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1. INTRO Q

The main problems arising in the theory o y value problems for loaded equations in
connection with numerous applications are stmdie umerous authors [1-5].

As was mentioned in [6-12], there arise % newqproperties of a spectraﬂy loaded differential
operator. For example, the first bouwdda problem for a semibounded domain becomes
Fredholm; moreover, the index of t blem depends on the values of the coefficient multiplying
the loaded term, which explains intréduction of the term “spectrally loaded.” Various cases
in which the load in the equa 'on ecified by the trace of the solution of the boundary value
problem on the line z(t) = t* a ota weak perturbation of its differential part were considered
in [6, 10-14]. The followi s were considered in these papers: w =0 [10], w =1/2 [11], w =1
[12, 13], and 1/2 < w < o0'[1

In the present pa ider the case in which the load point moves according to the law
z(t) = t*, where — 1/2, and show that the case of w = 0 is the standard case for it.

The conside value problems can be reduced to a pair of singular Volterra integral
equations of kind, for which the corresponding characteristic integral equations are
Chosen y using results on characteristic integral equations [10, 12-14], we solve the

ded heat equa-
ive in the loaded term
the load point with

_ U — Ugy + )\ua:a:(x7 t)|a::t“’ = f7
Lw=J {u(a?,O) —0, u(0,t)=0, (1)
Liv = g <= —V — Uy + A (z — ®f t)d¢ =g, (2)

v(z,00) =0, v(0,t)= v(oo t) = v,(00,t) =0,
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232 AMANGALIEVA et al.

where, unlike the earlier-studied cases, we assume that —oo < w < 1/2. The coefficient \ =
A1 + @Ay € C multiplying the loaded term is a spectral parameter, and §(x — ¢¥) is the delta
function concentrated on the open line z = t“ in the domain (). In addition, we assume that

et f € Li(RL; Lo(RY)), e 't7“(x+Vt)g € Loo(R,; L1 (RY)) are given functions,

(axz // z, &t = T7)f (&, )dEdT> € Li(R,),

ot 3/2((9 , // z, 6t — 1) f(E, )dde) » € Li(Ry), A
(3)

//erf(2\/ ) ) g(¢,7) de dr € Lo(R,),

2
erfa = e /exp(—z2
0
and the Green function G(z,&,t) is given by the formula

) P R )

e, Lo

—exp 4t
The function classes ¢/ and V for the solutions of t ary value problems (1) and (2),
respectively, and the domains D(L,) and D(L3}) of th ators L, and L3 are defined as follows:

U = {u| e't*(x + Vi) T, et 73/ i Lo (RY)),
et‘” 32 (2, 1) g (4)
e & + ) L (R2),
O ¢ (5)
D(]LA =D(Ly) = ,0) =0, u(0,t) = 0}, (6)

D V, v(z,00) =0, v(0,t) =0, v(oo,t) =0, v,(c0,t) =0}. (7)
The bounda: lem is adjoint to problem (1). Indeed, by (1)—(7) we have
(Lau,v) = (u,Liv) Yue D(L,), YveDLY). (8)

udy the solvability of the boundary value problems (1) and (2) under condi-

3. INTEGRAL EQUATIONS OF THE BOUNDARY VALUE PROBLEMS

By inverting the differential part in the boundary value problem (1), we obtain
t
u(z,t) = —)\/erf(z\/: ) Uy (11, )= dT+/ Gz, &t —7)f(& 1) dEdr, 9)
0

since [ G(x,&,t) d€ = erf(z/(2V/1)).
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BOUNDARY VALUE PROBLEMS FOR A SPECTRALLY LOADED HEAT OPERATOR 233

Therefore, it follows from relation (9) that, to find the solution of problem (1), it suffices to
determine the loaded term w,,(z,t)|,—s. To this end, we differentiate both sides of relation (9)
twice with respect to x and set x = t* in the resulting relation. If we write

ﬁ(t) = ettw_3/2uxx(337 t)|ac:t“’7

w—3/2 w w
Ka(t,7) = e 79 t t exp | — a
’ T 2/m(t —7)3/2 At—r1))’

