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Boundary value problems of integrodifferential equations under
boundary conditions taking into account physical nonlinearity

When solving integrodifferential equations under boundary conditions, taking into aceount physical nonli-
nearity, a broad class of boundary-value problems of oscillations arises associated with'various boundary
conditions at the edges of a flat element. When taking into account non-stationary external influences, the
main parameters is the frequency of natural vibrations of a flat component, taking into account temperature,
prestressing, and other factors. The study of such problems, taking into aceount complicating factors,
reduces to solving rather complex problems. The difficulty of solvingsthese problems is due to both the
type of equations and the variety. We analyze the results of previous werksten‘the boundary problems of
vibrations of plane elements. Possible boundary conditions at the édges of a flat element and the necessary
initial conditions for solving particular problems of self-oscillation‘and foreed vibrations, and other problems
are considered. The set of equations, boundaries, and initialfeenditions make it possible to formulate and
solve various boundary value problems of vibrationsdor atflat element. The oscillation equations for a flat
element in the form of a plate given in this paper contain viscoelastic operators that describe the viscous
behavior of the materials of a flat component. dn studying, oscillations and wave processes, it is advisable
to take the kernels of viscoelastic operators regularly, since only such operators describe instantaneous
elasticity and then viscous flow.

Keywords: physical nonlinearity, plates, oscillations, boundary value problems, wave process, isotropic
plates, integrodifferential equation, appfeximate equation, nonlinear operators.

Introduction

When solving integrodifferential equations under boundary conditions, taking into account physical
nonlinearity, a broad class of beundary-value problems of oscillations arises associated with various
boundary conditions at, thesedges of a flat element. When taking into account non-stationary external
influences, the mainjparameters is the frequency of natural vibrations of a flat element, taking into
account temperature, prestressing, and other factors. The study of such problems, taking into account
complicating /factorsy’reduces to solving rather complex problems. The difficulty of solving these
problemsiisdue to both the type of equations and the variety. Let us systematize the results of previous
works on boundary value problems of oscillations of flat elements. Possible boundary conditions at the
edges of a flat element and initial conditions necessary for solving particular problems of natural
and forced vibrations, and other problems are considered. The set of equations, boundary, and initial
conditions make it possible to formulate and solve various boundary value problems of vibrations
for a flat element. Integrodifferential equations with regular kernels are known to be equivalent to
partial differential equations. For other approximate equations of oscillations of a plane element, these
equations for regular nuclei can also be reduced to partial differential equations, which will be shown
below.
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The assumed mathematical approach allows us to consider problems in a nonlinear setting when the
nonlinearity is physical. The necessary theoretical information on the substantiation of the nonlinear
dependence law o;; ~ €;; for a viscoelastic isotropic body was presented in other papers.

1 General staging

For simplicity, we will consider a flat structure in the form of a plate and a base in the plane (z, z) or
when external forces do not depend on the y coordinate. In this case, displacements u;, w; are non-zero,
and displacement v; = 0, i.e. absent. We assume that vibrations of a plate lying on a deformable base
can be caused both by external forces on the surface of the plate and by disturbances propagating from
the side of the base. In addition, we will assume that along the boundaries of the contact of the plate
with the base, these contacts are ideal, i.e. there is no friction. Let us consider the,case;when the base
material is isotropic and the dependence of stresses on strains is linear, i.e. Boltzmann-type relations
hold [1-3]:

o) = La(e)) + 20r(e$)),

U,SJZ) — MQ(EEJ')), (3,7 =z, 21 # j).

Let us assume that the dependences of stresses on deformations forsa plate are cubic.
1 1), (1)2 1 1 1) ~(1 1)2
o35 = 3K R [+ o K5 (<)1) + 260 RO fhe gt - [+ ang GV g, ()

af;) = GlR(l)sg)[l +angV G (S )T, Ot i = e,y 1 = 1,2),

where e(V) is the average volumetric strain. (w(()l) 2) is the square strain intensity, i.e.

