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Solution of a two-dimensional parabolic model problem in a
degenerate angular domain

In this paper, the boundary value problem of heat conduction in a domain was consideredgsboundary of
which changes with time, as well as there is no the problem solution domain at the mitial time, that is,
it degenerates into a point. To solve the problem, the method of heat potentials was usedgmwhich makes it
possible to reduce it to a singular Volterra type integral equations of the secend kind. The peculiarity of
the obtained integral equation is that it fundamentally differs from the classical Volterraintegral equations,
since the Picard method is not applicable to it and the corresponding homeogéneous integral equation has
a nonzero solution.
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TIntroduction

Recently, in connection with the intensive development of modern contact technology and due to
the high speed of electrical devices, more reliable measurement of the temperature field of the contact
system has become relevant. And, no léss, important, it is necessary to study the dynamics of its
change over time. At the same time, the temperature field of high-current contacts must be studied
taking into account the changesin the size of the contact area, which changes both due to the action
of electrodynamic forces and due, to the melting of the contact material at high temperatures.

When the electrodes are opened on the contact surface, the melting temperature is reached and a
liquid metal bridge appears'between them. As a result of further opening, this bridge is divided into
two parts and thecontact material is transferred from one electrode to another, that is, bridge erosion
occurs, which can eventually disrupt their normal operation.

To solve this kind of heat conduction problems, it is necessary to use generalized heat potentials
and further reduce the original boundary value problem to singular Volterra type integral equations.
From a mathematical point of view, the peculiarity of the problems under consideration is that, firstly,
the domain in'which solutions are sought has a moving boundary, and secondly, at the initial moment
of time, thefcontacts are in a closed state and the problem solution domain degenerates into a point
[1-14].

The problem considered in this paper is called a model one, since the case is studied when the
boundary of the domain in which the solution of the problem is sought moves according to the linear
law = = t. In the future, it is planned to study this problem in the case when the boundary of the
domain will change according to an arbitrary law x = ~(t), v(0) = 0.
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1 Statement of the boundary value problem

We consider the following two-dimensional boundary value problem in spatial variables in a cone

Q= {(:L’,y,t)| Vi +y2<t, t> O,} with a lateral surface I' = {(x,y,t)| Vi +yri=t, t> 0} for

the equation
ou 4 (0%u 9% 9, (1 Ou 1 Ou
o (agcz*ayz)‘”(x'aﬁy'ax) M

with a boundary condition

u(wvyat)h‘ :g(.fC,y,t), (2)

where 0 < 8 < 1, g(x,y,t) is a given function. It is necessary to find a function u(%; y#)satisfying the
equation (1) in @ and the boundary condition (2).

Such boundary value problems in domains that change with time and degenerateninto a point
arise, for example: when describing the heat transfer process in a moving medium velocity of which
is a function of the coordinates; in mathematical modeling of thermophysical proéesses in the electric
arc of high-current disconnecting devices, while taking into account the"effect of contracting the axial
section of the arc into a contact spot in the cathode field. They are also rélevant in the creation of new
technologies in metallurgy, the production of crystals, laser technologiespete.

Passing in (1),(2) to cylindrical coordinates, in the domain @={(r,¢)| 0 < r < ¢, t > 0}, we obtain
the following boundary value problem for the axisymmetric case:

ou 5 1-28 dudq N 0%u

E—Q‘ , E+GW,O<B<17 (3)
U(Tv t)‘r:O R gl(t)v t>0, (4)
u(r7t)|r:t = g?(t)a t>0. (5)

2 Representation of a solution'of the boundary problem (3)—(5) using heat potentials

The fundamental solution forithe equation (3) is the function

1 r5-§1*5 r2 4 €2 ré
Qe e o) 0 ()

where £ is a parametery Ig(z) is the modified Bessel function of order 5. We will seek the solution of
the problem (8) — (5)yas the sum of double layer heat potentials

(1) :/0 OG(r,&,t— 1)

L oG —

; o€ v(r)dr, (6)

