (1.40).
Theorem  3. [65] The  boundary  value  problem  (1.1)-(1.3)  is

correctly solvable if  and only if  for any  1,2,...,=,=:0> NTNhh

there is a ,, N  ( )nNnN   - matrix ),( hxQ  reversible for
all ][0,x  and the inequalities 1), 2) of Theorem 1 are satisfied.

Proof. If the conditions are satisfied, the correct solvability of
problem (1.1)-(1.3) follows from Theorem 1 [66].

Let  the  problem  (1.1)-(1.3)  be  correctly  solvable.  Then  by
Theorem  3  of  [64,  p.342]  the  problem  (1.31),  (1.32)  is  correctly
solvable with a constant  .1K  Let us prove the invertibility of the
matrix ),( hxQ  at each fixed ][0,x . Consider the equation 

).],([0,)(),(),(=)(),(
1 nNRCxxbxbxhxQ
h

    (1.41)

Take 0>  and choose )(= 00 hh  to satisfy the inequality 

,
))(1

2
2(1

]~1[
)~(

1 ~













 he
h

h

).(max=~
][0,

x
x




 Now  for  all  ],(0, 0hh

)],([0,)( nNRCxb   on the basis of a Lemma from [52, p.54] it is

possible  to  construct  a  function  ),,(),( n
b RCtxF   with  the

properties: 
,)(max)(1),(max

][0,),(
xbtxF

x
b

tx 






  dtdxFtxA
h

dttxF
h

hxFAF b

th

b

h

b  ),(),(
1

),(
1

=),,,(
~

000

].[0,),(=...),(),(),(
1

11

000




  xxbdtddxFxAtxA
h

th

By  assumption,  problem  (1.31),  (1.32)  has  a  solution  for  any
).,( txF  Therefore, the equation 
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),,,,(
~

=)(),(
1

hxFAFxhxQ
h b                 (1.42)

as  shown  above,  for  any  bF  has  a  solution

:)],([0,)( nN
b RCx  

).,,,(
~

=)(),(
1

hxFAFxhxQ
h bb               (1.43)

From here, considering equality 
)(=),,,(

~
xbhxFAF b

we  obtain  that  equation  (1.41)  has  a  solution
)],([0,)( nN

b RCx    for  all  )],([0,)( nNRCxb   and
estimate is valid 




),(max)(max
),(][0,

txvx b
tx

b
x




)(max)(1),(max
][0,

1
),(

1 xbKtxFK
x

b
tx 






i.e.  operator  )],([0,)],([0,:),(
1 nNnN RCRChQ
h

   has  a

right inverse and 

,)(1
))

),(
1

1

],([0,(

1

KhQ
h nNRCLr



















where  ))],([0,( nNRCL   -  is  the  space  of  linearly  bounded

operators  ).],([0,)],([0,: nNnN RCRCL    Then by owing of
the relations 

,)],([=),(
1 1

1






 







r

r

hxQhhxQ
h

we have 

.
)(1

)))],([ 1

],([0,(

1

h

K
hQ nNRCLr





 



As at any fixed ][0,x  the equation 

,=),(
1

bhxQ
h



has a solution 
)(= xbb 
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for any ,nNRb  then the matrix ),( hxQ  is invertible and 

,)],([=)],([ 11 





 hxQhxQ r

for any ][0,x  and 

.
)(1

)],([=)],([ 111

h

K
hxQhxQ r










Taking into account the inequality 

,
!

)~(
),(),(

0=

~

j

h
ehxQhxQ

j

j

h 


 

and using the theorem on small perturbations of limitedly invertible
operators [63, p.142], we find   such that 

.
21!

)~()(1

0=

~1



 





















 j

h
e

h

K j

j

h

Then the matrix ),( hxQ  be invertible and estimates are performed 

,
)2(1

=

21
1

)(1

)],([ 1

1

1

h

Kh

K

hxQ



















.],
!

)~()2(1
[1

!

)~(
),(

1

1=

1 




 

 


 


j

h

h

Kh
hxq

j

j

Hence the existence of    such that

a) ,
)2(1

)],([ 11

h

K
hxQ





  b) 1.<)(hq



Theorem 3 is proved.
The following theorem is valid
Theorem 4.  The boundary value problem (1.1)-(1.3) is correctly

solvable if and only if for any  ,, N  exists  =:0>)(= Nhhh 

1,2,...,=,= NT  at  which  ( )nNnN   -  matrix  ),( hxQ  is
invertible for all  ][0,x  and inequalities of the Theorem 1 are
performed.

Proof. The sufficiency of the conditions of the theorem for the
correct solvability of problem (1.1)-(1.3) follows from Theorem 1.

Need.  Let  the  problem  (1.1)-(1.3)  is  correctly  solvable.  Then
according to Theorem 3 [64, p.342] the problem (1.31), (1.32) will be
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correctly solvable. Let us denote by  1K  the constant of the correct
solvability  of  the  problem (1.31),  (1.32).  As  it  was  established  in
Theorem  3,  there  exists  0,>0h  at  which  for  all

TNhhhh =:](0,),(= 0  estimate is valid: 

.
)(1

)],([ 11

h

K
hxQ






Because 

,
!

)~(
),(),(

0=

~

j

h
ehxQhxQ

j

j

h 


 

then choosing TNhhhh =:](0,),(= 1011   satisfying inequalities

1,<
21

)
!

)~(
(

)(1

0=

~1



 






 j

h
e

h

K j

j

h

1,<]
!

)~()2(1
[1

!

)~( 1

1=

1

j

h

h

Kh j

j





 






according to the theorem on small perturbations of limitedly invertible
operators [63, p.142] for any N  we have 

,
)2(1

)],([
1

11
1 h

K
hxQ







i.e. conditions of the Theorem 1 are satisfied.
Theorem 4 is proved.
The following statements establish the relationship between the

constant  of  the  correct  solvability  of  the  problem  (1.1)-(1.3)  and
function  ),,( hx  limiting  the  matrix  norm  from  above.

.)],([ 1hxQ

Theorem  5. If  the  boundary  value  problem  (1.1)-(1.3)  is
correctly solvable, then for any  ,, N  exists  )(= 00 hh  such

that  for  all  :](0, 0hh  TNh =  and  ][0,x  )( nNnN   -

matrix ),( hxQ  will be invertible and 

,)],([ 1

h
hxQ


                           (1.44)

where   -  constant,  independent  of  .h  Moreover,  if  the  K -
constant  of  the correct  solvability of  problem (1.1)-(1.3)  is  known,
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then  for  any  0>  exists  ),,(= 11 hh  at  which  the  matrix
),( hxQ  is invertible for all  :](0, 1hh  ,= TNh  ][0,x

and the estimate (1.44) will be performed with constant 
,)(1= 2KK 

where .=~,=
~

,=
00

)~~
(

2 CBeK K  

Proof. Let the problem (1.1)-(1.3) be correctly solvable with a
constant K . Then for any 

],[0,0,=)(),,)(,( TttRtxf n  

there  exists  a  unique  solution  to  problem  (1.1)-(1.3)  and  for  it
inequality of 

0
00

0
),,(max fK

t

u

x

u
u 









is valid. For a given ),( txF  we define the function ),( txf  from
the functional equation 

),,(=),(),(),(),(),( txFtxutxCtxwtxBtxf       (1.45)
where ),( txu  - the solution of problem (1.1)-(1.3) for this function

),( txf  and 0.=)(t  From the correct solvability of the problem
(1.1)-(1.3)  and  assumptions  about  the  matrices

),,(),,(),,( txCtxBtxA  follows  the  existence  of  the  operator
)),,(( nRCLU   defining the solution of the problem (1.1)-(1.3)

function ),(=),( txUftxu  and the belonging of the operators 

U
tx

UU
x

U 






 2

21 =,=

to the space )).,(( nRCL   Using the initial condition 0=)(0, tu

and expressing  ),( txu  through the integral of  ),(1 tfU   on the
interval  ],[0,][0, x  substituting them into (1.45),  we obtain a
one-parameter  family  of  Volterra  second-kind  integral  systems
regarding function ),,( txf  

   dtfUtxBtxf
x

),(),(),( 2

0

.),(),,(=),(),( 1

0

  txtxFdtfUtxC
x

              (1.46)

Taking the function  ),,( txF  as the initial approximation the next
approximation is determined from the system of equations 
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 

  dtfUtxBtxFtxf k
x

k ),(),(),(=),( 1)(
2

0

)(

.),(),( 1)(
1

0

 dtfUtxC k
x





The sequence ),()( txf k  at k  converges to the only solution of

the  system  (1.46)  -  function  ),(),( nRCtxf   and  estimate  is
valid 

.
020

FKf                                     (1.47)
Let  ),( txu  -  be the solution of problem (1.1)-(1.3) for the found
function  ),( txf  and  0.=)(t  Then  the  function

x

txu
txv



 ),(
=),(  will be the solution of problem (1.31), (1.32) for

the selected function ).,( txF  Indeed, by owing of (1.2) and (1.45) 

=),(),(),(),(==
2

txfutxC
t

u
txB

x

u
txA

tx

u

t

v



















,),(),,(),(=  txtxFvtxA

].[0,0,=
),(,0)(

=),(,0)( 








 x

x

Txu

x

xu
Txvxv

And assessment of 

,
020

0
0

FKKfK
x

u
v 






from a correct solubility of a task (1.1)-(1.3) and inequalities (1.47),
i.e.  family  of  periodic  boundary  value  problems for  the  system of
ordinary differential equations (1.31), (1.32) is correctly solvable with

.= 21 KKK  At each fixed  ][0,x  according to the Theorem 4

[52, p.61] )( nNnN   - matrix ),( hxQ  will be invertible and the

estimate (1.44) is realized with the constant .)(1= 1K 

Theorem 5 is proved.
Theorem 6.  Let for some 1,2,...,=  there exists )(= 00 hh

such that for all  TNhhh =:](0, 0  and ][0,x  )( nNnN   -

matrix  ),( hxQ  is invertible and its inverse satisfies (1.44). Then
problem (1.1)-(1.3) is correctly solvable with a constant 

),1)~~
1)(~({(1max= )~~

1)(~(  
 eK

,)(max{max}1)~~
1)(~(

][0,

)~~
1)(~( te

Tt
 




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},)(max 0
][0,

ft
Tt

,


 where .=~
0

A

Proof. Let  for  some  1,2,...=  )( nNnN   -  matrix
),( hxQ  is invertible for all  ,=:](0, 0 TNhhh  ][0,x  and

we have the estimate (1.44). By owing of the equivalence of problems
(1.1)-(1.3)  and  (1.4)-(1.7)  it  is  sufficient  to  show  the  correct
solvability of the problem (1.4)-(1.7). The solution of problem (1.4)-
(1.7) - the triple of functions )),(),,(),,(( txwtxutxv  we find by
the method of successive approximations. For the zero approximation,
we take  ),(=),(),(=),( ttxwttxu    and  ),((0) txv  find the
solution of the problem 

,),(),,()(),()(),(),(= 



txtxfttxCttxBvtxA

t

v


(1.48)
].[0,),,(=,0)( xTxvxv                     (1.49)

Under the conditions of the theorem, the problem (1.48), (1.49) has a
unique solution ),((0) txv  and is correctly solvable with a constant

=1K  


010

(0) FKv




})(max)(max{
0

][0,
0

][0,
0

ftCtB
TtTt

 

},)(max,)(max{max)~~
(1

0][0,][0,
ftt

TtTt
, 





}.)(max,)(max{max)~~
1)(1~(

0][0,][0,
0

(0)

ftt
t

v
TtTt

, 







The functions ),(),,( (0)(0) txwtxu  are determined from the
relations

.
),(

)(=),(,),()(=),(
(0)

0

(0)(0)

0

(0) 


 d
t

tv
ttxwdtvttxu

xx




   If ),,(1)( txu k   is known, then ),()( txv k  we

will find solving a problem (1.4), (1.5), where in the right sides of the
equation are 

0,1,....=),,(=),(),,(=),( 1)(1)( ktxwtxwtxutxu kk 

At  the  found  ),()( txv k  the  following  approximation  for
),(),,( txwtxu  is determined from the relations 
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,),()(=),( )(

0

)(  dtvttxu k
x

k



.
),(

)(=),(
)(

0

)( 


 d
t

tv
ttxw

kx
k






Then ),(),( )(1)( txvtxv kk   is a solution to the problem 




 


)],(),()[,(=
)],(),([ )(1)(

)(1)(

txvtxvtxA
t

txvtxv kk
kk

)],,(),()[,()],(),()[,( 1)()(1)()( txutxutxCtxwtxwtxB kkkk 


],[0,),,(),(=,0)(,0)( )(1)()(1)( 
 xTxvTxvxvxv kkkk

and for the differences of 
),(),(),,(),(),,(),( 1)()(1)()()(1)( txwtxwtxutxutxvtxv kkkkkk 



estimates are valid 

 







),(),(max)(),(),(max
1)()(

][0,

)(1)(

][0,
txwtxwxtxvtxv kk

Tt

kk

Tt


 



))()((),(),(max)( 1)()(

][0,
xxtxutxux kk

Tt


},),(),(max,),(),(max{max 1)()(

][0,

1)()(

][0,
txwtxwtxutxu kk

Tt

kk

Tt



















 

 t

txv

t

txv kk
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(1.50)

From here the main inequality follows 
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

From here the uniform convergence of sequences )},({ )( txv k  in the

norm of space ),( nRC   at .k  Then the uniform convergence

of  the  sequences  )},,({ )( txu k  )},({ )( txw k  follows  from  the
estimates  (1.50).  In  this  case,  the  limit  functions

),(),,(),,( txwtxutxv   are  continuous  on    and  are  the
solution of problem (1.4)-(1.7).  For the solution of a problem (1.4)-
(1.7) estimates are valid 








),(max),(max
][0,][0,

txFtxv
TtTt



},),(max),(max)(),(max)({
][0,][0,][0,

txftxuxtxwx
TtTtTt 









 




 







),(max)(
),(

max
][0,][0,

txvx
t

txv
TtTt














),(max),(max)(),(max)(
][0,][0,][0,

txftxuxtxwx
TtTtTt



),),(max),(max)(),(max)(1)()((
][0,][0,][0,

txftxuxtxwxx
TtTtTt 









 
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Using the Bellman-Gronwall inequality, we obtain 
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Theorem 6 is proved.
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Example  1.  Consider  for  ]
4

[0,]
4

[0,


  semi-periodic

boundary value problem 

,
2

1
)

4
(),(

2

1
=1,

3

1
= 1

12
2

21
2

















 
ttxtxu

x

u

tx

u

x

u

tx

u

),
4

,(=,0)(),
4

,(=,0)( 2211


xuxuxuxu

.4sin=)(0,),
4

(=)(0, 21 ttutttu




.
2

1
=)(x  Here  h  is taken equal to  

4


 (i.e.  1=N ),  1.=  Let

us verify the conditions of Theorem 1: 

1.<
4

=)
42

18
(1

42

1
=)

4
,(2),

8
)

4
,(1) 1

1

1





















xqxQ

Thus, the problem under consideration is uniquely solvable.