= 22w e 2 L]

(1)2

X(()l),’y(() ) are the elongation and shearsfunctions, respectively, which are expressed by the formulas:

X6 = 1+ Neweo (v %) = 1+ F (vg); FyV(0) =o.

In this case, the functions Fél) and Fl(l) are expanded in a power series

Z Q- n+1),
Z " )y2(nt1)

R(()l) and RM are linear integral operators of Voltaire type

RO = ¢(t) - / Fuo(t — €)C(€)de,
0
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Kél) and Ggl) are non-linear viscoelastic operators.

t t
KD = 2 - / / EO[(t - &)t — &2)]e) (62)derdes,
0

t
G (M2) = 02 _ / FO(t — )u(e)de.
0

Constants K7 and G are equal
2
Ky =X+ sp1;G1 =

3
The vibration equations for a plate as a viscoelastic layer have the form: [4].
4 0%u 0%u
KM pM = (1) 1 WM L (g, RW (1)
< 5 Ry +3G1R 92 +G1R 5.2 Ry +3GR
0wy (1) &%uy
“ w0z by, w) = Pl o
2 2
1, Lo pm) 2% (1 P w (1), 45 g0
<K1RO + 3G1R ) 97202 + G1R 92 + KlRo + 3G1R X
0w 0*w
6221 + F2( )(Ul,’LU1) £1 8?521’
where Fl(l), F2(1) are non-linear operators.
0
F1(1)(U1,w1) = 3K1X(() )R( : {é?x [E(I)Kél)(&()m)} } +
0 {Gar LI G + 0GR D6 )
ox 0z
9

Fylugtun )= 3K, xRS { |6V KV () } -

e
2 0
+70 {GlRlaz [EREE R } + 790G RO =[0G ()]

Boundarsaconditions: at z = h.

f(l (x t)v g:z) =0

at z = —h.
o) =o@:6() =063 = 0;w; = ws.

zz zz ) l‘Z 1Yz

The initial conditions are zero, i.e. u; = % =w = % =0,at t=0.

(4)

(5)

Thus, the boundary-value problem of the vibration of isotropic plates lying on a deformable
foundation, taking into account the physical nonlinearity of stresses from deformation, is reduced

to solving integrodifferential equations (2) under boundary and initial conditions (4)—(5).

Let us consider the oscillation equations taking into account the physical nonlinearity of stresses

due to deformations [5].
Relations (1) hold for the plate material.
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We will look for the displacements of the u and v plates in the form of a series with respect to

parameter «.
(z,2,t) E a"up(x, 2, t),

w(z, z,t) Zawnxzt (6)

In this case, the parameter a will be con51dered small, i.e. the nonlinearity is considered weak. We
restrict ourselves to the first two terms in the series (6). Then for ugp,wy and wuj,w; we have the

equations:
0%u 0%u 9*w 9%u
Ly < 0> + My <O> + (L1 + My) (O> =p1 0» (7)

0z2 022 0z0z Oty

82u0 8211)0 8271)0 8211)0
e () oo (5 ) i () =0 g

5 5 o’ o
L < “1> + M, <UI> + (Ly + M) < wl) + Fi (g, o), = P15

Ox2 022 0xdz Oty
I 6211,1 62w1 82’LU1 _ 82101
( 1+M1) ERR + M, W + Ly W +F2(’LL0,U)0) = pP1 at2 s (8)

where Ll = KlR(()l) = %GlR(l);Ml == GlR(l).

That problem was reduced to systems of two lineamproblems.

Problem (7) under boundary conditions (4) and"(5) was solved in the second chapter in a three-
dimensional formulation, so we will consideryit solved. For example, the exact equations for the
longitudinal-transverse oscillation of a plate lying on a deformable base in the first or linear approximations
in a flat setting have the form:

My () (U D)+ Moy P My (U) + Moy (WD) = My 1,

Dy (T D1,y (W) + Dy (UM) + Dy (WD) = 0,

s K ) (B~ Koty (W) + K (UM) + Ky (WD) = 0,

where the operators, M), Kj(,), Dj(n) are expressed from a system of general equations describing
the longitudinalstransverse oscillation of a plate of constant thickness located in a deformable medium
under thessurface obtained in [5-7].