(10)
fl(t)zettw—sm(aa;/ G(:p,f,t—T)f(f,T)dde) B é

Kaﬁzu>wKaﬁzmw—A/KxuﬂMﬂdT=ﬁ@x N

0

then from (9), we obtain the integral equation

t

Next, if we introduce the notation

p(t) =t 2y, (z,t |z f s

¢ w—3/2

) = (T) 2\/77 t—7 3/2$ (12)
fi(t) =32 B2 // dde

then from the representation (9), we obtai @ tegtal equation

K2)\/,L I )\Kg « /}C2 t T dT = fl( ) te R+. (13)

We need to solve Eq. (%ﬂ/ er, to study Eq. (11), it suffices to solve Eq. (13)
Remark 1. The @ onnegative kernel KCy(¢, 7) has a weak singularity and satisfies the

Y

limit relation
t

thl}rl Ko(t, 7)dr = 0. (14)
0
i0 kernel Cy(t,7) has the property (14) as well.

, by inverting the differential part in problem (2), by analogy with problem (1), we obtain
t tegral relation

v(z,t) = -\ Gz, 6,7 —1)d"(E— 1)@ [ v(n,T)dndédr
/ /

+/'Gw@w—wmaﬂ@dn (15)

DIFFERENTIAL EQUATIONS  Vol. 47 No.2 2011



234 AMANGALIEVA et al.

By setting
o) e [ ooty dn
0

from (15), we obtain the integral equation

K o= (I - K)o =o(t )\/ICQTt = q(t), teR,, (T6)
where Ky (7,t) is defined in (10) and we have used the notation <

Gy (t) = et/ // erf (2\/5_ t) g(&,1)dédr.
t 0
Next, by setting @

o(t) = 13/2 / v(n, t) dn, %
we obtain the integral equation
K v=(-)\K)v= /IC2 T, t) teR,, (17)

where
S t3/2 w

) d¢ dr. (18)

Remark 2. Note that the kernel 40, () of the adjoint integral operator in (17) has the property

o0

/ICQ(T, t)ydr =1. (19)

t

t—o0

or the kernel Ky(7,t), and this means that the norm of the integral

in the space of essentially bounded functions is equal to unity. This
is where Eq. (I7) s ntially differs from Volterra equations of the second kind [and accordingly
from Eq. (16 whieh there exists a unique solution.

Theref olving the adjoint boundary value problems (1) and (2) can be reduced to studying
i joint integral equations (13) and (17), which will be called the original equations in

operator with k 1

emark 3. In general, the adjointness of the boundary value problems (1) and (2) to each
is understood in the sense that the corresponding integral equations (13) and (17) are adjoint
other.

The subsequent investigation of the solvability of the boundary value problems (1) and (2) is
carried out by the following scheme: we introduce the characteristic integral equation corresponding
to the leading part of the kernel of the integral operator in (17) and its adjoint, study the solvability
of characteristic integral equations; analyze the solvability of the integral equations (17) and (13)
by the (Carleman—Vekua) regularization method by solving the characteristic integral equations,
and study the solvability of the boundary value problems (1) and (2).
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BOUNDARY VALUE PROBLEMS FOR A SPECTRALLY LOADED HEAT OPERATOR 235

4. CHARACTERISTIC INTEGRAL EQUATIONS
The characteristic integral equations for (13) and (17) are the adjoint equations

t

Ko = (I - K = plt) — A / K(t,ru(r)dr = fi(t),  te Ry, (20)

0
K = (I — XK*)v = u(t) — )\/IC(T, Du(r)dr = i(t),  tER,, )
t
respectively, where <

1+a/2 3/2, _a—1
t a’/cT «
K(r,t) = - -1—
(T7 ) ( ) 2\/7T(7'a _ ta)3/2 exXp ( 4(7-a _ ta)) ) @

throughout the following, we assume that a > 0, because —oo < w < 1/2.

T

Note that the kernel (7, t) of the characteristic equation has the same % the kernel
KCo(7,t); in particular, it satisfies the limit relations
t 00
li_l}% K(t,7)dr =0, tlinolo 37’, tydr = (23)
0 t
Next, note that if the integral equation (22) is characteris endts kernel satisfies the following

two conditions.

(19) Tt can be reduced to the “standard” equationfj(the imtegral equation corresponding to the
case w = 0 [10]).