1.3 About one modification of the algorithms for finding a
solution of a semi-periodic boundary value problem 

In subsection 1.3, we consider a semi-periodic boundary value
problem of the form (1.1)-(1.3) at 0.),( txB  Based on the method
of parametrization to find an approximate solution of the boundary
value problem (1.1)-(1.3)  at  0,),( txB  an efficient  algorithm is
proposed, which differs in its simplicity from the algorithm proposed
in  subsection  1.1.  In  terms  of  the  initial  data,  the  coefficient
characteristics of the unique solvability of the boundary value problem

,),(),,(),(),(=
2









txtxfutxC

x

u
txA

tx

u
     (1.51)

with  the  conditions  (1.2),  (1.3)  are  established.  Analogically  to
subsection 1.1 entering function 

x

txu
txv



 ),(
=),(

and applying the scheme of a method of a parametrization [67-69], we
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reduce the problem (1.51), (1.2), (1.3) to an equivalent boundary value
problem with unknown functions )(xr : 

),,(),(),()(),(~),(=
~

txftxutxCxtxAvtxA
t

v
rrr

r 





(1.52)
,1,=],[0,0,=)1)(,(~ Nrxhrxvr          (1.53)

,1,=,)(),(~)(=),(
00

Nrddtvttxu r

x

r

x

r         (1.54)

],[0,0,=),(~lim)()(
0

1  


xtxvxx N
Tt

N       (1.55)

.11,=],[0,0,=)(),(~lim)( 1
0

 


Nsxxtxvx ss
sht

s  (1.56

)
The problem (1.52), (1.53) for fixed  ),(),( txux r  is a family of
Cauchy problems for ordinary differential  equations [70-71],  where

],[0,x  and is equivalent to the integral equation 




)](),(~)[,((=),(~

1)(

xxvxAtxv rr

t

hr

r 

.)),(),(),(  dxfxuxC r                       (1.57)
Instead of ),(~ xvr  we substitute the appropriate right side of (1.57)

and by repeating this process   1,2,...)=(  times, we obtain 
,1,=),~,,(),,()(),(=),(~ NrvtxGutxFxtxDtxv rrrrrrr   

(1.58)
where )...,()],(),(),([=),,( 1

1)(

1

1=
1111

1)(




 xAdxfxuxCutxF
t

hrj
r

t

hr

rr 








,...)],(),(),([),(... 11111

1)(

1

1)(





dddxfxuxCxA jjjjrj

j

hr

j

j

hr











.1,=,=0 Nrt  By moving to the limit at  0 rht  in (1.58) we
have 

),~,,(),,()(),(=),(~lim
0

rrrrrrr
rht

vrhxGurhxFxrhxDtxv   


.1,=],[0, Nrx   Substituting  in  (1.55),  (1.56)  instead  of

,1,=),,(~lim
0

Nrtxvr
rht 

 corresponding  right  sides  for  unknown

functions  ,1,=),( Nrxr  we  obtain  the  system  of  functional
equations:

),~,,(),,(=)(),( vhxGuhxFxhxQ           (1.59)
where 
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),,( uhxF

)).,1)(,(),...,,,(),,,((= 11,11   NNNN uhNxFuhxFuNhxF 

To  find  a  system  of  three  functions
,1,=)},,(),,(~),({ Nrtxutxvx rrr  we  have  a  closed  system

consisting of equations (1.59), (1.58) and (1.54).
Functions  ),(xr  ),,(~ txvr  ,1,=),,( Nrtxur  we find as

the  limits  of  the  corresponding  sequences

,1,=)},,({)},,(~{)},({ )()()( Nrtxutxvx k
r

k
r

k
r  at  k

determined by the following algorithm:
Step 0. Assuming the invertibility of the matrix  ),( hxQ  for

all ][0,x , from equation (1.59), where 
0,=),(~),(=),( txvttxu rr 

we find :))(),...,(),((=)( (0)(0)
2

(0)
1

(0) xxxx N  

,0)}.,(),,({)],([=)( 1(0) hxGhxFhxQx    

Using equation  (1.58),  at  )(=)( (0) xx rr   find  the  functions

)},,(~{ (0) txvr  ,1,= Nr  i.e. 

,0).,(),,()(),(=),(~ (0)(0) txGtxFxtxDtxv rrrrr   

Functions ,1,=),,((0) Nrtxur  determined from correlation 

.),(,)(),(~)(=),( (0)

0

(0)

0

(0)
rr

x

r

x

r txddtvttxu   

Step 1. Considering the invertibility of the matrix ),( hxQ  at
],[0,x  we  obtain  the  function

))(),...,(),((=)( (1)(1)
2

(1)
1

(1) xxxx N  as  a  solution  of  the

system of equations (1.59): 
)},~,,(),,({)],([=)( (0)(0)1(1) vhxGuhxFhxQx   

where 

.1,=),,(~=),(~),,(=),( (0)(0) Nrtxvtxvtxutxu rrrr

By  using  equation  (1.58)  again  at  )(=)( (1) xx rr   we  find

)},,(~{ (1) txvr  ,1,= Nr  i.e. 

).~,,(),,()(),(=),(~ (0)(0)(1)(1)
rrrrrrr vtxGutxFxtxDtxv   
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Functions ,1,=),,((1) Nrtxur  determine from correlations 

.),(,)(),(~)(=),( (1)

0

(1)

0

(1)
rr

x

r

x

r txddtvttxu   

By continuing the process, on the k  step we obtain a system of

triples ),,(~),({ )()( txvx k
r

k
r  )},,()( txu k

r  .1,= Nr

The  conditions  of  the  following  statement  provide  a  uniform
relative  to  ,1,=,),( Nrtx r  the  convergence  of  the  proposed
algorithm [72, 73] to the solution of a boundary value problem with
unknown functions (1.52)-(1.56).

Theorem  7. Let  for  some  1,2,...,=,=:0> NTNhh  and
)(,, nNnN N  matrix  ),( hxQ  invertible  for  all

][0,x  and inequalities are satisfied

1) );,()],([ 1 hxhxQ  

2) .
2

1
<]

!

))((
),([1

!

))((
=),(

0=







 





   j

hx
hx

hx
hxq

j

j

the algorithm is realizable, converges to the unique solution of the
problem (1.52)-(1.56) and estimates are valid. 

 ),(~),(~)()( )(*)(* txvtxvxx kk
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


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
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Proof. Concerning the task's data there is an inequality 

].),(),()([supmax
!

))((
),,(

),1)[(1,=

1

0=

txftxux
j

hx
huhxF r

rhhrtNr

j

j






 


 Th

e  following  estimates  follow  from  the  zero  and  first  steps  of  the
algorithm: 
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 

 )(max
!

))(( (0)

1,=1=

x
j

hx
r

Nr

j

j




],),()()([sup
!

))((

][0,

1

0=

txftx
j

hx
h

Tt

j

j






 


,)()(),(supmax
(0)

0

(0)

),1)[(1,=
 dttxu

x

r
rhhrtNr

 


where 


)(max),(~supmax=)( (0)

1,=

(0)

),1)[(1,=

(0) xtxvx r
Nr

r
rhhrtNr

  






 ]),()()([sup
!

))((
),(

][0,

1

0=

txftx
j

hx
hhx

Tt

j

j









 )(max
!

))(( (0)

1,=1=

x
j

hx
r

Nr

j

j









 ]),()()([sup
!

))((

][0,

1

0=

txftx
j

hx
h

Tt

j

j




],),()()([sup)(
][0,

txftxx
Tt






 )()(max
(0)(1)

1,=
xx rr

Nr







 )(),(supmax)(
!

))((
),( (0)

),1)[(1,=

1

0=

ttxux
j

hx
hhx r

rhhrtNr

j

j









,),(~supmax
!

))((
),( (0)

),1)[(1,=
txv

hx
hx r

rhhrtNr 














),(~),(~supmax
(0)(1)

),1)[(1,=
txvtxv rr

rhhrtNr

 )()(max
!

))(( (0)(1)

1,=1=

xx
j

hx
rr

Nr

j

j









 )(),(supmax)(
!

))(( (0)

),1)[(1,=

1

0=

ttxux
j

hx
h r

rhhrtNr

j

j



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.),(~supmax
!

))(( (0)

),1)[(1,=
txv

hx
r

rhhrtNr 




 

.)(),(),(supmax
(1)

0

(0)(1)

),1)[(1,=
 dtxutxu

x

rr
rhhrtNr

 


Let's set the inequality 

  )()(max
!

))((
)( (0)(1)

1,=0=

(1) xx
j

hx
x rr

Nr

j

j









 )(),(supmax)(
!

))(( (0)

),1)[(1,=

1

0=

ttxux
j

hx
h r

rhhrtNr

j

j







),(~supmax
!

))(( (0)

),1)[(1,=
txv

hx
r

rhhrtNr

 

 


!

))((
),(

!

))(( 1

0=0= j

hx
hhx

j

hx j

j

j

j




 








)(),(supmax)( (0)

),1)[(1,=
ttxux r

rhhrtNr





 ),(~supmax
)!(

))((
),(

!

))(( (0)

),1)[(1,=0=

txv
hx

hx
j

hx
r

rhhrtNr

j

j 




 










 )(),(supmax)(
!

))(( (0)

),1)[(1,=

1

0=

ttxux
j

hx
h r

rhhrtNr

j

j







),(~supmax
!

))(( (0)

),1)[(1,=
txv

hx
r

rhhrtNr

 




)(),(supmax)()( (0)

),1)[(1,=
ttxuxx r

rhhrtNr


.),(~supmax),( (0)

),1)[(1,=
txvhxq r

rhhrtNr 

 

Thus 




)(),(supmax)()()( (0)

),1)[(1,=

(1) ttxuxxx r
rhhrtNr



.),(~supmax),( (0)

),1)[(1,=
txvhxq r

rhhrtNr 

 

For  systems  of  differences  ),()( )(1)( xx k
r

k
r  



),,(~),(~ )(1)( txvtxv k
r

k
r   ),,(),( )(1)( txutxu k

r
k

r   ,1,= Nr

0,1,2,...,=k  the following estimates are valid: 
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
 )()(max

)(1)(

1,=
xx k

r
k

r
Nr



 





 ),(),(supmax)(
!

))((
),( 1)()(

),1)[(1,=

1

0=

txutxux
j

hx
hhx k

r
k

r
rhhrtNr

j

j









,),(~),(~supmax
!

))((
),( 1)()(

),1)[(1,=
txvtxv

hx
hx k

r
k

r
rhhrtNr















(1.60)




),(~),(~supmax
)(1)(

),1)[(1,=
txvtxv k

r
k

r
rhhrtNr

 


)(
!

))((
}

!

))((
),({1

1

0=1=

x
j

hx
h

j

hx
hx

j

j

j

j









 



),(),(supmax
1)()(

),1)[(1,=
txutxu k

r
k

r
rhhrtNr

  !

))((
}

!

))((
),({1

1= 








hx

j

hx
hx

j

j

.),(~),(~supmax
1)()(

),1)[(1,=
txvtxv k

r
k

r
rhhrtNr





            (1.61)

Summing,  respectively,  the  left  and  right  sides  of  the  inequalities
(1.60), (1.61) we have 

 


 )(
!

))((
),({)(

1

0=

1)( x
j

hx
hhxx

j

j

k 







 

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!

))((
]

!

))((
),([1

1

0=1=

x
j

hx
h

j
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j

j

j

j









 



),(),(supmax
1)()(

),1)[(1,=
txutxu k

r
k

r
rhhrtNr

  }
!

))((
]

!

))((
),([1

!
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),({

1= 
















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j

hx
hx

hx
hx

j

j






})()(max),(~),(~supmax{ )(1)(

1,=

1)()(

),1)[(1,=
xxtxvtxv k

r
k

r
Nr

k
r

k
r

rhhrtNr


),(),()()()( )()(

0

xhxqdxx kk
x

               (1.62)
.)(),(),(supmax

1)(

0

)(1)(

),1)[(1,=
 dtxutxu k

x
k

r
k

r
rhhrtNr





 

For function )(1)( xk  based on (1.62) we establish the inequality 
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










  )(max)~~(
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1

!)!1(

1)!(
)( (0)
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1
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1)( x
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k
x

x
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
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1 x
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k
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j

j

k

j

k 








 






by calculating the maximum term [74, p.7] among the terms of the

sequence 
j

j 










~~

!

1
 we obtain

).(max
]!

~~
[

~~

)(2)( (0)

][0,

]
~~

[

11)( xx
x

kk 




























       (1.63)

By owing of the inequality 1<2  follows a uniform convergence of
the  series  )(1)(

1=

xk

k




  at  ],[0,x  providing  uniform

sequence  of  convergence  ),()( xk
r  ),()( txv k

r  to  the  continuous

functions  ),(),(* txvx rr
  respectively  on  ][0,x  and

rtx ),(  for all .1,= Nr  On the basis of (1.54) follows uniform

sequence convergence ,1,=),,()( Nrtxu k
r  relatively rtx ),(  to

function  ),( txur
  that  appertain  to  ).,(

~ n
r RC   Let's  set  the

inequalities 
 
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r
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r
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r
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k
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k
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].),()()([max~)(2
]!

~~
[

~~

21

1

),(

1

]
~

[

txftx
tx

k 














 













 

 ),(),( )()( txutxu kpk

   dtvtv kpkkpk
x

),(~),(~)()( )()()()(

0

 



by moving to the limit at ,p  for all ,),( rtx   ,1,= Nr  we
obtain  the  estimates  1),  2)  of  Theorem  7.  The  uniqueness  of  the
solution of problem (1.52)-(1.56) is proved in the same way as in the
proof of Theorem 1.