£=0

&=

where p(t) and v(t) are potential densities to be determined.
Let’s transform the function (6), for this we calculate the derivative:

oG(r,&{t—71) 1 rB . g1-8 r2 4 €2 r& ré
B I T (s [712@_7)] '{”6—1 (zza_T)> ¢ (22@—7)>}+
1 rA(1-2p) r? 4 &2 ré
2 e o [ame)  (a)
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where we have used the relation [15; 975]:

15(2) = I5a(2) — 21502,
Next we find
aG(rv 57 t— T) _ 1 TQB 1 r2 .
o€ o (2a2)BF1 7 28(t — )BT Br(B) P {_ 4a2(t — 7)} @
and
OG(r,&,t—T) B
o€ e

n 1 7“5(1 —20) r? 4 72 I rT

—_— — . eX —_—_ . —_—— \
202 (t—T1)7P8 P 4a?(t — 1) B 20%(t —7)
We transform the last equality as follows:

OG(r,&,t —T)
3

T

where we introduced the notation

Ls-1,(2) = Ig-1(2) — I5(2).
We substitute the obtained relations (7), (8) into the equality (6), and then we obtain the integral
representation of the solution*for the equation (9):

¢ 1 r26 1 7“2
+/0 (2a2)8+1 ' 28(¢ — 7)B+1 : BT(5) - exp [—4(12@_7)] ~v(T)dT, (9)

where .

t~Pea? u(t) € Loo(0,00).
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3 Reduction of the boundary value problem (3) — (5) to a singular Volterra type integral equation

We require that the function u(r,t) defined by the equality (9) satisfy the boundary conditions
(4),(5), which will allow us to define the functions p(t) and v(t).

P%u“j)zy%[[f{ﬁlafg;;?“w{‘Q;@itJQHW}zﬁéiwv}%<2ﬁéiw{>+

¢ 1 726 1 r2
+/0 (2a2)8+1 ' 20(t — 1)P+1 ' BL(B) " €Xp [_4a2(t—7)] 'V(T)dT} 3

I S hm/trw exp | — s v(7)d
(2a2)B+1 28 " Br(B) r0 ), (t — 1)1 P | T a2 ) U T
_ ‘ r? B H _ 1 1 1

—_— = = — . yx
4a?(t — 1) (2a2t)B+1 728 BT(B)
‘ 00 1260 (4g2)BH1 . HL 42 \ 2
% P—I}(l) 2 r28+2 B2 <t B 4an> dz =
4a“t
1 1 1 (4a?)P*1 ’ ¥ o5 . . r2 J
= : “lm e vt —— |dz =
(2a2)P+1 28 BL(B) 4a? =05 -2 4a®z

4a2t

1 1 * e . 11 1 B
—%,mwwwwézﬁ*ewwfmwynmw@%ww@mw

from here one of the sought-for densities v(t) is directly determined

v(t) = 2a°Bgi(t).

Therefore,
3
U(T, t) = Zul(ra t) +§i(rv t)? (10)
i=1
where
(r,0) /t s Gty B Bl i (r)d
wp(T, — -~ .e 4a*(t-7) . g 2a%(t—T) . RS T)dT,
! o 4da*(t—71)? B 2a2(t — 1) a
t B+l 1-8 (r—m)2 rr
rPThT — - rT
,t) = - . 402 (t—7) . 202(t—7) . [5 - d ,
uz(r, 1) /0 dat(t — )2 € € p-16 <2a2(t — 7')) plr)dr
t B(]. — 25) _ (7'*7')2 _ rT
r rT
t) = N 7, 4a2(t—7) . 2a2(t—7) . I - d
us(r,t) /0 2a%(t — 1)78 € € s <2az(t — 7')) plr)dr,

_ 111t ¥ r
) = Gamya 9 T(F) /0 (& — )+ P [‘4@2@7)] ()

Remark 1. If g1(t) is bounded, then g1 (r,t) is also bounded.
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Indeed,

_ 111 b ”
Gint) < G ¥ TG |g1(1t)|/0 t =)o P [_4a2(t—7')} dr =

1 1 1 o

Now let us satisfy the boundary condition (5).