(2°) The difference Ky (7, t) — K(7,t) = K(r, ernels has a weak singularity (as t — 00).
Let us verify condition (1°). To this cndgyi 21), we make the change of independent
variables ¢t = [at;]/® and 7 = [a7;]Y/* and ce'the notation
k(z) = ! 0
(z)_Q\/ﬂ'z?’/ P z >0,
o) =640 A ), fo(t) =6 fu(lat]) ),
O(t) = @G0 ), ga(t) =17 g (ot V);
then Egs. (20) and (2 e yepresented in the form
ty
= — Nk)p = olt:) - )\/k(tl —r)e(n)dm = folty), (24)

0

@ k= (I = M) = (ty) — )‘/k(ﬁ —t1)(m1) dm = ga(t1), (25)

ty

respectively.
Letpus proceed to the proof of condition (2°), which is a consequence of the following theorem.

Theorem 1. If the conditions o > 0 and 0 <t < T < 00 are satisfied, then the estimate

l—o

exp [—C(a) i ] (26)

T—1

tl—a/2
32/ — t

and the limit relation lim;_. [, [Kao(7,t) — K(7,t)|dr = 0 hold.

ICa(r,t) — K(7,1)] < C(cv)
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236 AMANGALIEVA et al.

Proof. To prove in a simpler way that the integral equation (21) with infinite integration limit
is characteristic for Eq. (17), it is more convenient to reduce Egs. (17) and (21) to equations on the
interval (0,¢). To this end, in these equations, we change the independent variables by the formulas
t =1/t; and 7 = 1/7;. Further, denoting the variables ¢; and 7, again by ¢ and 7, respectively, and
the kernels of the resulting integral equations by K,(¢,7) and K'(¢,7), respectively, we represent
them in the form

Ky(t,7) = By(t, m)exp{—Q5(t, 7)},  K'(t,7) = P'(t,7) exp{-Q'(t,7)},
where
tl/2-a/2 tr
P'(t 7') 2\/ ( 7_)3/2, QIQ(t,T) = 4(7f—7’

a2ty ot
P'(t,T) = 2/ (to — 7o)/’ Q1) =
We note that the kernels (¢, 7) and K'(¢, 7) satisfy the limit relations Q
t KU
11_1}1(1) Ky(r,t)dr =1, 11_1}1(1) IC’ (28)

0
and write out the desired inequality (26) in the form

a/

Kl (r, ) = K (£, 7) — K (m, )] < Cla) : b, 4 [—C(a) tre ] . (29)

t—T1

One can readily see that, under the assum t1 ) he theorem, we have the inequalities

/ a/2-1/2
Pi(t,T) = | (t,7)] < oz)\/t_T7 (30)
)& Q5 "(t,7)] < Caa)t” (31)

Q’(t, 7)— Q% (t, T) is nega 've in the proof it suffices to exchange the functions Q' (¢, 7) with Q}(¢, )
and P’'(t,7) with P,

Let us prove inequality 1l values of the parameter o and 0 < 7 < t < oo such that
Q'(t,7)—Q4(t,7) > 0; for f the parameter v and 0 < 7 < t < oo for which the difference

(tv T))| eXp{—Ql(t, T)} + le(tv T)|(Q12 (tv T) - Ql(tv T))| eXp{—Ql(t, T)}

ions (30) and (31) and the two-sided inequality [15, p. 55] byt* ! (t—7) < t*—7* <
here b; = min{1, a} and by, = max{1, a}, we obtain

, to/2=1/2 a  tre
(P - Beolewt-@eoy<a’ew{- T

) . . , to/2=1/2 o tre
Pi0IQ0 ) - Qe (- <’ e T

This completes the proof of inequality (29). Inequality (29) implies that the kernel Kj(¢, 7) has
a weak singularity. This completes the proof of Theorem 1.
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BOUNDARY VALUE PROBLEMS FOR A SPECTRALLY LOADED HEAT OPERATOR 237

5. SOLUTION OF CHARACTERISTIC INTEGRAL EQUATIONS

As was mentioned above, if, in the characteristic integral equations (21) and (22), we make the
changes of independent variables (o = 1 — 2w > 0) t = [at;]/* and 7 = [am;]V/* and set