Theorem 7 is proved.
By owing of the equivalence of problems (1.51), (1.2), (1.3) and

(1.52)-(1.56), Theorem 7 follows
Theorem 8.  Let's suppose that the conditions of Theorem 7 are

satisfied. Then the problem (1.51), (1.2), (1.3) have a unique solution
),(* txu  and the estimate 

},,)(max{max)(},{max
0

][0,
0

*

0

* fthM
x

u
u

Tt





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
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

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
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
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

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
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
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
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










































]!
~

[

~

1~1)~(,
]!

~
[

~

1~1)~(1max

]
~

[]
~

[





























is valid.
The  following  statements  establish  that  the  conditions  of

Theorem  7  are  not  only  sufficient,  but  also  necessary  for  correct
solvability [75-78].

Theorem 9.  The boundary value problem (1.51), (1.2), (1.3) is
correctly  solvable  only  if  for  any  1,2,...,=,=:0> NTNhh  exists

,, N  ( )nNnN   -  matrix  ),( hxQ  is  invertible  for  all
][0,x  and the inequalities 1), 2) of Theorem 7 are fulfilled.

Theorem 10.  The boundary value problem (1.51), (1.2), (1.3) is
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correctly  solvable  only  if  for  any  2,3,...,=,   exists  =h
1,2,...,=,=:0>)(= NTNhh   at  which  ( )nNnN   -  matrix

),( hxQ  is invertible for all ][0,x  and the inequalities a), b)
of Theorem 7 are fulfilled. 

The  proof  of  Theorems 9,  10  is  completely  analogous  to  the
proofs of Theorems 3, 4 [77].

Example 2. Consider on [0,1][0,1]  a system 

),,(),(
0

)(1
2

1
0

=
3

22

txfutxc
x

u

t

t
tx

u
























       (1.64)

[0,1],0,=)(0, ttu                         (1.65)
[0,1],,1),(=,0)( xxuxu                       (1.66)

where ),( txu  is a two-dimensional vector-function, ),( txc  - is
a  continuous  two-dimensional  matrix,  ),( txf  -  is  a  continuous

vector-function. Here  h  is taken equal to  
3

1
 (i.e.  3=N ), 3.=

Direct  calculations  show  that  6)(6  -  matrix  ,1/3)(3 xQ  is
invertible and 

21.286,,1/3)]([ 1
3 xQ

.
2

1
<0.0629=1/18))1/321.286(1(1

6

)
3
1

(1
=,1/3)(

3

3 



xq

Therefore, problem (1.64)-(1.66) by Theorem 7 is uniquely solvable.

Example 3. On [0,1][0.5,1]  we consider the problem 

,
10

2

1
0

0

)(
3

1
0=

3

222


























































xt

tx
u

t

e

x

u

xt

tx
tx

u
x

   (1.67)

[0,1],0,=)(0, ttu                    (1.68)
[0.5,1],,1),(=,0)( xxuxu                  (1.69)

where ),( txu  - is a two-dimensional vector-function. For this task
xx =)(  and  for  1=h  4,=1),=( N  2)(2  -  matrix

,1)(4 xQ  has the form 
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,
)(~)(~
)(~)(~

=,1)(
2221

1211
4 









xqxq

xqxq
xQ

where 

,
243456
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15120

13

1620
=)(~

234

11

xxxx
xq 

,
6

1

432

145

1080

11
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=)(~

23

12 
xxx

xq

,
214490

=)(~
23

21

xxx
xq 

.
34567560

11

648
=)(~

234

22

xxx
xq 

Its inverse will be in the form 

,
)()(~)()(~
)()(~)()(~

,1)]([
1

11
1

21

1
12

1
221

4 
























xxqxxq

xxqxxq
xQ

).(~)(~)(~)(~=)( 21122211 xqxqxqxqx 

It is obvious that 4,,1)]([ 1
4 xQ  and 

.
2

1
<0.486=1/6))1/214(1(1

24

1
=,1)(4 xq

By Theorem 7, problem (1.67)-(1.69) is uniquely solvable.

Example 4. Consider on ]
4

[0,]
4

[0,


  problem 

),(sin
3

2
)(cos

3

1
=

2

txtxu
x

u

tx

u









        (1.70)

],
4

[0,,sin=)(0,


tttu                (1.71)

],
4

[0,),
4

,(=,0)(


xxuxu            (1.72)

where ),( txu  is a two-dimensional vector-function. Here h  is

equal  to  
8


 ( 2=N ),  2.=  Direct  calculations  show  that
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2)(2 matrix )
8

,(2


xQ  is invertible and 

2.197,)
8

,(
1

2 










xQ

.
2

1
<0.312684=)]

8
2.197(1[1

128
=)

4
,(

2

2


xq

Therefore, the problem under consideration by Theorem 7  is uniquely
solvable.
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2  ISOLATED  SOLUTIONS  OF  A  SEMI-PERIODIC
BOUNDARY  VALUE  PROBLEM  FOR  SYSTEMS  OF
NONLINEAR  HYPERBOLIC  EQUATIONS  WITH  A  MIXED
DERIVATIVE

In recent years, the theory of nonlocal boundary value problems
for nonlinear hyperbolic equations with mixed derivatives has been
actively developed.

Such problems are used in the study of shock waves in an elastic
or viscoplastic environment [61], [69]. In addition, systems of such
equations appear in the study of the movement of adsorbed mixtures
of  substances  consisting  of  many  components  through  a  porous
medium that is pre-saturated with one or more substances for small or
large concentrations of adsorbed substances at a constant or variable
filtration rate [79]. The study of boundary value problems with non-
local  conditions  for  hyperbolic-type  equations  was  stimulated  by
various  reasons:  considerations  of  the  general  theory  of  boundary
problems  by  the  theory  of  plasma  physics,  moisture  transfer.  The
simplest  example  of  non-local  conditions  are  periodic  boundary
conditions.

The second section of the paper is devoted to the study of a semi-
periodic boundary value problem for systems of nonlinear hyperbolic
equations with a mixed derivative of the form 

,,),(,,,,,=
2

nRutx
t

u

x

u
utxf

tx

u






















with conditions (0.2), (0.3).
In subsection 2.1, the method of a parametrization investigated

the  family  of  periodic  boundary  value  problems  for  systems  of
ordinary  differential  equations.  In  terms  of  the  initial  data,  the
conditions for the isolation of its solution are obtained.

In subsection 2.2, by analogy with the linear part, a semi-periodic
boundary value problem for systems of nonlinear hyperbolic equations
will  be  reduced  to  an  equivalent  boundary  value  problem  with
functional parameters. For the obtained problem, sufficient conditions
for  the  feasibility,  convergence  of  the  proposed  algorithm and  the
existence of an isolated solution are established.
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In subsection 2.3, the semi-periodic boundary value problem of
the type 

,],[0,][0,=),(),,,,(=
2

nRuTtx
x

u
utxf

tx

u











with conditions (0.2), (0.3) is investigated by the parametrization
method,  to  find  the  solution  of  which  an  effective  algorithm  is
constructed,  and  sufficient  conditions  for  its  convergence  are
established.  These  conditions  ensure  the  existence  of  an  isolated
solution of the problem under study.

One of the main problems in nonlinear boundary value problems
is  the  choice  of  the  initial  approximation.  In  applications,  such  a
choice can be made on the basis of restrictions on the solutions of the
considered boundary value problem.  In subsection 2.4 methods for
finding the initial approximations are proposed. In subsection 2.5, the
necessary  and sufficient  condition  for  the  existence  of  an  isolated,
solution of  a  nonlinear  problem is established.  It  is  shown that  an
isolated in the sense of a definition solution of a nonlinear problem
will  be  isolated  in  the  usual  sense.  Thus,  the  ][0,][0,= T 

boundary value problem is considered on 

,,),(,,,,,=
2

nRutx
t

u

x

u
utxf

tx

u





















    (2.1)

],[0,),(=)(0, Ttttu                       (2.2)
],[0,),,(=,0)( xTxuxu                 (2.3)

where nnnn RRRRf :  is continuous,  n  - vector-function
)(t  is  continuously  differentiable  on  ][0,T  and  satisfies  the

condition ).(=(0) T

To solve  this  problem,  we  introduce  new unknown functions.

t

txu
txw

x

txu
txv







 ),(
=),(,

),(
=),(  and write problem (2.1)-

(2.3) as 

,),()),,(,),,(,,(= 



txtxwvtxutxf

t

v
       (2.4)

],[0,),,(=,0)( xTxvxv                  (2.5)
].[0,],[0,,),()(=),(

0

  xTtdtvttxu
x

        (2.6)
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].[0,],[0,,
),(

)(=),(
0




 



 xTtd

t

tv
ttxw

x

  (2.7)

Here  we  have  reduced the  nonlinear  semi-periodic  boundary  value
problem for a system of hyperbolic equations to a family of periodic
boundary  value  problems  for  ordinary  differential  equations  and
functional  relations  [80-86].  The  triple  belonging  ),( nRC 

function )),(),,(),,(( txwtxutxv  is called a solution to problem
(2.4)-(2.7),  if  the  function  ),(),( nRCtxv   is  a  solution  to
problem (2.4), (2.5), where the function  ),( txv  is connected with

),(),,( txwtxu  functional relations (2.6), (2.7).
Problems (2.1)-(2.3) and (2.4)-(2.7) are equivalent in the sense

that  if  the  function  ),,( txu  is  a  solution to  problem (2.1)-(2.3),
then the triple 















 





t

txu
txwtxu

x

txu
txv

),(
=),(),,(,

),(
=),(

will be the solution of the problem (2.4)-(2.7) and vice versa, if the
triple  ),,(~),,(~( txutxv )),(~ txw  - will be a solution to problem
(2.4)-(2.7), then ),(~ txu  - is a solution to problem (2.1)-(2.3).

2.1 Statement of a nonlinear semi-periodic boundary value
problem  and  convergence  conditions  for  algorithms  and
"isolation" of the solution of a family of periodic boundary value
problems for ordinary differential equations 

For completeness of the study of boundary value problems for
systems of nonlinear hyperbolic equations with a mixed derivative, in
this  subsection,  the  parametrization  method  on    investigates  a
family of periodic  boundary value problems for a system of linear
ordinary differential equations 

,),(),,,(= 



txvtxF

t

v
                          (2.8)

].[0,),,(=,0)( xTxvxv                        (2.9)
In terms of the initial data, the conditions for the solvability of the
problem and the isolation of its solution are obtained.
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By  the  step  TNhh =:0>  we  perform  the  partition
),,1)[(=)[0,

1=

rhhrT
N

r

  1,2,....=N  he area of   is divided into N
parts.  Through  ),( txvr  denote  the  narrowing  of  the  functions

),( txv  to  ),,1)[(][0,= rhhrr    Nr 1,= .  Then  the
problem (2.7)-(2.9) will be equivalent to the boundary value problem 

,),(),,,(= rr
r txvtxF
t

v





                  (2.10)

],[0,0,=),(lim,0)(
0

1 


xtxvxv N
Tt

           (2.11)

,11,=],[0,),,(=),(lim 1
0




Nsxshxvtxv ss
sht

    (2.12)

where (2.12) - is the condition for gluing the solution in the inner lines
of the partition.

Through )(xr  we denote the value of the function ),( txvr

at  ,1)(= hrt   i.e.  )1)(,(=)( hrxvx rr   and  make  a

replacement  ),(),(=),(~ xtxvtxv rrr   Nr 1,= .  We obtain an

equivalent boundary value problem with unknown functions )(xr : 

,),()),(~,,(=
~

rrr
r txxvtxF
t

v





               (2.13)

,1,=],[0,0,=)1)(,(~ Nrxhrxvr              (2.14)

],[0,0,=),(~lim)()(
0

1  


xtxvxx N
Tt

N          (2.15)

.11,=],[0,0,=)(),(~lim)( 1
0

 


Nsxxtxvx ss
sht

s  (2.16

)
Problem (2.13), (2.14) with fixed ),(xr  is a one-parameter family
of  Cauchy problems for  systems of  ordinary differential  equations,
where ],[0,x  and equivalent to nonlinear integral equation 

.))(),(~,,(=),(~

1)(

 dxxvxFtxv rr

t

hr

r 


               (2.17)

Instead of  ),(~ xvr  we substitute  the  corresponding right  side of

(2.17) and repeating this process   1,2,...)=(  times we obtain 






),(~,,(,...,(,,(=),(~
1

1)(

2

1

1)(

1

1)(





 xvxFxFxFtxv r

hrhr

t

hr

r

.))())(...))( 12   dxdxdx rrr                     (2.18)
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From  here,  having  defined  ),,(~lim
0

txvr
rht 

 substituting  them  in

(2.15), (2.16) we obtain a system of nonlinear equations with respect
to :)(xr  

 




),(~,,(,...,(,,()()(
1

1)(

2

1

1)(

1

1)(

1 



 xvxFxFxFxx N

hNhN

Nh

hN

N

],[0,0,=))())(...))( 12    xdxdxdx NNN (2.19)
 





),(~,,(,...,(,,()(
1

1)(

2

1

1)(

1

1)(





 xvxFxFxFx s

hshs

sh

hs

s

0,=)())())(...))( 112 xdxdxdx ssss       (2.20)
.11,=],[0,  Nsx 

which we write in the form 
.0=))(]),[,(~],[0,,(, xxvxxQ h              (2.21)

To find a system of couples ,1,=)},,(~),({ Nrtxvx rr  we have a
closed  system  consisting  of  equations  (2.21)  and  (2.18),  defined
through  the  function  ,F  partition  step  0>h  and  the  number  of
permutations   .  )],([0, nNRC   -  is  the  set  of  functions

nNR][0,:   continuous on ].[0,

Choose  the  step  1,2,...),=(=:0> NTNhh  vector  function

)],([0,))(),...,(),((=)( (0)(0)
2

(0)
1

(0) Nn
N RCxxxx    and

suppose that  problem (2.13)-(2.16) at  ),(=)( (0) xx rr   ,1,= Nr

has  a  solution  ),,(
~

),(~ (0) n
rr RCtxv   .1,= Nr  Taking

),((0) x  the  corresponding  ]),[,(~ (0) txv  functions
0>)(0,>)( xx   construct the sets: 

:)],([0,))(),...,(),({(=))(),(( 21
(0) nN

N RCxxxxxS  

},1,=),(<)()( (0) Nrxxx rr  

 ),(~,)),(~),...,,(~),,(~{(=))(]),[,(~( 21
(0) txvtxvtxvtxvxtxvS rN

},1,=),(<),(~),(~supmax:),(
~ (0)