In particular;for the main part of the transverse displacement W) in the classical approximation
we have the,equation

a*wy
ozt

oY
ot20x2

82WO( ) h2
+ —

P T [PHINTT +3M) = dpy(3 = 2M L)

+8(1 — MyLTY)

_l’_

+PWY = & (a,1),

where the operator P is equal to
s o h? 03 03
P=— — M Ly 4——| 5.
2hp1{6t+ 2 {pl( L) g - ataﬂH
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For equations (8), the boundary conditions have the form:
at z=h, ol =0; o) =0, 9)
at z = —h, o)) = R(wn); ofl) =0, (10)
where the operator R is found after the invocation of the operator

(8% + k* + ¢%)% — 4aafa(k* + ¢*)

a2(B2 = k2 — ¢?)
for k,q,p (k and ¢ are the parameters of the Fourier transform, p is the parameter ofgthe Laplace
transform) [8].

Ry =

It should be noted that from the boundary conditions (9), namely Ug(ﬁlz) =0 w; =w athz = —h we

have eliminated the base parameters, and R is the base reaction.

Thus, we have the problem (5) of vibrations of an isotropic plate under Soundary conditions (9)
and (10) taking into account the physical nonlinearity of stress versus strain [9510].

With this formulation of the problem, we have a linear problem (8) under béundary conditions (9)
and (10), and in the left parts of equation (8), there are nonlinear germs Fy(ug, wp) and Fs(ug, wo)
depending on displacements ug, wy and having the form (3). Representing displacements u1,w; as

o0

sinkx
uy —/ voskr }dk/ulo ewp (pt)dt
0

l

cosk®
w1y —/ sinka }dk/wlo exp (pt)dt
0 l

for quantities ujp, w1 from equations (8) weiobtain ordinary differential equations

d2U10 9 2 dwig
Mo 2 [p1p% + k"L1oluro — k[L1o + Mio] - Fio(uo, wo) (11)
d*w du
Ly dz210 — [p1p” + K> Myolwig — k[L1o + Mm]T;O = Fyo(uo, wo),

where Fp and Fyy are Fourier and Laplace-transformed nonlinear functions F (ug, wp), Fa(ug, wp).

O }dk [ Freap iy

—coskx
0 l

coskzx
Fy —/ sinka dk/Fg exp (pt)dp.
0 l

General solutions of equations (11) are sought in the form

1

uto = k[ A1ch(a2) + Bush(az)] + 6 [4ach(82) + Bash(52)] =~y o

z z

1
[ F@shiats = olde + st [ FOshl(3 - o) de

0 0
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wio = —a[Aysh(az) + Bich(az)] — k[Assh(8z) + Bach(52)] +

/F@kMMZ—Omf—@wy_a

k(Lio+Mio) dF20 1 d?Fig B
where F(z) = S T TS ~Rlal wriar I Flo.

w

In this case, function F(z) is considered to be given, and the integrals [ ch[y(z —&)]d¢ and
0

[ shy(z — £)] d¢ can be expanded into power series.
0

Expanding the expressions for ujg and wig into power series in coordinate z andyintroducing the
main parts of the displacement according to the formulas [11]:

Uro = kAy + BAg; Ul = kBia+ 2By

W = 024, — kA W = —aBy Libs

and reversing k and p we get:

& (1) 2n
_ (n) _ (1) AL m| Z
+Z - —D 0| U0 19,0, 2 NP 4 5@ e
Ten| Y1 NI 2 2n+1 (2n+ 1)!”
RS e S WO W p@| 27
w ;}{[ h Q”] o {’\ Ctasz" Wi+ b, (2n + 1)!
= 00 e o) W, g | 2"
+;) Vo . Al { 2 T2 IQ”] 24l (n)1”
where
O M+".+a2”(52+k2)—2k262”
& k(8% — a?) k(8% — a?)
2 _p 752 —k? 4ot 232+ — (82 4+ k*)5°"
2n+1 62(52 _ a2) BZ(BQ _ a2)
0 0 (2