P(t) = 6" u(lata] V), falt) = 67 Ailfan ],

O(ty) = v([aty]V), Ga(tr) = gi(fata]'*), k(t) = 2\/7:153/2 exp (_41t> ’

then we obtain the standard integral equations
t 2\ Vet1/2 .
kg = (I — Xk)p = @(ty) — )\/ (;) k(ty —m)p(n)dn = fo(t), 1,450,
0 1
) 0:

th

T1

~ - ~ ~ - 2 1/a+1/2 _
K= (I - Mk")Y =(t) — )\/ < ) k(my — t1)Y(m) dry = go(t),

t1

characteristic
(50) in [10] as

It follows from the results in [10, 12-14] that the solutions of the
integral equations (20) and (21) are defined in accordance with form
follows (ax > 0):

teR,, (32)

A 1
t
N2
+ Z cptter? exp (33)
k:—N1
where the functions ry_(0) and ry, (0 bers 21, are defined below in formulas (37), (38),
(46), and (47) and satlsfy the estlm 39 and respectlvely, in [10]. (Note that analogs of
those formulas in [12] are given ), ), (52), and (61).)
6. SOLU THE ORIGINAL INTEGRAL EQUATIONS
BY THE N-VEKUA REGULARIZATION METHOD
Let us study Eq onding to the boundary value problem (2). We introduce the
notation IC(T, t) = (7,t) and rewrite the original integral equation (17) in the form

—X/K(T,t) dT—)\/ICTt T)dr + g1 (). (34)

r@ characteristic part of Eq. (34) in accordance with (33), we obtain

oo

v(t) =g:1(t) + )\/I&(t,T)V(T) dr

t

+ 5\]0 (i) 1+a/2¢“‘1m_(a‘17“ —a ') [gl(T) + 5\]0/6((, T)v(¢) dC] dr

No .
+ Z et % exp (— lik ta) .

k=—N,
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238 AMANGALIEVA et al.

By transforming the right-hand side of the last equation, we reduce it to the form

T

~ x " 1+a/2
v(t) = gi(t) + )\/ ( ) ey (a7t — a ) gy (T)dT
t

No . o
glral? Pk o A/ C(r, )v(r)d
+ Z Ck exp( “ + K(r,t)v(r)dr
t

k=—N,

/ )dC / ( )Ha/z e (@77 —a MK (¢, T)dr. d

Kiv=(1- KYv=v(t)—X [ K(r,t)v(r)dr
t
aE iz
_ A 1+a/2 _ Y*k
—in+ S et exp( y (36)
k:—Nl
where we have used the notation J
. ~ ~ A ; 1+a/2 ~ .
K(r,t) = K(1,t) + )\/ (C) ey (a7t —a” )d¢ = K(T,t) + A\K(T,t),  (37)
1+a/2
Gi(6) = ar(t) + A / (1) s (39)
Let us show that the integral eq 1ndeed regular (has a unique solution); to this
end, it suffices to prove the estlmat
K ()] < e
DO =SS F o221 gy172 P r—tf’ (39)
/2, a >0, 0<t<T<o0.

By changing the i variables in (36) by the formulas ¢t = t;* and 7 = 7; ', we obtain

)\/}C tlaTl T]_ dT]_ —)\/}C/ tlaTl ’7'1 dT]_ +91(t1) (40)

K (t,m1) = Ky(t,m) — K'(t1,71) (41)

a e kernels Ky (t1, 1) and K'(t1,71) are given by (27). Accordingly, relations (36)—(38) acquire
the

~ — A

K; UV = (I — )\]E(>k )V = V(tl) — S\/Iél(tl,Tl)V(Tl) d7'1

No .
— 4t e Yk 42
g(t) + Z Crly exp ( a 1) (42)

k=—N,
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BOUNDARY VALUE PROBLEMS FOR A SPECTRALLY LOADED HEAT OPERATOR 239

14a/2

Ki(tm) = Kt 7) + A / (f) e ([ag] ™ — [a¢®] K (1, €) de

= ’él(tl, 7'1) + j\l’él(tl, 7'1), (43)
B 2! £\ rer?
ae)=ae) 47 [ (1) e o] = larf] Dot (1)
0 1
Now show that the integral equation (42) is indeed regular. To this end, it suffices to t
following lemma.
Lemma 1. The kernel of the integral equation (42) has a weak singularity; i.e., followin
estimate holds:
2 t/2t g
K (4, <C — ,
KNS C vy e eXp{ o)y, Tl} (45)
0<e<a/2, a >0, 0<mn <ty