),1)[(1,=
NrxtxvtxvRC rr

rhhrtNr

n
r 



=))(),((0 xxG  ,),(),()(<),(~)(,),(:),,{( (0)(0)
rrr txxxtxvxvtxvtx  

}.=),()(<),(~lim)(,1,= (0)

0

(0) TtxxtxvxvNr N
Tt

N  


Through  ),),(,( 10 hxxLFD  denote  the  set
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))(),(]),[,(~),(( (0)(0) xxtxvx   at  which  the  function
),,( vtxF  in ))(),((0 xxG   has a continuous partial derivative

),,( vtxFv  and 

),(),,( 1 xLvtxFv 

where )(1 xL  - is continuous on ][0,  function. Take a system of

couples  ),(( (0) xr  ,1,=)),,(~ (0) Nrtxvr  and  we  construct  the

subsequent approximations on the following algorithm:
Step 1.
a)  Parameter

),],([0,))(),...,((=)( (1)(1)
1

(1) Nn
N RCxxx    determined

from equations (2.20), where .1,=),,(~=),(~ (0) Nrtxvtxv rr

b)  In  the  right  side  (2.18)  substituting  instead  of  ),,(~ txvr

),(xr  respectively,  ),,(~ (0) txvr  ),((1) xr  ,1,= Nr  we obtain

)},,(~{ (1) txvr  .1,= Nr

Step 2.
a)  Substituting  instead  of  ),(~ txvr  found

,1,=),,(~ (1) Nrtxvr  and  solving  equation  (2.20)  is  defined  by

).],([0,)((2) NnRCx  

b)  In  the  right  side  (2.18)  substituting  instead  of  ),,(~ txvr

),(xr  respectively,  ),,(~ (1) txvr  ),((2) xr  ,1,= Nr  we obtain

)},,(~{ (2) txvr  .1,= Nr

Continuing the process,  at  the  k  step we obtain a system of

couples ),({ )( xk
r  )},,(~ )( txv k

r  .1,= Nr

Sufficient  conditions  for  the  existence,  convergence  of  the
algorithm, and the existence of a solution to a boundary value problem
with the functional parameter (2.13)-(2.16) establish

Theorem  11. Let  there  exist  1,2,...),=(,=:0> NTNhh
,N

),,),(,())(),(]),[,(~),(( 10
(0)(0) hxxLFDxxtxvx   for
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which  the  Jacobi  matrix  






 ))(]),[,(~,(, xxvxQ h  is  invertible

for all )),(]),[,(~,( xxvx   where 

))(]),[,(~())(),((]))[,(~),((],[0, (0)(0) xtxvSxxStxvxx  

and executed the following inequalities:

1) ),,(
))(]),[,(~,(

1

, hx
xxvxQ h
























2) 1,<]
!

))((
),([1

!

))((
=),( 1

1=

1 








   j

hxL
hx

hxL
hxq

j

j

3)


 

),(~),(~supmax
),(1

),(

!

))(( (0)(1)

),1)[(1,=

1 txvtxv
hxq

hxhxL
rr

rhhrtNr



 



),(<))(]),[,(~,(),( (0)(0)
, xxxvxQhx h     

4)

).(<),(~),(~supmax
),(1

1 (0)(1)

),1)[(1,=
xtxvtxv

hxq rr
rhhrtNr





 

 

Then  the  sequence  of  couples  determined  by  an  algorithm
])},[,(~),({ )()( txvx kk  1,2,...,=k  is  contained  in

))(]),[,(~())(),(( (0)(0) xtxvSxxS    converges  to
]))[,(~),(( txvx   -  solving  the  problem  (2.13)-(2.16)  and  the

following estimates are valid:

a) 


),(~),(~supmax
(0)*

),1)[(1,=
txvtxv rr

rhhrtNr

,),(~),(~supmax
),(1

1 (0)(1)

),1)[(1,=
txvtxv

hxq rr
rhhrtNr







b)  ))(]),[,(~,(),()()( (0)(0)
,

(0)* xxvxQhxxx h  

.),(~),(~supmax
),(1

),(

!

))(( (0)(1)

),1)[(1,=

1 txvtxv
hxq

hxhxL
rr

rhhrtNr








 



Moreover, any solution ]))[,(~),(( txvx  of problem (2.13)-(2.16)

in ))(),(( (0) xxS  ))(])[,(~( (0) xtxvS   is isolated.
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The  function  ),,()( txv k  0,1,2,=k ,  is  defined  by  the
equation: 














,=  ),,(~lim)(

,1,=  ,),(  ),,(~)(
=),( )(

0

)(

)()(

)(

Nhtattxvx

Nrtxattxvx
txv k

N
Tt

k
N

r
k

r
k

rk





and  by  ))()(),,(( (0)
0 xxtxvS    denote  the  set  of  piecewise-

continuously differentiable with respect to  t  functions  ,: nRv 

and satisfy the inequalities 
),()(<),(~)(),( (0)(0) xxtxvxtxv  

).()(<),(~)(),( (0)(0) xxTxvxTxv  

In view of the equivalence of problems (2.8), (2.9) and (2.13)-(2.16)
from Theorem 11 follows

Theorem 12. If the conditions of Theorem 11 are satisfied, then
the  sequence  of  functions  ,1,2,=)},,({ )( ktxv k  contains  in

),,(( (0)
0 txvS  )),()( xx    converges to ),( txv  - solution of

the  problem  (2.8),  (2.9)  ),,(( (0)
0 txvS  ))()( xx    and  the

inequality is valid 
 ))(]),[,(~,(),(),(),( (0)(0)

,
(0) xxvxQhxtxvtxv h  

,),(~),(~supmax
),(1

1),(
!

))((

(0)(1)

),1)[(1,=

1

  txvtxv
hxq

hx
hxL

rr
rhhrtNr
















.),( tx  Moreover,  any  solution  of  the  problem  (2.8),  (2.9)

))()(),,(( (0)
0 xxtxvS    is isolated.

2.2  Sufficient  conditions  for  the  existence  of  an "isolated"
solution of a semi-periodic boundary value problem for systems of
nonlinear hyperbolic equations 

The subject of the study of subdivision 2.2 is a boundary value
problem  for  systems  of  nonlinear  hyperbolic  equations  (2.1)-(2.3).
Similar to the linear case, the boundary value problem for systems of
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nonlinear hyperbolic equations with functional parameters.
Consider  problem  (2.1)-(2.3)  and  the  general  scheme  of

parametrization parameters applied to it. Take the step TNhh =:0>
and  produce  a  partition  1,2,....=),,1)[(=)[0,

1=

NrhhrT
N

r

  In  this
case,  the  range  of    is  divided  into  N  parts.  Let

),(),,(),,( txwtxutxv rrr  denote, respectively, the restrictions of

the  functions  ),,( txv  ),(),,( txwtxu  to

Nrrhhrr 1,=),,1)[(][0,=   . Then problem (2.4)-(2.7) will
be equivalent to the boundary value problem 

,),()),,(,),,(,,(= rrrr
r txtxwvtxutxf
t

v





     (2.22)

],[0,0,=),(lim,0)(
0

1 


xtxvxv N
Tt

             (2.23)

,11,=],[0,),,(=),(lim 1
0




Nsxshxvtxv ss
sht

       (2.24)

,1,=,),(,),()(=),(
0

Nrtxdtvttxu rr

x

r        (2.25)

,1,=,),(,
),(

)(=),(
0

Nrtxd
t

tv
ttxw r

r
x

r 



 


      (2.26)

where (2.24) - is the condition for gluing the functions ),( txv  in the
inner lines of the partition. The solution of the problem (2.22)-(2.26)
is the systems of functions 

,)),(),...,,(),,((=])[,( 21 txvtxvtxvtxv N

,)),(),...,,(),,((=])[,( 21 txutxutxutxu N

,)),(),...,,(),,((=])[,( 21 txwtxwtxwtxw N

where the functions ),,(),,( txutxv rr  ),,( txwr  ,1,= Nr  are

continuous  and  bounded  on  ,r  function  ),,( txvr  ,1,= Nr

having  continuous  and  bounded  on  r  private  derivative

t

txvr



 ),(
 satisfies the system of differential equations (2.22) for all

,),( rtx   ,1,= Nr  (at  hrt 1)(=   system  (2.22)  satisfies

t

txv npr



 ),(., )  and  for  the  values
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),,(lim),,(lim,0),(
00

1 txvtxvxv s
sht

N
Tt 

 ),,(1 shxvs

,11,= Ns  equalities is valid (2.22)-(2.24).
By  )(xr  we  denote  the  value  of  the  function  ),( txvr  at

,1)(= hrt   i.e.  )1)(,(=)( hrxvx rr   and  make  the
replacement 

.1,=),(),(=),(~ Nrxtxvtxv rrr 

We obtain an equivalent boundary value problem with unknown
functions )(xr : 

,),()),,(),(~),,(,,(=
~

rrrrr
r txtxwxvtxutxf
t

v





   (2.27)

,1,=],[0,0,=)1)(,(~ Nrxhrxvr           (2.28)

],[0,0,=),(~lim)()(
0

1  


xtxvxx N
Tt

N         (2.29)

.11,=],[0,0,=)(),(~lim)( 1
0

 


Nsxxtxvx ss
sht

s  (2.30

)
,1,=,)(),(~)(=),(

00

Nrddtvttxu r

x

r

x

r          (2.31)

,1,=,),(,
),(~

)(=),(
0

Nrtxd
t

tv
ttxw r

r
x

r 



 


    (2.32)

The problem (2.22)-(2.26) and (2.27)-(2.32) are equivalent in the
sense  that  if  the  system  of  triples  )},,(),,(),,({ txwtxutxv rrr

,1,= Nr  is a solution to problem (2.22)-(2.26), then the quadruple
system  );1)(,(=)({ hrxvx rr  ),1)(,(),(=),(~ hrxvtxvtxv rrr 

)},,(),,( txwtxu rr  ,1,= Nr  will be the solution of the problem
(2.27)-(2.32)  and,  vice  versa,  if  ),({ xr

)},,(),,(),,(~ txwtxutxv rrr  Nr 1,=  - is a solution to problem
(2.27)-(2.32),  then  the  system

,1,=)},,(),,(),,(~)({ Nrtxwtxutxvx rrrr   will be the solution
of the problem (2.22)-(2.26).

Problem (2.27), (2.28) with fixed ),,(),,(),( txwtxux rrr  is
a one-parameter family of Cauchy problems for systems of ordinary
differential  equations,  where  ],[0,x  and  is  equivalent  to  the
nonlinear integral equation 
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.(2.33))),(),(),(~),,(,,(=),(~

1)(

 dxwxxvxuxftxv rrrr

t

hr

r 


Instead of  ),(~ xvr  we substitute  the  corresponding right  side of

(2.33) and repeating this process   1,2,...)=(  times we obtain 
),...,(,,(),,(,,(=),(~

22

1

1)(

11

1)(





xuxfxuxftxv r

hr

r

t

hr

r 











 dxwxxvxuxf rrrr

hr

)),(),(),(~),,(,,(...
1

1)(

.)),(),()),(),(... 1122  dxwxdxwx rrrr      (2.34)

Hence,  by  defining  ),,(~lim
0

txvr
rht 

 substituting  them  in  (2.29),

(2.30)  we  obtain  a  system  of  nonlinear  equations  with  respect  to
:)(xr  

),...,(,,(),,(,,()()( 22

1

1)(

11

1)(

1 



xuxfxuxfxx N

hN

N

Nh

hN

N 




...)),(),(),(~),,(,,(...
1

1)(










 dxwxxvxuxf NNNN

hN

],[0,0,=)),(),()),(),(... 1122   xdxwxdxwx NNNN

),...,(,,(),,(,,()( 22

1

1)(

11

1)(





xuxfxuxfx s

hs

s

sh

hs

s 




...)),(),(),(~),,(,,(...
1

1)(










 dxwxxvxuxf ssss

hs

0,=)()),(),()),(),(... 11122 xdxwxdxwx sssss  

,11,=],[0,  Nsx   which we write in the form 
.0=]))[,(),(]),[,(~]),[,(,(,  xwxxvxuxQ h         (2.35)

In the absence of a partition )=1,=( ThN  the system of equations
(2.35) has the form 




),(~),,(,,(),...,(,,(),,(,,(
1

0

22

1

0

11

0





 xvxuxfxuxfxuxf
T

 22 )),(),(...)),(),(   dxwxdxwx

].[0,0,=)),(),( 11   xdxwx

for finding systems of four functions  ),,(),,(~),({ txutxvx rrr  )},,( txwr  ,1,= Nr  
we have a closed system consisting of equations (2.35), (2.34), (2.31) 
and (2.32), defined through the function ,f  step partition 0>h  and 
the number of permutations  .