’LL(’I“, t)’r:t = lim U(’I“, t) = gQ(t) = gvl(t t)+
r—t—0
N /t th+1p1-6 t—T1 tr s tf .
— 5 CeXp |- | XD |~ 55— - —a G
o Vit =72 7P| T aa? | P 22— 1)) P\ 2aBli T

e R e e R Cer ey L

As a result, we obtain the following integral equation for the unknown. density pu(t):

o [ o Y )

’ 2tﬁ<t—6>"p i) e st b (i) o = F0.

where
F(ty= —2a2gg(t) +2ad%q1 (t,t).

We introduce the following notation

_ t _ t
15 exp [ﬁ} W) = (1), #F exp [42

] F(t) = Fy(t).

Then the last integral equationis transformed into the following equation:

i (t) — /0 Nt ) (F)dr = Fi(1), (12)

kernel of which has'the form:

and, moreover,
t(1—2p) tr tr
Ni(t7) = =<2 L R Y (L (R
1(t7) T(t —7) exp[ 2a2(t—7)] ’6<2a2(t—7)>+
PR R L o
2a2(t — )2 P 2a2(t — 1) | P\ 222t — 1) )

Wit = = |~y 1+ (=)

A feature of this integral equation follows from
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Remark 2. The kernel of the integral equation (11) satisfies the equality

t
1
lim [ N(t,7)dr = 75,
moreover, Vt > 0, V3 € (0;1):
t 1— B t
/ Ni(t,7)dr = ——, lim/ Na(t, 7)dr = 0.
0 /B t—0 0

Indeed,

J st = [ o [ | o (=)
t2

ol ] o)) GO
2a2(t—7)2 V| 2a2(t—7)| PN\ 2a2(t—7)) TS T | 2aBli =) 27|
= [Ta-) et o [t T @ P s
0 z 0
—(1-28) /OO % Ce Iy(2)dz + 1 = (2.05.4.3)[16; 272)|| =
0
(1-28) B, 3 LB,
VT [HBQ}H_ B
t t t tr tr
[ uttrir = [ e (g = ) =
tr o ¢ b o1 B
:‘QCLQ(t—T)_z :/0 t+2a2z Iﬂ(z)dz<ﬁ 0 e - Ip(2)dz =

:t‘l_r[ﬁ, ;}_ t

y_ - - 0.
202 [ 1+ 5 2a? 3 t—0

4amSolution of the characteristic integral equation

In order to find a golution of the integral equation (10), we first study the following characteristic
integral equation:

i (1) — /O Ny (b, 7)pus (r)dr = B(2). (13)

Remark.3. Remark (12) implies that for 3 < 8 < 1, (0 < % < 1) the integral equation (13) in
the class of essentially bounded functions has a unique solution that can be found by the method of
successive,approximations.

By Remark 2 for 0 < 8 < 1 (% > 1) equation (13) is indeed characteristic for the equation (11).

Instead of the variables t, 7 we introduce new variables x, y:

=1t = (5) =) e0 =2 (1) =a), (14)

Then the equation (13) reduces to the following integral equation with respect to the unknown
function pa(y):
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el - [ T M_(y — 2)a(a)de = B (y), (15)

where

Vw0 = 2 o (g ) o (g ) *

TR <—2a2(;_y)> Ap1p (W(i—y)) '

Remark 4. If we find a solution to the equation (13), then we will obtain a solution to the equation
(11) by applying the equivalent regularization method to the solution of the charactexriStie, equation
[17,18].