Proof. Since K/(t1,7) can be represented in the form (43), it f6llo at estimate (45) is
a consequence of (29), (15), and the relations presented below. By wo-sided inequality
[15, p. 55] C1t5 7 (ty — 7)) < ¢ — 70 < Coty ' (t, — 71), where§Cy = min } and Cy = max{1, a},
and the estimate (39) in [10] for the function ry_ (), we obtai =1— 2w > 0) the inequality

=/ t
K (t1,m1) < Mi(a) Vi I (ty, 1) + Ma( o(t1, 1),

1—a/2
1 /
t1

_ 1 _Ci(a)(ti —n)
I —/ ple+D/2, /() — TQQ ( tyme ) dn,
_ D Ca(a)tin dn.

Here C;(«) and M;(a), j =1,2, a stants depending only on «.
Next, we represent each ctions I, (t;, ) and I5(ty,71) as the sum of two terms
Il(tl,Tl) =1 ( ) +-712(t1,7'1), Iz(t1,7'1) 2121(t1,71)+122(t1771)’
for each of which we ively have
+71)/2

- 1 (@)t )
{7 7! 77(oz+1)/2\/(77 — )t —n) P ( tine ) dn
@ S \/tll— T1 [Cl ‘i‘C’3(t1/7'1)6]7

e the value of the parameter ¢ is chosen from the condition 0 < ¢ < a/2:

ty

I]_2(t]_77'1) = / 1 eXp (_Cl(a)(t;— ’]7)) dn S C(a) ’
(t1+71)/2 D2/ (g — )t —1) tin Vit -7

(t1+71)/2

t (a—1)/2 C t1n®
L(t,m) = Vi e (— 2(c)tan

1
dn < Cy + Cs(t °l;
s — P i A TP RN VNS

T1
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240 AMANGALIEVA et al.
here the last inequality is obtained just as in the estimate of the function I1;(¢;,71), and the value
of the parameter ¢ is chosen from the condition 0 < ¢ < a/2:

ty

t (a—1)/2 C tn® C
I(ty,71) = / " 17 e exp (_ Z(a)tin ) dn < (a)

A —n)32(m—T1 ty—n TVt -7
1TT1

In these inequalities, C'(«) and Cj(), 7 = 1,2, 3,4, are distinct constants and depend only o
The resulting inequalities imply the desired estimate (45). The proof of the lemma is complete.

Thus, by virtue of the estimate (45) for a given right-hand side, Eq. (42) and, in
Eq. (36) have a unique solution, whose existence can be proved by the successive ap
method.

It follows from relations (37) and (34) that the homogeneous equation

K;v = (I - K, X/ (1, t)v =0, teRE (46)

is equivalent to the inhomogeneous equation

No
Kiv=uv(t /IC 7, t)u(T) dr = Z crt' % exp ! . (47)

(48)

Note that the numbers N; and Ny
plane C into subsets D), and I';,_{, k

n [10], and the partition of the complex
., for the values of the parameter A is defined by
s of these formulas in [12] are given by (46) and (45).]

Since each of Egs. (48) has a un ivial solution vy, (t), k = —Ny,...,0,..., Ny, it follows
that, for each parameter value , these functions vy (t), k = —Ny,...,0,..., Ny, are eigen-
functions of the homogene ion (46) [and hence the homogeneous equation corresponding

o (17)].
From the assertions™é
Lemmas 1 and 2 ca @

Lemma 2 h

as 1 and 2 in [10], we obtain the following assertion. (Similar
nd in [12].)

es A € Dy are reqular numbers of the operator K3, from (17).

