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On M-term approximations of the Nikol’skii -
Besov class
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Abstract

In this paper, we consider a Lebesgue space with a
periodic functions of many variables. We obtain
of the best M-term approximations of Nikol’skii’s
in the Lebesgue space with the mixed norm.
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1. Introduction

Let T = (z1,...,xm) €T
the space of Lebesgue meas
with respect to each

)*®and p; € [1,+00), j =1,....,m. Ls(T™) denotes
nctions f(Z) defined on R™, which have 27 period

at

1
P m
2 2 p

/ |f(j)|p1dx1] B .. ] ot dxm:| " < 400,

1<p; <+4o0,j=1,...,m (see [18], p. 128, [4], p. 54). In the
, we write Lp(T™).
(T™) = L (T™) can be expanded to the Fourier series

> aw(f) ™,

mezm
ere {a=(f)} are Fourier coefficients of a function f € L1 (T™) with respect to a multiple
nometric system {e“ﬁ’i)}ﬁezm and Z™ is the space of points in R™ with integer
coordinates.

For a function f € L(T™) and a number s € Z; = N U {0}, let us introduce the

notation

So(f,Z) = ao(f)
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and L
5T = 3 an(f)e™
neEp(s)

m

where (7, T) = Z y;r; and

p(s) = {E = (ki) km) €Z™: [2°7'] < max |kj| < 25}7
j=1,....m

where [a] is the integer part of the number a.
Let us consider Nikol’skii’s and Besov’s classes ([4, 7, 18]). Let 1 < < o0,
j=1,...m,1<60<o00,r>0,and

- {f € Ly (T™) : sup 27 |6.(f)]l,, < 1},

SEL4

Byo={fe1p(m): (3 27 6.l

SEL4
It is known that for 1 < 6 < 6; < oo the following holds

Bpa C Bpo C B, C Bpoo = Hp.

_, .\ \M
Let f € Ly(T™) and {W)} 1
i

integer coordinates. Consider the quantity

where b; is an arbitrary number.
proximation of a function f €

defined by S.B. Stechkin [22]|. Estimations of M-
term approximations of ses were provided by R.S. Ismagilov [13], E.S. Be-

linsky [6], V.E. Maig .S. Kashin [14], R. DeVore [8], V.N. Temlyakov [23],
A.S. Romanyuk [19 ng [10], D.B. Bazarkhanov [5], L. Duan [11], M. Hansen
and W. Sickel ~Stasyuk [20, 21], and others (see bibliography in [1], [2], [8], [21],
[23]).
For t .= pm =pand ¢1 = ... = gm = ¢, R.A. De Vore and
V.N. Ti oved the followmg theorem.
Th . (see [9]). LetlSp,q,@ﬁoo,r(p,q)zm(%f%) fl<p<qg<2
+
< p < 0o and r(p,q) = max %, & ¢ in other cases. Then, for r > r(p,q), the

lowing relation holds

Mm(Bpe)q < M_%+(%—max{, 1 )+

)

where ar = max{a;0}.
Moreover, inthecaseofm(%—%) <r< ﬂ and 1 < p <2 < ¢ < oo, S.A. Stasyuk
9
2

[20, 21] proved that ear(B; g)q < (%_(%_%))
The main goal of the present paper is to find the order of the quantity ens (), for
the class F' = Bj 4
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Let us denote by C(p, q,r,y) positive quantities, which depend on the parameters in
the parentheses, such that the parameters, in general, are distinct in distinct formulas.
A (y) < B (y) means that there are positive numbers C; and C> such that C; - A (y) <
B(y) < Ca2- A(y).

To prove the main results, we need the following auxiliary results.