Choose  the  step  1,2,...),=(=:0> NTNhh  vector
function

),],([0,))(),...,(),((=)( (0)(0)
2

(0)
1

(0) Nn
N RCxxxx    and

assume that problem (2.27)-(2.32) at ,1,=),(=)( (0) Nrxx rr   has

the solution 
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),,(
~

),(),,(
~

),( (0)(0) n
rr

n
rr RCtxwRCtxu 

.1,=),,(
~

),(~ (0) NrRCtxv n
rr 

The  set  of  such  )],([0,)((0) nNRCx    is  denoted  by

),,,(0 hxfG  and the corresponding )((0) x  system of solutions of
problems (2.27)-(2.32) through 

,)),(~),...,,(~),,(~(=])[,(~ (0)(0)
2

(0)
1

(0) txvtxvtxvtxv N

,)),(),...,,(),,((=])[,( (0)(0)
2

(0)
1

(0) txutxutxutxu N

.)),(),...,,(),,((=])[,( (0)(0)
2

(0)
1

(0) txwtxwtxwtxw N

Taking  ),,,()( 0
(0) hxfGx   ]),[,(~ (0) txv

]),[,(]),[,( (0)(0) txwtxu  continuous  on  ][0,  functions
0,>)(x (x)>0, 0>)(x  we construct the sets: 

:)],([0,))(),...,(),({(=))(),(( 21
(0) nN

N RCxxxxxS  

},1,=),(<)()( (0) Nrxxx rr  

 ),(~,)),(~),...,,(~),,(~{(=))(]),[,(~( 21
(0) txvtxvtxvtxvxtxvS rN

},1,=),(<),(~),(~:),(
~ (0) NrxtxvtxvRC rr

n
r 

 ),(,)),(),...,,(),,({(=))(]),[,(( 21
(0) txutxutxutxuxtxuS rN

},1,=,),(),(<),(),(:),(
~ (0) NrtxxtxutxuRC rrr

n
r  

,)),(),...,,(),,({(=))(]),[,(( 21
(0) txwtxwtxwxtxwS N

},1,=,),(),(<),(),(:),(
~

),( (0) NrtxxtxwtxwRCtxw rrr
n

rr  

=))(),(),((0
1 xxxG  ,),(),(<),(,),(:),,,,{( (0)

rr txxtxuutxwvutx  

,=),(<),(lim,,1,= (0)

0
TtxtxuuNr N

Nht






,1,=,),(),()(<),(~)( (0)(0) Nrtxxxtxvxv rrr  

),()(<),(~lim)( (0)

0

(0) xxtxvxv N
Tt

N  


,1,=,),(),(<),(,= (0) NrtxxtxwwTt rr  

}.=),(<),(lim
(0)

0
Ttxtxww N

Nht






By ),),(),(),(,( 3210 hxxLxLxLfU  we denote the set of 
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)),(),(),(]),[,(]),[,(]),[,(~),(( (0)(0)(0)(0) xxxtxwtxutxvx 

for  which  the  function  ),,,,( wvutxf  in  ),(),((0
1 xxG 

))(x  has  continuous  partial  derivatives  ),,,,,( wvutxfv

),,,,,( wvutxfu  ),,,,( wvutxfw  and

),(),,,,( 1 xLwvutxfv   ),(),,,,( 2 xLwvutxfu 

),(),,,,( 3 xLwvutxfw   where  )(),(),( 321 xLxLxL  -  are

continuous on ][0,  functions.
According to the system 

,1,=)},,(),,(),,(~),({ Nrtxwtxutxvx rrrr

we compose a quadruple ]),[,(~),({ txvx  ])},[,(]),[,( txwtxu  where 
,))(),...,((=)( 1 xxx N

,)),(~),...,,(~(=])[,(~
1 txvtxvtxv N

.)),(),...,,((=])[,(,)),(),...,,((=])[,( 11  txwtxwtxwtxutxutxu NN

Assuming the existence of ),,,()( 0
(0) hxfGx   for the initial

approximation of the problem (2.27)-(2.32) we take the quadruple ),({ (0) x

])}[,(]),[,(]),[,(~ (0)(0)(0) txwtxutxv  and construct successive
approximations following to the following algorithm:

Step 1. A) Assuming that 

,1,=),,(=),(),,(=),( (0)(0) Nrtxwtxwtxutxu rrrr

first  approximations  in  ),(~),( txvx rr  we  find  by  solving  the
problem (2.22)-(2.23). Taking 

),,(~=),(~),(=)( (0)(1,0)(0)(1,0) txvtxvxx rr

system  of  couples  ,1,=)},,(~),({ (1)(1) Nrtxvx rr  we  find  as  the

limit of the sequence  ),()(1, xm
r  ),,(~ )(1, txv m

r  determined by the

following algorithm:

Step 1.1. a) Substituting  ,1,=),,(~ (1,0) Nrtxvr  to (2.35) from

the system of functional equations 
0=]))[,(),(]),[,(~]),[,(,( (0)(1,0)(0)

,  xwxxvxuxQ h 

defined by ),((1,1) xr  .1,= Nr
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b) To the right side of (2.34) substituting instead of ),,(~ txvr

),(xr  respectively,  ),,(~ (1,0) txvr  ),((1,1) xr  ,1,= Nr  we

define )},,(~{ (1,1) txvr  .1,= Nr

Step 1.2. a) Substituting  ,1,=),,(~ (1,1) Nrtxvr  to (2.35) from

the system of functional equations 
0=]))[,(),(]),[,(~]),[,(,( (0)(1,1)(0)

,  xwxxvxuxQ h 

defined by .1,=),((1,2) Nrxr

b) To the right side of (2.34) substituting instead of ),,(~ txvr

),(xr  respectively,  ),,(~ (1,1) txvr  ),((1,2) xr  ,1,= Nr  we

define )},,(~{ (1,2) txvr  .1,= Nr  On )(1,m  step we obtain system

of couples ),({ )(1, xm
r  )},,(~ )(1, txv m

r  .1,= Nr

Suppose that the solution of problem (2.27)-(2.30) sequence of

system of  couples  ),({ )(1, xm
r  )},(~ )(1, txv m

r  is  defined and at  m
converges to ),({ (1) xr  )},(~ (1) txvr , .1,= Nr

B)  The  functions  ,1,=),,(),,( (1)(1) Nrtxwtxu rr  determined

from the relations 

,)(),(~)(=),( (1)

0

(1)

0

(1)  ddtvttxu r

x

r

x

r   ,
),(~

)(=),(
(1)

0

(1) 


 d
t

tv
ttxw r

x

r



  .),( rtx 

Step 2. A) Assuming that 

,1,=),,(=),(),,(=),( (1)(1) Nrtxwtxwtxutxu rrrr

second  approximations  in  ),(~),( txvx rr  we  find  by  solving
problem (2.27)-(2.30). Taking 

),,(~=),(~),(=)( (1)(2,0)(1)(2,0) txvtxvxx rr

system of couples  ),({ (2) xr  ,1,=)},,(~ (2) Nrtxvr  we found as  the

limit of the sequence  ),()(2, xm
r  ),,(~ )(2, txv m

r  determined by the

following algorithm:

Step 2.1. a) Substituting ,1,=),,(~ (2,0) Nrtxvr  in (2.35) from

the system of functional equations 
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0=]))[,(),(]),[,(~]),[,(,( (1)(2,0)(1)
,  xwxxvxuxQ h 

we define ),((2,1) xr  .1,= Nr

b) To the right side of (2.34) substituting instead of ),,(~ txvr

),(xr  respectively,  ),,(~ (2,0) txvr  ),((2,1) xr  ,1,= Nr  we

define )},,(~{ (2,1) txvr  .1,= Nr

Step 2.2. a) Substituting  ,1,=),,(~ (2,1) Nrtxvr  in (2.35) from

the system of functional equations 
0=]))[,(),(]),[,(~]),[,(,( (1)(2,1)(1)

,  xwxxvxuxQ h 

we define .1,=),((2,2) Nrxr

b) To the right side of (2.34) substituting instead of ),,(~ txvr

),(xr  respectively,  ),,(~ (2,1) txvr  ),((2,2) xr  ,1,= Nr  we

define )},,(~{ (2,2) txvr  .1,= Nr

On  the  )(2,m  step,  we  obtain  the  system  of  couples

.1,=)},,(~),({ )(2,)(2, Nrtxvx m
r

m
r

Suppose that the solution of problem (2.27)-(2.30) is a sequence

of system of couples ),({ )(2, xm
r  )},(~ )(2, txv m

r  is defined and at m
converges to ),({ (2) xr  )},(~ (2) txvr , .1,= Nr

B)  The  functions  ,1,=),,(),,( (2)(2) Nrtxwtxu rr  are

determined from the relations 
,)(),(~)(=),( (2)

0

(2)

0

(2)  ddtvttxu r

x

r

x

r  

,
),(~

)(=),(
(2)

0

(2) 


 d
t

tv
ttxw r

x

r





.),( rtx   Continuing  the  process,  at  the  k  step  we  obtain  a

system of triples ),({ )( xk
r  )},,(),,(~ )()( txutxv k

r
k

r  .1,= Nr

Sufficient  conditions  for  the  feasibility,  convergence  of  the
algorithm,  and  the  existence  of  a  solution  to  a  multi-characteristic
boundary  value  problem  with  functional  parameters  (2.27)-(2.32)
establish

Theorem 13. Let there exist 1,2,...),=(,=:0> NTNh ,N
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))(),(),(]),[,(]),[,(]),[,(~),(( (0)(0)(0)(0) xxxtxwtxutxvx 

),,),(),(),(,( 3210 hxxLxLxLfU   at  which  the Jacobi

matrix  






 ]))[,(),(]),[,(~]),[,(,(, xwxxvxuxQ h   is

invertible  for  all  ])),[,(),(]),[,(~]),[,(,(  xwxxvxux 

where  
]),[,(~),((],[0, txvxx 

 ))(),((]))[,(]),[,( (0) xxStxwtxu 

))(]),[,(())(]),[,(())(]),[,(~( (0)(0)(0) xtxwSxtxuSxtxvS  

and the following inequalities are satisfied:
1)

),,(
]))[,(),(]),[,(~]),[,(,(

1

, hx
xwxxvxuxQ h
























2) 1,<]
!

))((
),([1

!

))((
=),( 1

1=

1 








   j

hxL
hx

hxL
hxq

j

j

3) 



11

0

0

32201

)(

)()]()()[(1])(1))([(







dc

ecxLxLxcxcxc
x

 ),(1])(1))()}[(({1,max 1101111

0

hccL  



  ddwvuQ h 11
(0)

1
(0)

1
(0)

1
(0)

1, ]))[,(),(]),[,(~]),[,(,(

 ),(1])()([ 10 hxxcxc 

),(<]))[,(),(]),[,(~]),[,(,( (0)(0)(0)(0)
, xxwxxvxuxQ h  

4) 



11

0

0
3220

)(

)()]()()[(1])([







dc

ecxLxLxcxc
x

 ),(1])()()()}[({1,max 110111011

0

hcccL  



 

  ddwvuQ h 11
(0)

1
(0)

1
(0)

1
(0)

1, ]))[,(),(]),[,(~]),[,(,(

),(<]))[,(),(]),[,(~]),[,(,(),()( (0)(0)(0)(0)
,0 xxwxxvxuxQhxxc h   

5) 


)()()()}[({1,max

)(

)( 0101
0

0 



cccL

dc

exc
x

x

 

   dwvuQh h ]))[,(),(]),[,(~]),[,(,(),(1] (0)(0)(0)(0)
,

 ),()}({1,max1])()()([ 1010 hxxLxcxcxc 

),(<]))[,(),(]),[,(~]),[,(,( (0)(0)(0)(0)
, xxwxxvxuxQ h  

where 
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 )()()[(),(2])(2)()({[max=)( 1012010 xcxcxLxcxcxcxcxc

)],()(1}[)(2])(2 3220 xLxLxcxc  ,
!

))((

),(1

1
=)( 1

1=
0 j

hxL

hxq
xc

j

j








,
!

))((
),(=)( 1

1







hxL
hxxc  .

!

))((

),(1

1
=)( 1

0=
2 h

j

hxL

hxq
xc

j

j








Then, defined by the algorithm the sequence of functions ),(( )( xk

]),[,(~ )( txv k  ]),[,()( txu k  ])),[,()( txw k  1,2,...,=k  is
contained  in

 ))(]),[,(())(]),[,(~())(),(( (0)(0)(0) xtxuSxtxvSxxS 

)),(]),[,(( (0) xtxwS  converges   to   ),(( x  ]),[,(~ txv 

]),[,( txu  ]))[,( txw  - solution of the problem (2.27)-(2.32) and
the estimates are valid:
a)

,),(~),(~supmax)()(maxmax (0)

),1)[(1,=

(0)

1,=



 



 txvtxvxx rr
rhhrtNr

rr
Nr


















 t

txv

t

txv rr

rhhrtNr

),(~),(~
supmax

(0)

),1)[(1,=

 


),(1])()()()}[({1,max

)(

)( 0101
0

0 hcccL

dc

exc
x

x







  dwvuQ h ]))[,(),(]),[,(~]),[,(,( (0)(0)(0)(0)
,

 ),()}({1,max1])()()([ 1010 hxxLxcxcxc 

,]))[,(),(]),[,(~]),[,(,( (0)(0)(0)(0)
,  xwxxvxuxQ h 

b) 








,),(),(supmaxmax (0)

),1)[(1,=
txutxu rr

rhhrtNr










),(),(supmax
(0)

),1)[(1,=
txwtxw rr

rhhrtNr





 





 ,),(~),(~supmax)()(maxmax (0)

),1)[(1,=

(0)

1,=0

tvtv rr
rhhrtNr

rr
Nr

x



.
),(~),(~

supmax
(0)

),1)[(1,=



d

t

tv

t

tv rr

rhhrtNr 















Moreover, any solution  ]))[,(),(]),[,(~]),[,(( txwxtxvtxu   of

69

Ре
по
зи
то
ри
й К
ар
ГУ



problem (2.27)-(2.32) in 
 ))(]),[,(())(]),[,(~())(),(( (0)(0)(0) xtxuSxtxvSxxS 

))(]),[,(( (0) xtxwS   isolated.

The  functions  ),,(),,(),,( )()()( txwtxutxv kkk  1,2,=k ,
defined by equalities: 














,=  ),,(~lim)(

,1,=  ,),(  ),,(~)(
=),( )(

0

)(

)()(

)(

Nhtattxvx

Nrtxattxvx
txv k

N
Tt

k
N

r
k

r
k

rk








 d
t

tv
ttxwdtvttxu

kx
kk

x
k




 

),(
)(=),(,),()(=),(

)(

0

)()(

0

)(  and  through

))(),(),(]),[,(( (0)
1 xxxtxuS   denote  the  set  of  functions

,: nRu   piecewise  continuously  differentiable  in  tx,  and
satisfying the inequalities 

),(<),(),( (0) xtxutxu 

),(<),(),( (0) xTxuTxu 

),()(<),(),( (0) xxtxutxu xx  

),()(<),(),( (0) xxTxuTxu xx  

),(<),(),( (0) xtxutxu tt 

).(<),(),( (0) xTxuTxu tt 

In view of the equivalence of problems (2.1)-(2.3) and (2.27)-(2.32),
Theorem 14 follows from Theorem 13

Due to the equivalence of problems (2.1)-(2.3) and (2.27)-(2.32)
from Theorem 13 follows

Theorem 14.  If the conditions of Theorem 13 are satisfied, then
the  sequence  of  functions  ,1,2,=)},,({ )( ktxu k  is  contained  in

),(),(]),[,(( (0)
1 xxtxuS   )),(x  converges  to  ),( txu  -

solution  of  problem  (2.1)-(2.3)  in  ),(]),[,(( (0)
1 xtxuS 

))(),( xx   and the inequality is valid 
 





 j

kj

x
k dc

j
ctxutxu ))((

!

1
)(),(),( 11

01=0

)( 



 ),(1])()()()}[({1,max 110111011

0

hcccL  


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,]))[,(),(]),[,(~]),[,(,( 11
(0)

1
(0)

1
(0)

1
(0)

1,  ddwvuQ h 

.),( tx  Moreover,  any  solution  of  problem  (2.1)-(2.3)  in

),(]),[,(( (0)
1 xtxuS   ))(),( xx   isolated.