3 1 4
F2(n) = &FZn)/ZZO; F2(n)+1 82 2n+1/Z=0'
Then from the boundary conditions (9) and (10) we obtain a system of four equations for
Uy, UV, w and w.
1 1 1,3
M, (U1) + Mé(n)(Wl( )+ Mé(n)(Ul( D)+ Mgy (WD) = My (Fsn™)

3(n)

Ry RY 111
D§<73>(U1> +Dé(7~3)(W1( ) +D§(73)(U1( )+ (())(W(l)) 5(n )(F2(n)7F2(n)+1)
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K (U1) = K W) - K50 (UF) - Ky (W) = =K (B3, (12)
where the operators M;(n), Kj’,(n) Dj(.ﬁz), j = 1,5 have the form:
o0 1 52 " h2n
- S (- B)a-ue ]} 2
n=0
o 1 32 1 hQn
Bl (- Z oot
n=0
o0 1 n h2n+1
My = 2 { (20 D1@utn + ]} o
n=0
, x (1) 82 (n) h2n+1
= 2—IQ, —_
o) go{A ( oz 1O TN )} Cn+ 1)

h2n—|—1

o (2n) 2n+1
;o I OL 3)_h

2n+1)!

h2n+1

{
by = i {220 @ie + (1 vEmd™) T

62 h2n
[(AS) N ) DY )” (2n)]

RS AN \m | R
‘1<">‘Z{<A2 62>D1Q”‘ }<2n>!

n=0
o0 (2n+1) h2n
NS LD h (4)
5(m) Xy { F2n+1 (2 + 1) + F2n+1 (277,)' }

B _ o w (0 0* h" m, 0] httD
D1<n>_z{[(1+ct)A2 ‘ (AQ ax2>Q”] @y TN @ | B

(RimN o _ RN m 0% o] A
Dzmrz{[ct (AQ ax2>Q”+(1 s }(Qn)!—i_R AT g O | Gy

n=0
{[ < ﬂ{l )

The system of equations (12) are the equations of the longitudinal-transverse oscillation of a plate
in a non-linear formulation, lying on a deformable foundation in the first approximation.

Mathematics series. Ne 2(110)/2023 137



A.Zh. Seitmuratov, N.K. Medeubaev et al.

2  Conclusions

Thus, the boundary-value problem of plate oscillations, taking into account the physical nonlinearity
of stresses, is reduced to solving integrodifferential equations, under given boundary and initial conditions.

A general formulation of the boundary value problem of vibrations of isotropic plates in a nonlinear
formulation, lying on a deformable foundation, is given. To solve specific problems, instead of exact
equations, it is advisable to use approximate ones, which include one or another finite order in
derivatives: such approximate equations can be easily obtained from exact equations, limited to a
finite number of first terms. If the nonlinear dependence on the stress intensity does not depend, i.e.
parameter vy = 0, the obtained results are greatly simplified. Of theoretical and applied interest is the
problem of the effects of a normal load on the surface of an elastic plate lying on an abselutely rigid
half-space with ideal contact between them. As above, it is assumed that the dependencies of stresses
on strains are non-linear (physical non-linearity).

Due to the ideality of the contact, the desired displacements of the points of the plate aresymmetrical
with respect to displacement u and antisymmetric with respect to displacemeént v,
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L Koproim Ama amwvmdaes Kwisvinopda yrnusepcumemi, Kusviopda, Kasagcmai,
2 Axademurx E.A. Boxemos amuwindaew. Kapaeandw yrnusepcumemi, Kapaeanow, Kasaxcmar;
3 Hcxax Passaxoe amwmoaes. Kvipevid memaekemmis mernukaiss yrusepcumemi, Diwxer, M vipevizcman;
4 Asamammuo, asuayua axademuacs, Aavmamu, Kasaxemar