1.2. Theorem. (see [24]). Letn = (ni,...,nm), n; €N, j=1,...,m, and
Tw(Z) = Z c,;ew_“’i).
[kjl<nj,j=1,....m
Then, for 1 < p; < q; < 00, j =1,...m, the following inequality holds

1 1

m
| Tall, <27 [ nj |1 Tall, -
j=1

P

k = (k1,...,km) with integer
, which consists of harmonics

Let Qar be a set containing no more than M vect
coordinates and P(Q2,Z) be any trigonometric po
with “indices” in Qar.

1.4. Lemma. (see [2]). Let2 < q; < 00 and j
polynomial P(Qn) and for any natural » N, ‘there exists a trigonometric
polynomial P(Qar) such that the f

S,

1P(x) ~ B M™Y)E | P(Qy) |2

and, moreover, Qp C QN

2. Main results

Let us prove the nt

2.1. Theore 1yeaDPm), 4= (q1,,qm), 1 < p;j <2< q; < oo, and
1 <0< .

1. If, / <r< .Elpij’ then
5=

enr (Bjg), =< M™% (log(1+ M))' 4.
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Proof. Firstly, we are going to consider the upper bound in the first item. Taking
into account the inclusion B, C Hz, 1 < § < +oo, it suffices to prove it for the class
Hy.

Let 1 < p; < gj < oo and N be the set of natural numbers. For a number M € N
choose a natural number n such that 2™ < M < 2("*Y™ For a function f € Hg, it is
known that

f@) =>_6:(f,7)

and
16s(f)llz <27°", 1<pj<oo, j=1,..,m.

We will seek an approximation polynomial P(Qas,Z) in the form

P(Qur, T) = nids(f, )+ > PQw.,

n<s<an

where the polynomials P(Qx,,Z) will be constructed for ea
Lemma 1.4 and the number o > 1 will be chosen during the ¢ ruction.

Let ];1(1% — é) <r< ];1 p%.- Suppose

(24
N, = [2rme \= T
where [y] is the integer part of the numb

Now we are going to show that
(in terms of order). By the defiiti

n—1
Sk = (ke i) ] Symax [k <27} + > N, <2y
“—o yeeey 1ML

n<s<an

s —na f} %—r)
+ >0 22 (f Q (jzl”ﬂ +1] <C2" +(a—1)n<C2" < M,

n<s<an
where A deno mber of elements in the set A.
Next, ty of the norm, we have

If =P@)lla <C|| > ©6:(f) = PON))| +

n<s<an

q

+ Z (Nl = Ji(n) + J2(n). (2)

an<s<+oo

Let us estimate J2(n). Applying the inequality of different metrics for trigonometric
polynomials (Theorem 1.2), we can obtain

1 1

L)< Y 6(Nlla<C Y 23";(” qj)||58(f)||ﬁ~

an<s<4oo an<s<4oo
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m
Therefore, taking into account f € Hy and ) (i — é) < r, we get
j=1

JQ(?’L) S C Z 2_S<T_jrz::1(pij_qij>> S CZ_nD‘(T_jgl(pij_qu)) . (3)
an<s<+oo

Let us estimate J1(n). Using the property of the norm, Lemma 1.4 and the inequality of

different metrics (Theorem 1.2), we get
1
Nin) < Y 18 = POl <C Y (N2 (6l <
n<s<an n<s<an
1 s (A1
C Z (N;12sm)2 2 j:1<1’3 2) ||(53(f)||1—, S K

IN

n<s<an

s bk
<C Y NJF2 T

n<s<an

obtain

J2(n) R qu = 1<“%>). (6)

By (5) and (6), we ge quality (2) the following

(&%) (£
lg <CM \ =7 g=t\ W

m m
. . 1 1 1
for any functio in the case of ng(p—j - q—j) <r< J; e
Fro us Bl ¢ C Hp and the definition of the M-term approximation, it
S

1 -t = (1_21
eM( p9) < COM (23‘%:1?1) <T7j§1(”77q7>>

m
1 _ 1 1
injthe case Of];],(pj qj) <r <3;1 5

Let us consider the lower bound. We will use the well-known formula (see [19], p. 79)

f(@)P(z)dz|, (7)