2.3 About one algorithm of finding of the "isolated" solution
of a semi-periodic boundary value problem for the systems of the
nonlinear hyperbolic equations 

In  subsection  2.3,  the  method of  a  parametrization  is  used  to
study the system of the form

(2.36)],[0,][0,=),(),,,,(=
2

nRuTtx
x

u
utxf

tx

u











with conditions (2.2), (2.3).
To find a  solution to  the problem (2.36),  (2.2),  (2.3) efficient

algorithms  are  constructed  and  sufficient  conditions  for  their
convergence are established. These conditions ensure the existence of
an  isolated  solution  to  the  problem  under  study.  Thus,  similar  to

subsection  2.2  entering  the  function  ),( txv
x

txu



 ),(
=  and

applying the method of a parametrization scheme, the problem (1.36),
(2.2),  (2.3)  we reduce the equivalent  boundary value problem with
unknown functions )(xr :

,),()),(~,,,(=
~

rrrr
r txxvutxf
t

v





           (2.37)

,1,=],[0,0,=)1)(,(~ Nrxhrxvr           (2.38)

],[0,0,=),(~lim)()(
0

1  


xtxvxx N
Tt

N                  (2.39)

,11,=],[0,0,=)(),(~lim)( 1
0

 


Nsxxtxvx ss
sht

s  (2.40

)
.1,=,),(,)(),(~)(=),(

00

Nrtxddtvttxu rr

x

r

x

r    (2.41)

Problem (2.37), (2.38) with fixed ),,(),( txux rr  is a one-
parameter family of Cauchy problems for systems ordinary

differential equations where ],[0,x  and is equivalent to a
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nonlinear integral equation 
.))(),(~),,(,,(=),(~

1)(

 dxxvxuxftxv rrr

t

hr

r 


       (2.42)

Instead  ),(~ xvr  we  substitute  the  corresponding  right-hand side

(2.42) and repeating this process   1,2,...)=(  times we obtain 
.),..,(,,(),,(,,(=),(~

22

1

1)(

11

1)(





xuxfxuxftxv r

hr

r

t

hr

r 











 dxxvxuxf rrr

hr

))(),(~),,(,,(...
1

1)(

.))())(... 12  dxdx rr                             (2.43)

Hence defining  ),,(~lim
0

txvr
rht 

 substituting them in (2.39), (2.40)

we obtain a system of nonlinear equations regarding :)(xr

),...,(,,(),,(,,()()( 22

1

1)(

11

1)(

1 



xuxfxuxfxx N

hN

N

Nh

hN

N 




...))(),(~),,(,,(...
1

1)(










 dxxvxuxf NNN

hN

],[0,0,=))())(... 12   xdxdx NN

),...,(,,(),,(,,()( 22

1

1)(

11

1)(





xuxfxuxfx s

hs

s

sh

hs

s 




...))(),(~),,(,,(...
1

1)(










 dxxvxuxf sss

hs

,11,=],[0,0,=)())())(... 112   Nsxxdxdx sss 

which we write in the form
.0=))(]),[,(~]),[,(,(, xxvxuxQ h                (2.44)

For  finding  of  a  system  from  three  functions
,1,=)},,(),,(~),({ Nrtxutxvx rrr  we  have  a  vice-system

consisting  of  of  equations  (2.44),  (2.43)  and  (2.41),  defined  by
function  ,f  to splitting step  0>h  and the number of substitutions
 .

Choose a step 1,2,...),=(=:0> NTNhh  vector function

)],([0,))(),...,((=)( (0)(0)
1

(0) Nn
N RCxxx    and  suppose

that  the  problem (2.37)-(2.41)  when  ),(=)( (0) xx rr    ,1,= Nr

has a solution 

.1,=),,(
~

),(~),,(
~

),( (0)(0) NrRCtxvRCtxu n
rr

n
rr 

The set of such )],([0,)((0) nNRCx    is denoted ),,,(0 hxfG

and the corresponding  )((0) x  solution system of problems (2.37)-
(2.41) by 
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,)),(~),...,,(~(=])[,(~ (0)(0)
1

(0) txvtxvtxv N

.)),(),...,,((=])[,( (0)(0)
1

(0) txutxutxu N

Taking  the  function  we  construct  the  sets.  Taking
),,,()( 0

(0) hxfGx   ]),[,((0) txu  ]),[,(~ (0) txv  the  function

0,>)(x  we construct the sets: 
:)],([0,))(),...,({(=))(),(( 1

(0) nN
N RCxxxxS  

},1,=),(<)()( (0) Nrxxx rr  

]),[,(~)({=))(]),[,(~)(( (0)(0) txvxxtxvxS  

,)),(~),...,,(~(),],([0,))(),...,((=)( 11  txvtxvRCxxx N
nN

N 

 )()(:),(
~

),(~ (0) xxRCtxv rr
n

rr 

},1,=),(<),(~),(~ (0) Nrxtxvtxv rr 

:),(
~

),(,)),(),...,,({(=))(]),[,(( 1
(0) n

rrN RCtxutxutxuxtxuS 

},1,=,),(),(<),(),( (0) Nrtxxtxutxu rrr  

,),(:),,,{(=))(,(0 txvutxxG 

,),(),(<),((0)
rr txxtxuu  

],[0,,=),(<),(lim,1,= (0)

0
 



xTtxtxuuNr N
Nht

,1,=,),(),(<),(~)( (0)(0) Nrtxxtxvxv rrr  

]}.[0,,=),(<),(~lim)( (0)

0

(0)  


xTtxtxvxv N
Nht

N

Through  ),),(),(,( 210 hxxLxLfD  denote  the  set

]),[,(~),(( (0)(0) txvx  ))(,]),[,((0) xtxu   at  which  the

function  ),,,( vutxf  in  ))(,(0 xG   has  continuous  private

derivatives  ),,,,( vutxf v  ),,,( vutxfu  and

),(),,,( 1 xLvutxf v   ).(),,,( 2 xLvutxfu 

On system )},,(),,(~),({ txutxvx rrr  ,1,= Nr  we make up

a triple ]),[,(~),({ txvx   ])},[,( txu  where 
,)),(~),...,,(~(=])[,(~,))(),...,((=)( 11  txvtxvtxvxxx NN

.)),(),...,,((=])[,( 1 txutxutxu N
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Assuming  the  existence  ),,,()((0) hxfGx   for  the  initial
approximation  of  the  problem (2.37)-(2.41)  we  take  the  system of

triples  )),,(~),,(),(( (0)(0)(0) txvtxux rrr  ,1,= Nr  and  we

construct  successive  approximations  according  to  the  following
algorithm:

Step  1. Substituting  ,1,=),,(~),,( (0)(0) Nrtxvtxu rr  into

(2.44) from a system of functional equations 
0=))(]),[,(~]),[,(,( (0)(0)

, xxvxuxQ h  

define  ),((1) xr  .1,= Nr  Substituting  in  (2.43)  instead  of

),,( txur  ),,(~ txvr  ),(xr  respectively,  ),,((0) txur

),,(~ (0) txvr  ),((1) xr  ,1,= Nr  we  obtain  )},,(~{ (1) txvr

.1,= Nr  Functions ),((1) txur  determined from ratios (2.41), where

.1,=),,(~=),(~),(=)( (1)(1) Nrtxvtxvxx rrrr 

Step 2. Function ))(),...,(),((=)( (2)(2)
2

(2)
1

(2) xxxx N  we

define as the solution of the system of equations (2.44), where 

.1,=),,(~=),(~),,(=),( (1)(1) Nrtxvtxvtxutxu rrrr

Again  substituting  in  (2.43)  instead  of  ),,( txur  ),,(~ txvr

),(xr  respectively,  ),,((1) txur  ),,(~ (1) txvr  ,1,=),((2) Nrxr

we obtain  .1,=)},,(~{ (2) Nrtxvr  Functions  ),((2) txur  are defined

from relations (2.41), where 

.1,=),,(~=),(~),(=)( (2)(2) Nrtxvtxvxx rrrr 

Continuing the process on k  step we obtain system of triples 

.1,=)},,(),,(~),({ )()()( Nrtxutxvx k
r

k
r

k
r

Sufficient  conditions  for  the  feasibility,  convergence  of  the
algorithm  and  the  existence  of  a  solution  to  a  multicharacteristic
boundary  value  problem  with  functional  parameters  (2.37)-(2.41)
establish

Theorem  15. Let  exist  1,2,...),=(,=:0> NTNhh  ,N

),,),(),(,())(,]),[,(]),[,(~),(( 210
(0)(0)(0) hxxLxLfDxtxutxvx 
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at which the Jacobi matrix 






 ))(]),[,(~]),[,(,(, xxvxuxQ h  is

invertible  for  all  ]),[,(,( xux  )),(]),[,(~ xxv   where

]),[,(~)((]))[,(]),[,(~)((],[0, (0)(0) txvxStxutxvxx  

))(]),[,(())( (0) xtxuSx    and the following inequalities are
executed:

1) ),,(
))(]),[,(~]),[,(,(

1

, hx
xxvxuxQ h
























2) ,
2

1
<]

!

))((
),([1

!

))((
=),( 1

0=

1 








   j

hxL
hx

hxL
hxq

j

j

3) 






























 










 ),(max
!

)
~

(
1

!
~

)
~

(

21

)(2
][0,

1

0=

~

2

hx
j

hL
x

j

j






















  

),(<))(]),[,(~]),[,(,( (0)(0)(0)
, xxxvxuxQ h  

where ),(max=
~

1
][0,

1 xLL
x 

 ),(max=~
][0,

x
x




 

].
!

))((
),([1)(

!

))((
=)( 1

0=
2

1
1

0= j

hxL
hxhxL

j

hxL
x

j

j

j

j
 

 





  

Then  the  sequence  of  couple  ]),[,(~)(( )()( txvx kk 

])),[,()( txu k 0,1,...,=k  determined by the algorithm is contained

in  )),(]),[,(())(]),[,(~)(( (0)(0)(0) xtxuSxtxvxS  

converges  to  ]))[,(]),[,(~)(( txutxvx    -  solution  of  the
problem (2.37)-(2.41) and the estimates are valid:

a)
 



 ),(~),(~supmax)()(max
)(

),1)[(1,=

)(

1,=
txvtxvxx k

rr
rhhrtNr

k
rr

Nr

















































 ),(max
!

)
~

(
1

!
~

)
~

(

21

)(2
][0,

1

0=

~

1

hx
j

hL
x

j

j

k
























,))(]),[,(~]),[,(,(),(max
(0)(0)(0)

,
][0,

xxvxuxQhx h
x

 





where 











 - the largest integer not exceeding .

~





75

Ре
по
зи
то
ри
й К
ар
ГУ



b) 



),(),(supmax
)(

),1)[(1,=
txutxu k

rr
rhhrtNr

 

.),(~),(~supmax)()(max
)(

),1)[(1,=

)(

1,=0

 dtvtv k
rr

rhhrtNr

k
rr

Nr

x



















And any  solution  )(),,(~),,( xtxvtxu   problems  (2.37)-(2.41),

where  )),(]),[,(~)(()(),(~ (0)(0) xtxvxSxtxv  

))(]),[,((),( (0) xtxuStxu   isolated.
Proof. Believing  that

),(~=),(~),,(=),( (0)(0) txvtxvtxutxu rrrr  and  solving  equations

(2.44), we find 
.))(),...,(),((=)( (1)(1)

2
(1)
1

(1) xxxx N

By  owing  of  the  inequality  3)  of  the  Theorem,  with  fixed
],[0,x  exist a number 0,>0  satisfying inequalities 

1/2,<),(0 hx

),(<))(]),[,(~]),[,(,(
),(1

),( (0)(0)(0)
,

0

xxxvxuxQ
hx

hx
h 








 


and matrix of Jacobi  






 ))(]),[,(~]),[,(,( (0)(0)(0)
, xxvxuxQ h

uniformly continuous in  ))(),(( (0) xxS   and for  0>0  find

)
2

)(
(0,0

x
   such that 

,<
))(

~
]),[,(~]),[,(,())(]),[,(~]),[,(,(

0

(0)(0)
,

(0)(0)
,








 








 xxvxuxQxxvxuxQ hh

when for )),(),(()(
~

),( (0) xxSxx    the inequality is valid 

].[0,,<)(
~

)( 0   xxx

Choosing a number 













 


0

(0)(0)(0)
,

0

))(]),[,(~]),[,(,(),(
1,max=






 xxvxuxQhx h

let's construct a repetitive process: 
),(=)( (0)(1,0) xx 

76

Ре
по
зи
то
ри
й К
ар
ГУ



 )(=)( )(1,1)(1, xx mm 



















 1
)(1,(0)(0)

, ))(]),[,(~]),[,(,(1







 xxvxuxQ m
h

0,1,2,....=],[0,)),(]),[,(~]),[,(,( )(1,(0)(0)
, mxxxvxuxQ m
h  

(2.45)
By  Theorem  1  of  [87]  the  iterative  process  (2.45)  converges  to

)((1) x  - isolated solution of the equation 

0=))(]),[,(~]),[,(,( (0)(0)
, xxvxuxQ h  

in ))(),(( (0) xxS   and 
 )()( (0)(1) xx 

).(<))(]),[,(~]),[,(,(),( (0)(0)(0)
, xxxvxuxQhx h   

(2.46)
Due  to  the  arbitrariness  of  x  estimate  (2.46)  is  valid  for  all

].[0,x

Functions ,1,=),,(~ (1) Nrtxvr  determined from ratios 

),...,(,,(=),(~
1

(0)
1

1)(

(1)  xuxftxv r

t

hr

r 







),(~),,(,,(... (0)(0)
1

1)(





 xvxuxf rr

hr

.1,=,))(...))( 1
(1)(1) Nrdxdx rr   

Then 




),(~),(~supmax
(0)(1)

),1)[(1,=
txvtxv rr

rhhrtNr

.)()(max
!

))(( (0)(1)

1,=

1

1=

xx
j

hxL
rr

Nr

j

j




              (2.47)

It follows that 

  )()(max
!

))((
)( (0)(1)

1,=

1

0=

(1) xx
j

hxL
x rr

Nr

j

j




).(2.48)(<))(]),[,(~]),[,(,(),(
!