Pu3nkKaJIbIK 0eiiChI3bIKTHI HETI31HAeri IeKapadablk, HIapTTapIarbl
MHTerpaJablK-anddepeHnnaJIbIK TeHIeyJIePAiH IeTTiK ecenrepi

OusnkabIK 6efCHI3BIKTHI HETi31H 1€, MTeKapaJIbIK, apTTapia NHTerpasabiK-1uddepeHaIibK TeHIeyIep-
Il 1mrenty Ke3iHe Ka3blK JEMEHTTIH, MMeTTEPIHIeri opTypJii MEeKapaIbIK, IMapTTapMeH OailIaHbICTBI Tep-
GesticTep il IIETTIK ecenTepiHiH KeH KJIachl TybIHIaiabl. GTaluoHAP/IbI eMeC CBIPTKBI 9CEPJIEPIl €CElKe
aJIFaH/Ia, TeMIIEPATyPaHbl, ajJblH ajla KepHeyl koHe 6a¢Ka (haKEopJap/ bl €CKEPE OTBIPHII, *Ka3bIK, JJIe-
MEHTTiH TabuFu TepbericTepiniy Kuitiri Heri3ri mapaMeTp/aepis Heridrici 60abn Tabblaaabl. Kypaeri dak-
TOPJIAPIBI ECKEPE OTHIPHII, MYHIa! IPOobIeMaIap bl 3ePTTEeY OTe Kyp/Iesii MoceJIesIep/Ii ey KOJIbIHA JKe-
Jgeni. By ecenTepni menryais KUBIHIBIFEI TEHIEYIEPIiH TYPiHe *KoHe opTYpJIiirie 6aitstanbicThl. 2ia3bIk
3JIEMEHTTED TepOesTiCTepiHiH IeKapaJIbK, ecenTepi OOMBIHITIA AJIIBIHFBI XKACAJIFAH KYMBICTAPIBIH HOTHKE-
Jiepi Tasmanrad. 2Ka3bIK 3JIEMEHTTIH MeTTePiHaeri MyMKiH 60JIaThIH MIEKAPAJIBIK, [IAPTTAP MEH MEHIIIKTI
JKoHEe MoxKOypJii TepbesticTepil mepbec _ecelrmepiH IIenryre KaykKeTTi H6acTankpl MapTrTap KoHe Oacka Ja
ecernTep KapacThIPbLIAIAbl. Byl TeH ey Iep JRUBIHBI, IIEKAPAJIBIK, }KOHE OACTANIKBI MAPTTAP YKA3BIK JJIEMEHT
yIIiH TepbesicTep/iiy opTypJi meKapaJsIblK, ecelTepil KypacThIpyFa »KoHe Iienryre MyMKiHik 6epemi. Ocbl
JKYMBICTa OepijireH MIaCTHHANTYPIHIEri Ka3bIK JIEMEHTTIH, TepOeTiCTepiHiH TeHIeY/Iep] KAIMaK, JIEMEHT
MAaTePUAJIAPBIHBIH TYTKBIPJIBIK OPEKETiH CUTATTANTHIH TYTKBIP CEPIIM/II OIepaTopIapabl KAMTHIHL. Tep-
OejticTep MEH TOJIKBIH/IBIK HPOLIECTED/l 3epTTey/ie TYTKBIP CEPIM/II OITlepaTopIap/IblH siIpOJIapblH XKYiei
Typ/ie KabbLIIaraH KOH, OTKEHI TEK OCBIHJA ollepaTopsap Je3/iK CepHiM/iIiKTi, comaH KeiliH TYTKbIp
AFBIH/IbI CUTIATTAN/IBI.