™

ev(f)g = inf sup
OM pery ||P| <t

where ¢ = (¢1', ..., gm"), % + ﬁ =1,j=1,..,m, and Ly is the set of functions that
J

are orthogonal to the subspace of trigonometric polynomials with harmonics in the set

Q.
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Consider the function
Fan(2) = > e
-1
(g ]
i=1 9j
jzlinaxm|kj\§2 J

,,,,,

i(k,z)

where the sum ) contains those terms in the function Fj,(Z) with indic
kEQ s
Q. By the inequality (see [18], p. 88)

,,,,,

and Perseval’s equality for 1 < ¢;' < 2, 7 = 1,...,m, we obtal

1

B0 I s om QL wm
lglly < |1 Fanlly +@m)7=0 " 2 Y7 ™) <@ +W7) <0275
keQs

Now we consider the function

Pi(z) = o200

some constant Cy > 0.

(8)

(10)

Then (9) implies that the function P; s @ e“@ssumptions of the formula (7) for

Consider the function <

m —1 m
—nm r—> (L -1 )
h(@)=¢ & (=567 Fion().
By the inequality (8), we g

s=0
(L)
1 nm(2 Y %) j|
_S N g=1" (1L
Y e R s
s=0

€ 1 57 .
r th ions (10) and (11), we have, by the formula (7), the following

2

x> ot | [ 1@ P@)as

-1
—nm g L) <7'— g L._ ) nm
2o (CES) (FEGE) (I1Eznllf — M) >

—om(2 8 %)71(“ £ (5-4))
> (2 j=1% j=1\Pi 9 .

Hence, it follows from (12) by the inclusion By ; C By, that

m -1 m
—nm 1 . s
em(f1)g 2 C2 (2121 ‘Jj) ( El(pj qj))

(11)

(12)
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m m
in the case of (pi - qi) <r< Yy, ﬁ. So we have proved the first item.
j=1 P Fi =P

£

J

Now we consider the case r = > i. Let f € B;y. Suppose a = m (2
j=1" 1

and
nm 1_ sTr
Ns:[2 nd 8.1 2 ]+1.

Then, by definition of the numbers Ns; and Holder’s inequality, we obtain

n—1
;ﬂ{k:(kl,...,km):[f_l]Sj:nlnﬁ)fm|kj|<2s}+ > N <

n<s<an

6

<2+ (o — D)+ 2""n? (o — 1)n) o7 (Z 18:(£)I1% 2“")
s=0

Suppose 8 = max{qi, ..., Gm }. Then

am=| 3 @ -pPew)| <cf| 3

n<s<an g n<s<an

Next, by Theorem 1.3, we have
%
Ji(n) <C > 16.(1E P( .
n<s<an
B

Since 8 > 2, then by applying the prop e norm, Lemma 1.4 and the inequality
see Theorem 1.2), we obtain

—

1

2

Do ONT2TS(NIF ] <

n<s<an

1 28 5 2) 2
Ng2eme = T ss(Nl |- (13)

an

Next, sincé L we have, by the definition of the numbers N and using Holder’s
inequali
1
2
_ _1.1 ,
N(n)<c@matme)z [N 2 6N, | <
n<s<an
20 3(1-3)
—mm 1-1.1 sr
<cE etz [ Y 276y >t
n<s<an n<s<an
< 02" = M2 (log(1 + M))l_%.
Thus,

Ji(n) < CM ™2 (log(1 + M))"~ 8 (14)

3

in the case of r = L

j=1 "
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m
To estimate J2(n), we apply Holder’s inequality, and taking into account r = 5 L

NgE!