))(( (0)(0)(0)
,

1

0=

xxxvxuxQhx
j

hxL
h

j

j

 





 


 dtxutxu rr
Nr

x

rr
rhhrtNr

)()(max),(),(supmax
(0)(1)

1,=0

(0)(1)

),1)[(1,=
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).(<),(~),(~supmax
(0)(1)

),1)[(1,=0

xdtvtv rr
rhhrtNr

x

 




From estimates it is visible that a system 
)),(]),[,(~)((]))[,(~)(( (0)(0)(1)(1) xtxvxStxvx  

)).(]),[,((])[,( (0)(1) xtxuStxu 

From  the  structure  of  the  operator
))(]),[,(~]),[,(,( (1)(1)

, xxvxuxQ h    and equality 

0=))(]),[,(~]),[,(,( (1)(0)(0)
, xxvxuxQ h  

follows that 
 ))(]),[,(~]),[,(,(),( (1)(1)(1)

, xxvxuxQhx h  






 


11

(0)
1

(1)
2

1)(),1)[(1,=
),(),()(supmax),(  dxuxuxLhx rr

rh

hrrhhrtNr

 


...),(),()()( 122
(0)

2
(1)

2

1

1)(

1

1)(





dxuxuxLxL rr

hr

rh

hr

 




12
(0)(1)

2

1

1)(

1

1

1)(

1

1)(

...),(),()()...()(  



dddxuxuxLxLxL rr

hrhr

rh

hr

 




]...),(~),(~)()...()( 12
(0)(1)

1

1

1)(

1

1

1)(

1

1)(

 



dddxvxvxLxLxL rr

hrhr

rh

hr






 ),(),(supmax)(
!

))((
),( (0)(1)

),1)[(1,=
2

1
1

0=

txutxuhxL
j

hxL
hx rr

rhhrtNr

j

j








),(~),(~supmax
!

))((
),( (0)(1)

),1)[(1,=

1 txvtxv
hxL

hx rr
rhhrtNr






).(),()()( (1)(1)

0

xhxqdx
x

  

Thus
 ))(]),[,(~]),[,(,(),( (1)(1)(1)

, xxvxuxQhx h  

).(max)(2

!
~

~

(1)

][0,

2

~

x
x

















































                (2.49)

Choose number 0,>~  satisfying for all ],[0,x  inequality 



























































!

))((
1

!
~

~

21

)(2 1

0=

~

2

j

hxL j

j



















).(<~))(]),[,(~]),[,(,(),( (0)(0)(0)
, xxxvxuxQhx h   
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If ),~)(),(()( (1)(1)   xxSx  where 

,))(]),[,(~]),[,(,(),(=)( (1)(1)(1)
,

(1) xxvxuxQhxx h   

then, by owing of inequalities 2), 3) of the theorem and (2.47), (2.49),
the estimate 

 )()(max
(0)

1,=
xx rr

Nr





),(~),(~supmax)()(max
(0)

),1)[(1,=

(0)

1,=
txvtxvxx rr

rhhrtNr
rr

Nr





),(~),(~supmax)()(max
(1)

),1)[(1,=

(1)

1,=
txvtxvxx rr

rhhrtNr
rr

Nr





),(~),(~supmax)()(max
(0)(1)

),1)[(1,=

(0)(1)

1,=
txvtxvxx rr

rhhrtNr
rr

Nr

















































~)()(

!
~

~

)(2 (1)(1)

~

2 xx
















































~)(1]

!
~

~

)[(2 (1)

~

2 x
















































 










!

))((
1

!
~

~

21

)(2 1

0=

~

2

j

hxL j

j



















),(<~))(]),[,(~]),[,(,(),( (0)(0)(0)
, xxxvxuxQhx h   

i.e.  )).(),(()~)(),(( (0)(1)(1) xxSxxS    From  the
conditions  of  the  theorem  it  follows  that  the  operator

))(]),[,(~]),[,(,( (1)(1)
, xxvxuxQ h    to

)~)(),(( (1)(1)  xxS  satisfies all the conditions of the Theorem 1
[87]. Therefore, the iterative process: 

),(=)( (1)(2,0) xx 

=)(1)(2, xm

79

Ре
по
зи
то
ри
й К
ар
ГУ





















 1
)(2,(1)(1)

,)(2, ))(]),[,(~]),[,(,(1
)(








 xxvxuxQ
x

m
hm

0,1,2,...,=],[0,)),(]),[,(~]),[,(,( )(2,(1)(1)
, mxxxvxuxQ m
h  

converges to )((2) x  - isolated solution of the equation 

0=))(]),[,(~]),[,(,( (1)(1)
, xxvxuxQ h  

in the set ),~)(),(( 1
(1)  xxS  ][0,x  and 

,))(]),[,(~]),[,(,(),()()( (1)(1)(1)
,

(1)(2) xxvxuxQhxxx h   

from here, from (2.48), by owing of conditions 2), 3) of Theorem 1, it 
follows that 
















































 










!

))((
1

!
~

~

21

)(2
)()( 1

0=

~

2
(0)(2)

j

hxL
xx

j

j




















).(<))(]),[,(~]),[,(,(),( (0)(0)(0)
, xxxvxuxQhx h   

(2.50)
By  owing  of  arbitrariness  x  assessment  (2.50)  is  valid  for  all

].[0,x  It is not difficult to establish that )((2) x  is continuous
on ].[0,

Functions ,1,=),,(~ (2) Nrtxvr  determined from ratios 

),...,(,,(=),(~
1

(1)
1

1)(

(2)  xuxftxv r

t

hr

r 


,))(...))(),(~),,(,,(... 1
(2)(2)(1)(1)

1

1)(

 



dxdxxvxuxf rrrr

hr






.1,= Nr  With assumptions of the theorem there are estimates 




),(~),(~supmax
(1)(2)

),1)[(1,=
txvtxv rr

rhhrtNr






 ),(),(supmax)(
!

))(( (0)(1)

),1)[(1,=
2

1
1

0=

txutxuhxL
j

hxL
rr

rhhrtNr

j

j






),(~),(~supmax
!

))(( (0)(1)

),1)[(1,=

1 txvtxv
hxL

rr
rhhrtNr



 )()(max
!

))(( (1)(2)

1,=

1

1=

xx
j

hxL
rr

Nr

j

j



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 


]
!

))((
),([1)(

!

))(( 1

1=
2

1
1

0= j

hxL
hxhxL

j

hxL j

j

j

j












),(),(supmax
(0)(1)

),1)[(1,=
txutxu rr

rhhrtNr

).,(~),(~supmax
!

))((
),(1

!

))(( (0)(1)

),1)[(1,=

1

1=

1 txvtxv
j

hxL
hx

hxL
rr

rhhrtNr

j

j






















Thus,




),(~),(~supmax)()(max=)( (1)(2)

),1)[(1,=

(1)(2)

1,=

(2) txvtxvxxx rr
rhhrtNr

rr
Nr



 


]
!

))((
),([1)(

!

))(( 1

0=
2

1
1

0= j

hxL
hxhxL

j

hxL j

j

j

j












),(),(supmax
(0)(1)

),1)[(1,=
txutxu rr

rhhrtNr









  !

))((
),(1

!

))(( 1

0=

1

j

hxL
hx

hxL j

j













),(~),(~supmax
(0)(1)

),1)[(1,=
txvtxv rr

rhhrtNr




),(),(supmax)( (0)(1)

),1)[(1,=
txutxux rr

rhhrtNr





),(~),(~supmax),( (0)(1)

),1)[(1,=
txvtxvhxq rr

rhhrtNr


).(max)(2

!
~

~

(1)

][0,

2

~

x
x

















































Then there are inequalities 




),(),(supmax
(1)(2)

),1)[(1,=
txutxu rr
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Assuming  that  are  defined
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r

k
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k
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k

r
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r
k
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k  an approximation in the functional parameter ),()( xk  find from
the equation 

0.=))(]),[,(~]),[,(,( 1)(1)(
, xxvxuxQ kk
h   

Using (2.51), (2.52) and equality 
0,=)(]),[,(~]),[,(,( 1)(2)(2)(
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h

  

install the inequality is valid 
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Take
,))(]),[,(~]),[,(,(),(=)( 1)(1)(1)(

,
1)( xxvxuxQhxx kkk

h
k    

at ][0,x  and show that 
)).(),(()~)(),(( (0)1)(1)( xxSxxS kk  

Really, in view of inequalities (2.51), (2.53), 3) 
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h     in

)~)(),(( 1)(1)(   xxS kk  satisfies all the conditions of Theorem
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By  owing  of  arbitrariness  x  estimate  (2.54)  is  valid  for  all

].[0,x  It is not difficult to establish that )()( xk  is continuous
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From inequalities (2.55), (2.56) and 1/2<),( hxq  it follows that the

sequence ]))[,(]),[,(~)(( )()()( txutxvx kkk   at k  converges
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In inequalities (2.57), (2.58) passing to the limit at  ,p  obtain
estimates a), b).

The isolation is established similarly to the proof of Theorem 13.
Theorem 15 is proved.

Functions  ),,(),,( )()( txutxv kk  0,1,2,=k , are defined by

86

Ре
по
зи
то
ри
й К
ар
ГУ



equations: 
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inequalities 

),(1][<),(),( (0) xtxutxu  

),(1][<),(~)(),( (0)(0) xtxvxtxv  

),(1][<),(),( (0) xTxuTxu  

),(1][<),(~)(),( (0)(0) xTxvxTxv  

where .
),(

=),(
x

txu
txv




 In view of the equivalence of problems

(2.36), (2.2), (2.3) and (2.37)-(2.41) from theorem 15 follows
Theorem 16. If the conditions of Theorem 15 are satisfied, then

the sequence of functions )),,(( )( txu k  ,0,1,= k  is contained in

)),(1][),,(( (0) xtxuS    converges  to  ),( txu  -  problem

solving (2.36)  ,(2.2),  (2.3)  to  ))(1][),,(( (0) xtxuS    and the
inequality is valid 
























 













!

)
~

(

!
~

~

21

)(2
),(),( 1

0=

~

1
)(

j

hL
txutxu

j

j

k
k




















.(2.59)),(,))(]),[,(~]),[,(,(),(max
(0)(0)(0)

,
][0,




txxxvxuxQhx h
x

 


Moreover,  any  solution  to  the  problem  (2.36),  (2.2),  (2.3)  to
))(1][),,(( (0) xtxuS    isolated.

Proof. Suppose that the conditions of Theorem 15 are satisfied.
Because for all ,0,1,2,= k  ]))[,(]),[,(~)(( )()()( txutxvx kkk 

is  contained  to
)),(]),[,(())(]),[,(~)(( (0)(0)(0) xtxuSxtxvxS  

converges  to ]),[,(~)(( txvx    
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))(]),[,(())(]),[,(~)((]))[,( (0)(0)(0) xtxuSxtxvxStxu  

- solve problems (2.37)-(2.41), then we determined the sequence of
functions  )),,(( )( txu k  ,1,2,= k  is  contained  in

)),(1][),,(( (0) xtxuS    converges  to   ),( txu

))(1][),,(( (0) xtxuS    -  solve problems (2.36),  (2.2),  (2.3).

By owing of estimates a), b) Theorem 15 at ,),( tx  takes place
inequality (2.59).

Theorem 16 is proved.

2.4 The problem of choosing the initial approximation 

In  this  subsection,  an  estimate  of  the  difference  between
)((0) x  ),(* x  ],[0,x  the  components  of  which  are

composed  of  the  values  of  the  solutions  of  the  boundary  value
problem (2.36), (2.5)-(2.7) at the points of partition of the segment

],[0,T  and )((0) x  - system solution 
  ])([],[,(])([),(,0,)(])([,(

00

,  fxdxQ
xx

h 

(2.60)).],([0,)(0,=)]))([),(,)( 11

0

nNRCxdd 


 

This  system  of  equations,  in  contrast  to  ordinary  differential
equations, consists from nN  non-linear integral equations and fully
determined according to the initial data of the problem and differ in
the choice of values 0>h  and .N  Since the values of 0>h  and
  affect the dimension and complexity of the system of equations,
we propose algorithms for finding solutions to this system, based on
the transition from simple and smaller dimensions of the system to a
more complex and larger system.

Let ),,()( 0
(0) hxfGx   - decision (2.60) and 

))(),(),(]),[,(]),[,(]),[,(~),(( (0)(0)(0)(0) xxxtxwtxutxvx 

).,),(),(),(,( 3210 hxxLxLxLfU

Theorem 17. If matrix 







 ]))[,(),(]),[,(~]),[,(,(, xwxxvxuxQ h  Jacobi  invertible

88

Ре
по
зи
то
ри
й К
ар
ГУ



for  all  ])),[,(),(]),[,(~]),[,(,(  xwxxvxux   where
],[0,x  ),(( x

),((]))[,(]),[,(]),[,(~ (0) xStxwtxutxv 

]),[,(~())( (0) txvSx   ]),[,(())( (0) txuSx 

)),(]),[,(())( (0) xtxwSx    and  performed  inequalities  1)-5)
of Theorem 13, that estimates takes place 

 )()( (0)* xx 





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0

0
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dc
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2

0
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
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2323
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 rddd
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

ddddddf 121313
(0)

44
(0)

3

0
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2

0

)))(),(,)()(,,( 

 

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j

j

)]()([
!

))((
)[,(1])()([ 32

1
1
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
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




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)(,,()}({1,maxsupmax 11

1)(

1

0),1)[(1,=
 fL

t
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x
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



)(,,(,...)()(,,(,)(
1

1)(
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(0)

0
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0
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r
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0
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





 fxd rr 

...)))(),(,)( 11
(0)
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(0)
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

 ddd 

  )(,,()(),(... 221

0

2
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

fr 

 2121
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22
(0)

1

0

)))(),(,)( 


ddd 

  )(,,()(),( 111

0

1
(0) 



fr 

.)))(),(,)( 1111
(0)

22
(0)

1

0 





 



dddd 

       
(2.61)

Proof. Considering  structure  operator
]))[,(),(]),[,(~]),[,(,(,  xwxxvxuxQ h   and equality 

  ])([),(,0,)(])([,( (0)(0)

0

, 
xdxQ

x

h
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0,=)]))([),(,)(])([],[,( (0)
11

(0)

00




ddf
x

  

from the inequality a) of Theorem 13 we obtain 
 )()(max
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1,=
xx rr

Nr

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.),(~supmax
!
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),( (0)

),1)[(1,=

1






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

txv
hxL

hx r
rhhrtNr




        (2.62)

As  ),(),,(),,(~ (0)(0)(0) txwtxutxv rrr  are  solutions  to  Goursat

problems  (2.27)-(2.32),  at  ],[0,),(=)( (0)  xxx rr  then  on

,1,=, Nrr  estimates take place 
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taking into account  which,  from (2.62)  we  will  receive  validity  of
inequality (2.61). Theorem 17 is proved.