Lem set C\Dy 1is formed by characteristic numbers of the operator K3, in (17).
1d i\ € D, UT,,_\{(=1)™e™}, m = 1,2,..., then dimKer(K3,) = m, and the
genfunctions are given by solutions of Eq. (48):

van(t) = [K3] 7! [t1+0‘/2 exp (—sz t"‘)] , k=1,...,m=N;+ Ny + 1
a

Remark 4. The general solution of the inhomogeneous integral equation (36) as well as Eq. (17)
is the function

m=N1+N2+1
nt) =K a9+ D awn(t),  teRy, (49)
k=1
where the ¢, kK =1,...,m, are arbitrary constants.
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BOUNDARY VALUE PROBLEMS FOR A SPECTRALLY LOADED HEAT OPERATOR 241

Let us proceed to the analysis of the integral equation (13), which is adjoint to Eq. (17). It follows
from Remark 1 that the homogeneous integral equation corresponding to (13) has only the trivial
solution for any A € C.

Thus, by virtue of Lemmas 1-3, we have the following assertion.

Lemma 4. 1. Fach value A € C is a regular number of the operator Koy in (13).

2. The inhomogeneous integral equation (13) is uniquely solvable for any right-hand side fi(t)
provided that X\ € Dy.

3. If € D, UT,,_\{(-=1)"e™™}, m = 1,2,..., then, for the unique solvability of the in
mogeneous integral equation (13), it is necessary and sufficient that the functions f(t)
orthogonality conditions

o0

/uAk(t)fl(t)dtzo, k=1, .m=Ny+Ny+1.

0

Remark 5. By the assertion of Lemma 4, the solution of the inhomo S gral equa-
tion (13) is the function
() = [Kn] A1),  teR,. (51)
Remark 6. It readily follows from the above-performed consider t
Falt) = () € Li(R,),  in(t) =P HlE) € LoolR, ). (52)
7. INVESTIGATION OF THE BOUNDARY V. OBLEMS (1) AND (2)
By (9), we write out the solution of problem (1) in
t
)=\ [ e/ f / G(z,¢, ,T)dEd 53
u(x,t) /eT er 2\/t (z,&,t f&, r)dedr, (53)
0
where the function fi,(t) is found fr Hence we find that the function (53) com-
pletely satisfies the boundary val and belongs to the class (4).
Further, by (15), we write out tlon of problem (2) in the form
v(x,t) 5\/ ,§,T—t (T)dT+/ G(z, &, 7 —t)g(&,1)dEdr,
t 0
function found from (49) and (52).
elongs to the class (5) if
/eTT“)_?’/zG&(l‘,f,T - t)‘ ~ D(1)dr € Loo(RY; Li(RY)), (54)
t T
e P2 // Gz, &7 —t)g(€,7)dé dr € Loo(RY; L1 (RY)). (55)
t 0

The inclusion (54) does take place by virtue of condition (3). And the inclusion (55) is equivalent
to the inequality

e ty3/2- w// 2G (w6 — )| () dr da < ||y e, < 00
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242 AMANGALIEVA et al.

Obviously, the derivatives v;(z,t) and v,,(x,t) of the function v(z,t) satisfy the inclusion
ez + V) (0 + Vaa) € Loo(RY; L1 (RY)).

Let us state the obtained results on the solvability of the boundary value problems (1) and (2)
in the following theorems.

Theorem 2. If A\ € Dy, then, for arbitrary f, the boundary value problem (1) has a unigue
solution w € U. If X € {C\Do} N {D,, UT,,,_1\{(=1)™e™"}}, then, for the unique solvability of
boundary value problem (1) in the class U, it is necessary and suﬁiczent that the function
the orthogonality condition

o0

/v,\k(az,t)f(w,t)dwdtzo, k=1,...,m=N; + N, + 1.

0

Theorem 3. If A\ € Dy, then, for arbitrary g, the boundary value pro 2 a UNIGUE
solution v € V. If A € {C\Do} N{D,, UT,,_1\{(—=1)™e™"}}, then, fér arbity boundary
value problem (2) has a general solution v € V, which consists of the sumn of lution vyom(x,t)

of the homogeneous equation

where

Uai(t) = eXp Ik ® =1,...,m=N; + Ny +1,
¢ are arbitrary constants, and the p tion
Vpar (2, 1) )\/T“’ 3/2

We have thereby showin that/the above-considered boundary value problem for the spectrally
loaded heat equatio alload point with respect to the space variable [Z(t) = t*, —o0o < w < 1/2]
moving at a vari e

, is a Fredholm problem with nonpositive index depending on values
iplying the loaded term.
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