—1
and a =m (2 ql> , we obtain
J

Jj=1

s ¥ (A1)
hn)<C > 2= ()], <

na<s<+oo

1

s=0 na<s<4oco
By (14) and (15), the inequality (2) implies that

If = P(Qur)llg < CM ™% (log(1 + M))*~ %

m
in the case of r = ) %. It proves the upper bound estimation fin the se¢o
J

j=1

1
Let r > J;l Pt Suppose

Then

< con™
If f € Hy, then, by using thege ition, o
from (13) the following

Thus,

m
1
the cal ofr>g§pj.

o estimate J2(n), we suppose o = (r + > (% — ;J)) <r + >
=

get

rmze ¥ 2 0B Lo (A0

na<s<oo

m 97 m
—s6’ > L —na > L

ad 0
< C (Z 257‘0 ”(;S(f)HIG’) Z 2 =19 < C2 =19

(17)
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for a function f € H;. By (16) and (17), it follows from (2) that

m

EER A G )
If = P (@)l < CM (+E50)
for any function f € Hj in the case of r > > p%_.
j=1

It follows from Bj, C Hy that

m

k(2 (32 )
em (B;,H)qSeM (H£)§§CM ( j=1<2 p])

. It proves the upper bound estimation in the item 3.

m
in the case of » > > L
=1 P

Let us consider the lower bound estimation in the case of r = Y i. Consider the
j=1

function

g1(%) = Z Z Hk;l cosk;z;.

s=1kep(s)I=1

0s(g1,%) = Z ﬁ kj_l cos

kep(s)i=1

(18)

Then

It is known that for a function ds(Z) = > ][]
k€Ep(s)J

e following relation holds

B

ldsllp <2 =1 7 % +80, j=1,...m
Therefore, by the Marcinkiewic‘th } pliers (see [18]), we have

16+(g &

, we

NgE!

Hence, since r = %
J

Jj=1

kS
[

2° |I5s(91)llﬁ> < Cins.

oo

s=0
Therefore, the @ fo(z) = C’l_lnfégl (Z) belongs to the class By 5, 1 < p; < +o00,
j=1,.

No oing,to construct a function P;, which satisfies the conditions of the

v1(Z) = Z Z Hcosijj

s=1kep(s) i=1

a Qar be an arbitrary set of M vectors k= (K1, ..., km) with integer coordinates.
Consider the function
* m
ui(z) = Z Hcosijj
keQy, J=1

which contains only those terms in (18) with indices in Q. Suppose w1 (Z) = v1(Z) —
u1(Z). Then, since 1 < ¢; < 2, j = 1,...,m, we obtain, by Perseval’s equality, the
following
1
lwillz < llvillg + llualle < florflg +CM=.
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By the property of the norm and the estimation of the norm of the Dirichlet kernel in
the Lebesgue space, we have

n
lorllgr <> 118s(vn)llyr <
s=1

3

1
25

< Cizsé(l_ﬁ) <co =
s=1

Therefore, taking into account qij < %, j=1,....,m, we get

willy < C27F + M3) < o278

Hence, the function

Pi(Z) = Cy 2772 wi(7)

satisfies the conditions of the formula (7). Then, by substitutingfthe f i and Py
into (7) and by orthogonality of the trigonometric system, we obtain

gz Y Y [

n1<s<nkep(s)j=1

>0m2)" Y 27T =02 E T (n— ) >
n1<s<n

> C(In2)™2” "' = log(1+ M) 7,

where ni is a natural number such that
So, for the function fa € Bj g, i

em (Jg

in the case of r =

2
1

he lower bound estimation for the case r > o Since in this case an
- J

j=1
n of the quantity ens ( g,g)q does not depend on 0 and By ; C Bj 4,

<'ttp(n), where #p(n) denotes the number of elements in the set p(n).
Consider the following function

fs(a_s):2_n<T+j§<l_p%)> 3 e,

Then ||6s(f3)||5 = 0 provided s # n and

1— L
P;

st =2 7R 1>>ﬁ\ T e

Pj



By the estimation of the norm of the Dirichlet kernel (see [18], p. 181), we have

2" —1

H Z ki

kyj=2n—1

n(1—-L
a-3).