From the estimate (2.61) shows that the initial approximation of
the parameter will be closer to the exact solution )(* x , the smaller
the  partition  step  0>h  or  the  greater  the  number  of  substitutions

1,2,....=  The initial approximation by the functional parameter -
)],([0,)((0) nNRCx    will  be  sought  as  the  solution  of  the

equation (2.60), i.e. the system 

91

Ре
по
зи
то
ри
й К
ар
ГУ



 


)(,,(,)()(,,()()( 22

1

1)(0

11

1)(

1 



xfdxfxx
hN

N

xNh

hN

N

 




)(),(,)()(,,(,...)(
0

1

1)(0





 xdxfd NN

x

hN

N

x

  )(),(...)))(),(,)()(,,( 212

00

 




 xdddf NNN

x

  )(),()))(),(,)()(,,( 12211

0

22

0




 xdddf NNN

x

0,=)))(),(,)()(,,( 1111

0

11

0




dddf NN

x

 

    
(2.63)

 


)(,,(,)()(,,()( 22

1

1)(0

11

1)(





xfdxfx
hs

s

xsh

hs

s

 




)(,,(,...)(
1

1)(0





 xfd
hs

s

x

  )(,,()(),(,)(
00

  fxd
x

ss

x



 )(),())(...)))(),(,)( 2211

0

 



 xdxddd ssss

  2211

0

22

0

)))(),(,)()(,,( 


dddf ss

x



  )(,,()(),( 11

0

1  fx
x

s 

0,=)()))(),(,)( 11111

0

xddd sss  




  
(2.64)

where  .11,=],[0,  Nsx   The  system  of  equations  (2.63),
(2.64) is a complex nonlinear dimension system .nN  However, this
system is completely determined by the source data of the problem
and to find it solutions  )],([0,)((0) nNRCx    can apply known
methods of the theory of nonlinear systems of equations [88, 90]. One
of the main methods for finding solutions are iterative methods. Fast
converging iterative type methods Newton's method generally implies
the existence of a "good"  initial approximation. To find such an initial
approximation suggests the following approach. Consider first system
(2.64) at :1=1),=(= NTh  

  ])([],[,(])([),(,0,)(][,(
00

1,  fxdxQ
xx

T 

)],([0,)(0,=)]))([),(,)( 11

0

nNRCxdd 


 

(2.65)
which has the form 

  )(,,()(),(,)()(,,(
0

1,1,

00

 fxdxf
x

TT

xT



].[0,0,=)))(),(,)( 1,111,

0




 xddd TT 

Let )(1, xT decision (2.65). Next, consider the system (2.60)
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at 
2

=
T

h
 

1,=2),=( N  which is written as 

  )(),(,)()(,,()()(
,2

2
1,,2

2
1,

0
2

,2
2

1,,1
2

1,
 xdxfxx TT

xT

T
TT

0,=)))(),(,)()(,,(
,2

2
1,

11
,2

2
1,

00




dddf TT

x

 

  
(2.66)

  )(,,()(),(,)()(,,()(
0

,1
2

1,,1
2

1,
0

2

0
,1

2
1,

 fxdxfx
x

TT

x
T

T 

0,=)()))(),(,)(
,2

2
1,,1

2
1,

11
,1

2
1,

0

xddd TTT 


 

(2.67)
where  ],[0,x  i.e. initial  system approximation (2.66), (2.67) -

vector-function  )],([0,))(),((=)( 2

,2
2

1,,1
2

1,
2

1,

n
TTT RCxxx  

we define as follows:

=)(
~

),(=)(
~

,2
2

1,
1,

,1
2

1,
xxx TTT 

  )(),(,)()(,,()(= 1,1,

0

2

0

1,  xdxfx TT

x
T

T

.)))(),(,)()(,,( 1,111,

00




dddf TT

x

 

Taking ),(
~

2
1,

xT  the function 0,>)(1 x  we construct the sets 

:)],([0,))(
~

),(
~

{(=))(),(
~

( 2

,2
2

1,,1
2

1,
1

2
1,

n
TTT RCxxxxS  

}.1,2=),(<)(
~

)( 1
,

2
1,,

2
1,

rxxx
r

T
r

T  

),(<
~

,),(:),,,,{(=))(),(
~

( 1
,

2
1,

1

2
1,

1 xutxwvutxxxG
s

TT  

),(<
~

),(<
~

1
,

2
1,

1
,

2
1,

xwxv
s

T
s

T  

.1,2=,
2

,
2

1)(],[0,












 s

T
s

T
stx 

Statement  1: Let  function  ),,,,( wvutxf  in














)(),(

~
1

2
,1

1 xxG T 
 have uniformly continuous partial derivatives
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),,,,( wvutxfu
, ),,,,( wvutxfv

,
 ),,,,( wvutxf w  

and matrix

Jacobi  



 ])([),(,0,)(][,(
02

1,



xdxQ

x

T

)]))([),(,)(])([],[,( 11

00




ddf
x

    is  invertible  for  all

)),(),(
~

()( 1

2
1,

xxSx T    ][0,x  and  the  following

inequalities are executed: 
1) 









 ])([],[,(])([),(,0,)(][,(
002

1,



fxdxQ

xx

T 

),
2

,()]))([),(,)( 1

1

11

0

T
xdd 













 

2) 



11

0

0

32201

)(

)()]()()[(1])(1))([(







dc

ecxLxLxcxcxc
x  

 )
2

,(1])(1))()}[(({1,max 11101111

0

T
ccL 



  ])([],[,(])([),(
~

,0,)(
~

][,(
02

1,
2

1,
02

1,
 fxdxQ

x

TT

x

T 

 )()([)]))([),(
~

,)(
~

101

2
1,

11

2
1,

0

xcxcdddd TT 




  ])([),(
~

,0,)(
~

][,()
2

,(1]
2

1,
2

1,
02

1,
1  xdxQ

T
x TT

x

T

).(<)]))([),(
~

,)(
~

])([],[,( 1

2
1,

11

2
1,

00

xddf TT

x




  

Then there is a number  1  such that the sequence ),(1)(

2
1,

xm
T


0,1,2,...,=m  is determined by the iterative process:

),(
~

=)(
2

1,

(0)

2
1,

xx TT 

 )(=)( )(

2
1,

1)(

2
1,

xx m
T

m
T 










  ])([),(,0,)(][,(

1 )(

2
1,

)(

2
1,

02
1,




xdxQ m
T

m
T

x

T













1

)(

2
1,

11
)(

2
1,

00

]))([),(,)(])([],[,( 


ddf m
T

m
T

x



  ])([],[,(])([),(,0,)(][,(
0

)(

2
1,

)(

2
1,

02
1,

 fxdxQ
x

m
T

m
T

x

T 
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),]))([),(,)( )(

2
1,

11
)(

2
1,

0




dd m
T

m
T  

                
(2.68)

0,1,2,...,=m  converges to  )(
2

1,
xT  - isolated solution of the

system of equations 
  ])([],[,(])([),(,0,)(][,(

002
1,

 fxdxQ
xx

T 

0=)]))([),(,)( 11

0




dd  

at ))(),(
~

( 1

2
1,

xxS T   and inequality takes place 

),()(
2

)
2

,()(
~

)( 11

2
1,

2
1,

xMxL
TT

xxx TT  

     
(2.69)

where 
 )(),(,)()(,,(=)( 1,1,

0

2

0

 xdxfxM TT

x
T

.)))(),(,)()(,,( 1,111,

00




dddf TT

x

 

Really, as operator 
  ])([),(,0,)(][,(

02
1,

 xdxQ
x

T

0=)]))([),(,)(])([],[,( 11

00




ddf
x

  

in ))(),(
~

( 1

2
1,

xxS T   satisfies all the assumptions of Theorem 1 of

[87], we obtain the existence  )(
~

2
1,

xT  of an isolated solution of

equations (2.66), (2.67) and the estimate 

 )(
~

)(
2

1,
2

1,
xx TT 









 



])([),(
~

,0,)(
~

][,(
2

,max
2

1,
2

1,
02

1,
1

][0,




xdxQ
T

x TT

x

T
x

.)]))([),(
~

,)(
~

])([],[,(
2

1,
11

2
1,

00




ddf TT

x

  

    
(2.70)

Let's estimate norm of the operator
  ])([),(,0,)(][,(

02
1,

 xdxQ
x

T

:)]))([),(,)(])([],[,( 11

00




ddf
x

  

  ])([),(
~

,0,)(
~

][,(
2

1,
2

1,
02

1,
 xdxQ TT

x

T
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  )]))([),(
~

,)(
~

])([],[,(
2

1,
11

2
1,

00




ddf TT

x



  )(),(,)()(,,(
2

)( 1,1,

0

2

0

1  xdxf
T

xL TT

x
T

.)))(),(,)()(,,( 1,111,

00




dddf TT

x

 

  
(2.71)

The  right  part  (2.71)  substituting  in  (2.70)  we  obtain  the  validity

estimates (2.69). Let )],([0,
12

12
1,






kn

k
T RC   - the solution of the

system of equations 
 



])([],[,(])([),(,0,)(][,(
0012

1,
 fxdxQ

xx

k
T



0,=)]))([),(,)( 11

0




dd  

at 1,=  12= kN  and there is an inequality 

),()(
2

)
2

,(max)(
~

)( 1112
][0,12

1,
12

1,
xMxL

TT
xxx

kk
xk

T
k
T 




 












12
1)(2

12
2)(2

21,2=

)(,,(max=)(
k

T
r

k
T

r
kr

xfxM 

 


)(,,()(),(
,

,)(
,

022
1,

22
1,

0

 fx
r

d
r

x

k
T

k
T

x



.)))(),(
,

,)(
,

22
1,

11
22

1,
0




dd
r

d
r

k
T

k
T 





Find 
)(

2
1,

x
k

T
 - solution of the equation 

  ])([),(,0,)(][,(
02

1,
 xdxQ

x

k
T

0,=)]))([),(,)(])([],[,( 11

00




ddf
x

  

at 1,=  kN 2= , which is in vector-coordinate form is written as 
  )(,,()(

,2
)(

,1
2

2
1,

2
1,

 xfxx
T

T
k

k
T

k
T

  )(,,()(),(
,2

,)(
,2

02
1,

2
1,

0

 fxd
x

k
k

Tk
k

T

x



0,=)))(),(
,2

,)(
,2

2
1,

11

2
1,

0




ddd
k

k
Tk

k
T 

    
(2.72)
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 


k

T
s

k
T

s
k

T xfx
s

2

2
1)(2

1,
)(,,()(

,


  )(,,()(),(
,

,)(
,

02
1,

2
1,

0

 fx
s

d
s

x

k
T

k
T

x



0,=)(
1,

)))(),(
,

,)(
,

2
1,

2
1,

11

2
1,

0

x
s

dd
s

d
s

k
T

k
T

k
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The  right  part  (2.77)  substituting  in  (2.76)  we  obtain  the  validity
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Substituting in (2.80) inequality (2.81) we obtain the validity of the
estimate (2.79). Thus, the introduction of additional parameters and
the  consideration  of  an  equivalent  problem with  parameter  (2.37)-
(2.41) allow you to reduce the problem of the initial approximation for
the  nonlinear  semi-periodic  boundary  value  problem  (2.1)-(2.3)  to
finding   )],([0,)( 2(0) knRCx   solutions  system of  equations
(2.60).  Promotion  by  number  of  substitutions  N  and  in  step

TNhh =:0>  carried out  based on iterative processes where as an
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initial approximation the solution of equation (2.60) is taken with the
previous parameters   and .h
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Conclusion

This  work  is  devoted  to  the  study of  the  solvability  of  semi-
periodic boundary value problems for systems of hyperbolic equations
with mixed derivatives and the construction of constructive algorithms
for finding approximate solutions.

Before,  using the method of introducing functional  parameters
for nonlocal boundary value problems of hyperbolic mixed derivative
equations, two-parameter families of algorithms for finding solutions
to nonlocal boundary value problems were constructed, at each step of
which Goursat problems are solved. On the basis of this algorithm,
necessary  and  sufficient  conditions  for  the  unique  solvability  of
nonlocal  boundary  value  problems  for  linear  hyperbolic  equations
with a mixed derivative are established, and for non-local boundary
value  problems  for  non-linear  hyperbolic  equations  -  sufficient
conditions for the existence of a solution. In this regard, it is important
to find the necessary and sufficient conditions for the existence of an
"isolated" solution of nonlocal boundary value problems for systems
of nonlinear hyperbolic equations and the construction of systems of
equations that  allow one to determine the initial  approximations of
solutions.  Therefore,  along  with  these  questions,  we  study  the
construction of constructive algorithms for finding solutions and the
establishment of new criteria of the unique solvability of the semi-
periodic  boundary  value  problem  for  systems  of  linear  hyperbolic
equations with a mixed derivative.

In  the  first  section  of  work,  a  linear  semi-periodic  boundary
value  problem  for  systems  of  hyperbolic  equations  with  a  mixed
derivative is investigated. The studied boundary value problems are
reduced to families of periodic boundary value problems for ordinary
differential equations and functional relations. In terms of the initial
data  on  the  basis  of  a  method  of  parametrization,  constructive
algorithms for finding approximate solutions to the problems under
study are proposed, at each step of which there is no need to solve the
problems of Goursat, and the coefficient criteria of unique solvability
are obtained.

In  the  second  section  for  the  semi-periodic  boundary  value
problem of systems of nonlinear hyperbolic equations with a mixed
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derivative  in  terms  of  the  initial  data,  an  algorithm for  finding  an
approximate  solution  is  proposed  and  sufficient  convergence
conditions are obtained.

One of the difficult problems of the theory of nonlinear boundary
value  problems  is  the  choice  of  the  initial  approximation  to  the
solution.  In  order  to  find  the  initial  values  of  the  functional
parameters, systems of nonlinear equations are constructed. They are
determined by the initial data of the problem and differ in the choice
of the partition step and the number of substitutions [91-115].

The results obtained in this work are theoretical and can be used
in  the  construction  of  computational  algorithms  for  solving  semi-
periodic  boundary  value  problems  for  systems  of  hyperbolic
equations,  as  well  as  in  the  reading  of  special  courses  at  the
mathematical faculties of universities.
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