Kiam cesdep: hpusmKaNBIRy6eiChI3bIK, IIACTHHAIAD, TePOEJIic, MeKapasblK, eCernTep, TOTKIHIBIK, IIPOIECC,
M30TPONTHI KAJIAKLIAMAD, MHTErPAJIbIK-TU(DdEPEHINAIIBIK, TEHIEY, KYBIKTBIK TEHJIEY, ChI3BIKTBHIK, eMeC
omepaTopJiap.
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KpaeBble 3aaun mHTErpo—andpepeHnnaabHbIX YpaBHEeHU ITpH
TPAHUYHBIX YCJIOBHUAX C yIeTOM (PU3NIECKOl HEJIMHEMHOCTN

IIpu pemennu naTErpo-auddepeHnnaIbHbIX yPABHEHUN TPU I'PAHUYHBIX YCJIOBUSX C YIETOM (DUIAIECKON
HEJIMHEHOCTH BO3HUKAET IMHUPOKUN KJIACC KPAEBBbIX 3aJ1a4d KOJeOAHUM, CBA3aHHBIX C PA3IMIHBIMU I'PAHUYI-
HBIMH yCJIOBUSIMH Ha KpasX IIJIOCKOTO 3JjieMeHTa. lIpu ydeTe HecTarmoHApHBIX BHEITHUX BO3ZICHCTBIH OC-
HOBHBIM U3 IVIABHBIX [1aPAMETPOB SIBJISIETCS 4aCTOTa COOCTBEHHBIX KOJIEOAHUI IIJIOCKOrO SJIEMEHTa, C Y IeTOM
TEeMIIEPATyPhI, IPEIBAPUTETLHON HAIPS2KEHHOCTH U APYTUX (HakTopoB. VcciremoBanne TaKuxX 3afad, CyHe-
TOM YCJIOXKHSIONUX (DAKTOPOB, CBOIUTCH K PEIIEHUIO JOCTATOYHO CJIOXKHBIX 33/a4d I'Dy/IHOCTH pelreHnst
JaHHBIX 33729 00yCJIOBJICHA KaK THIIOM YPaBHEHHUI, TaK U pa3HoobpasueM. [IpoaHadnsupoBalbl pe3yIbTaThl
MPEABIAYIAX paboOT O KPAEBBIM 3aJadaM KOJIeOAHUs IIOCKUX SJIEMEHTOB. PaceMOTpEeHbLBOZMOXKHBIE TDa-
HUYHbBIE YCJIOBUS HA KPasiX IIJIOCKOT'O JIEMEHTa U HeOOXOIMMbIe HAYAJIbHbIE YCJIOBHS, JIJIsI PEIIeHN YaCTHBIX
3a/1a9 COOCTBEHHBIX U BBIHYKJCHHBIX Kojiebanuit u apyrue 3a1a4dn. COBOKYIIHOCTL YPaBHEHU, I'PAHUIHBIX
¥ HAYAJIBHBIX YCJIOBUHN MO3BOJISIOT (DOPMYIUPOBATE U PEIIATh PA3INIHBIC KPACBBIE 33149l KOJICOAHMS JIJTsT
ILIOCKOTO 3jieMeHTa. lIpuBeneHHble B JaHHOW paboOTe ypaBHEHUS KOJIEOAHMSNIIIIOCKOTO dJIEMEHTa B BHU/IE
IVIACTUHKU COJIEPZKaT BS3KOYIIPYT'HE OIepPaTOPbl, ONMUCHIBAIOIINE BASKOE HMOBEeJeHIe MaTEePHAJIOB IIJIOCKOI'O
asremenTa. 1lpu mcciaenoBannm KoebaHUsT M BOJIHOBBIX IIPOIECCOB)SIPA BI3KOYIPYTHX OIEPATOPOB IieJie-
CcO00Opa3HO OPaTh PEryasapHBIMU, TaK KAK TOJHKO TaKWe OIePATOPbI ONMCHIBAIOT MTHOBEHHYIO yIPYTOCTh, a
3aTeM BA3KOe TedeHue.

Karouesvie crosa: dusmdeckas HETMHEHHOCTD, IIAACTHHKI, KOJIEGaHNs1, KpAaeBble 33/1a9H, BOJTHOBOM IIPOIIECC,
M30TPONHBIE IJIACTUHKYU, WHTErpPo-auddepeHnuafbHoe ypaBHeHe, TPUO/INKEHHbIE YpaBHEHNSs, HEJIMHE-
HbBIE OIIEPATOPHI.
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