<C2

p;
for p; € (1,00), j = 1,...,m. Therefore

l0n(fa)llp < C277".
Hence

D27 I8s(f3)ll5 < Cs,
s=0

i.e. the function C3 ' f3 € Bj 1. Next, we consider the functions
v2(Z) = Z k)
kep(n)

and

kep(n)NQpy

Suppose w2(Z) = v2(Z) — u2(Z). By Perseval’s equality,

1
luzlla < M7=, [jvzf2 £C2
From these relations, we obtain, by the properti
lwall2 < flvzfl2

Therefore, the function Py (z) = Cj "2~
(7). Since 2 < ¢; < 00, j =1, R
(7), we get

Tt"follows from the relation 2™ < M that
(B (-2 )
€M (fS)qZCM ( j=1(2 py)

m
in the case of r > > p%. for the function C3 ' f3 € B} . Hence
j=1

—1(y o ;_;>
eu (B )QZC’M (+j:1<2 pj) .

307
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Therefore,

—% s % l_% )
em (B;,G)(?ECM ("—j:1<2 PJ)

m
in the case of r > >~ --. So Theorem 2.1 has been proved.

1
j=17
2.2. Theorem. Letp = (p1,....Pm), § = (q1,.-,qm), 1 <pj < q; <2, and 1 <0 < +oo.
m
1L
If’r > ];l(pj 4 ), then
~L(—E (22 )
em (B;,e)qu ( j=1<p3 q1> '
nm

Proof. For a number M € N, we choose a natural number n such that . By
the inequality of distinct metrics (see Theorem 1.2) and by Holder’s in ity, have

15 =D 0:(Hlla < D 16s(Hlla <
s=0

s=n

s=0

nlro o (2 _
§C2 ( jz=:1(pj qj)) gCM
for f € By g, 5+ 0% = 1. Therefore

Hence

€M

It proves the upper bound
For the lower boun

proof in [9] (pp. 46-47) and applying Theorem 1.2, we obtain the

tion of the quantity eas (B;,e)q-

L8tp = (p17 "'7pm)7 q: (q17"'7qm)7 2 S p] < q] < 007 j = 17 "'7m7 and
e (Bg’g)q_ =M m.
roof. By the inclusion B}y C B3 , C Hy, we have

em (B;,e)q <ewm (Bg,e)q <ewm (H3),-
By Theorem 2.1,

for p; =2, j=1,...,m. Hence
en (Bj.o)

It proves the upper bound estimation.
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Let us consider the lower bound estimation. Consider Rudin-Shapiro’s polynomial
(see [15], p. 155) of the type

25
Ry(z)= Y  exe™, z€(0,2n], e ==L
s=2s-1

It is known that ||Rs|lcc = n[loaé( | |R.(z)| < C2% (see [15], p. 155). For a given number

z€|0,27
M choose a number n such that M =< 2™, Now we consider the function

fo(@) =275 S T Ra(ay).

s=1 1

Then, by the continuity, we have f5 € Lz(T™) and

m

D2 (fo)llp =27 TS 2 T] Rl <
s=0 s=1 1

n
< 9—n(g+7) 228(%-&-03 < Cs.

s=1

Hence, the function C5'fs € By ,. Now, we co nction P(Z), which satisfies

P,
the conditions in the formula (7). Suppose

where the sign * means that the

which have indices in Q7. Su v3(%) —u3 (). Then, since 1 < ¢;/ = 2= <

q;—1

Perseval’s equality)

3

enr (BLg), > CM~

q

proves Theorem 2.3.
emark. In the case p; = p, ¢ =¢, 5 =1,...,m, and r > m(% — %), the results of
R.A. DeVore and V.N. Temlyakov [9] follow from Theorem 2.1-2.3. If 1 <p <2< g < o0
and m(% - %) < r < 7, the results of S.A. Stasyuk [20, 21] follow from the first and
second items of Theorem 2.1. Theorem 2.1 - 2.3 were announced in [3].
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