5 Solution of the homogeneous characteristic equation

The equation (15) differs fundamentally from the Volterra equations ofthe secomd kind, for which
the solution exists and is unique. The solution of the corresponding homégeneous equation

- [y (s =B, (16)

in the general case may also be non-trivial. The eigenfunctions of the integral equation (16) are
determined by the roots of the following transcendental equation [18; 569] with respect to the parameter

p:
o0
= / M (z)-e?dz =1, Rep <0, (17)
0
since, by applying the Laplace transform to\the equation (16), we obtain
fa@yafl ~M_(-p)| =0, Rep<0. (18)
In order to find the image of theyfunction ]\/4\_(—19) we use:

1) the formula (29.169)5fL9; 350};
2) the property: let f(t) & f( ), then 1f f f )dp [20; 506]. Thus, we have

M- () =20 - 29 (V2 ) 1 (V) +

D i (59 (59) - (57) (57

Tocalculate the last integral, we use the formula (1.12.4.3) [16; 44]:

a5 (59 (50) (5

a? J_o a a a
=[5 =] =2 [ s s ae) - B d =
— 2 o
— 2 <1+(5 2))15 1(2)K 5 (2) = I'ga )KM(,Z)]F_
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-2 (14 5) nm,@ - @)

Nl
a

=2 [(1+ ) pakaia) -

_ {Iﬁ(z)+52,_1151(z)} {—KM HuKﬁ ! }HF

-2 [(1+ %) perste - {1 - Ine} Ko - 2ra0}] ’r

= [(z* + (8 = 1)%) Is-1(2) Kp-1(2) + 2°15(2) Kp(2) —
—2 (B = 1)Ip(2)Kp-1(2) + 2(8 = 1)I5(2)Kp(2) — (B = 1)*5-1(2) Kp ()} /5 —
— [(22 + B)Ip(2) K (2) + 2°I5-1(2) Kp-1(2) + 2851 (=) (2) &

—2B15(2)K3_1(2) — B°I5(2) Kp(2) ”F [

- [zlg(z)Kﬁ_l(z) — 2D 1(2)Ks(2 HF
= [2205(2)Kp-1(2) — (213(2) Kp-1(2) # Zlﬁ—l(z)KB(z))Hofop =

N ()

= 22[5(’2)K6—1(z)‘ﬂ = " - -

where we used the following relations:

K ) S K1 (2) — K (2),

Then the equation(17)will take the form:
21, <gp> {(1 —28)Kj <gp> - —ngﬁ_l (?’)] =0, Rep<0,

where Kjg (@) is the Macdonald function.
Let’s assume that I (@> = 0. According to the definition of the Bessel function for the imaginary

argument Ig (@) =e" 2BZJ5 (2F> where Jg < F) is the Bessel function — cylinder function of

the first kind. The function Jg(z) for any real § has an infinite set of real roots; for 5 > —1 all its

roots are real and equal iz = oy, 2z = —iayg, o € R, k € Z\{0} [21], i.e. in our case i%pk = g,

where o € R. Hence p = QQQ%, which contradicts the condition Rep < 0.
Thus, it is necessary to find the roots of the equation for 0 < 8 < %
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1 (Y)Y (Y o, g s

It should be noted that for % < B < 1 this equation has no roots. This means that in the equation (18)

1—M_(—p) #0,

whence it follows that fz(p) = 0. That is, the homogeneous integral equation (16) has only a zero
solution in this case. For 0 < g < % the equation (19) has a unique real root py < 0, andsthe root
po = 0 corresponds to the case [ = % And for 0 < B < % the root is pp < 0. This means that
the equation (16) for 0 < 8 < % has a non-zero solution us(y) = CePoY, py < 0. Then, réturning to
the original variables (14), we obtain that the homogeneous integral equation corresponding to the
equation (13), for 0 < 8 < % has an eigenfunction

1 Po_ _t_

t

,u(o)(t):C-tlfﬁ-e/ 22 py <0, C = const,

Accordingly, for g = %, the eigenfunction has the form:

O =C- \}% . e*ﬁ, €' =const.

6 Solution of an inhomogeneous characteristic integral equation. Construction of the resolvent.

The equation (15) cannot be solved by directly applying the Laplace transform, since the convolution
theorem is not applicable here. Let’s apply the'method of model solutions [18; 561]. Then the solution
of the equation (15) has the form

1 o+i00 &)\1(1)) 1 o+100 P -
== =3y (y) + R-(=p)®1(p)erd
o =on | R =) o [ Comr
where -
— o0 y _— M,(—p)
‘1’1(1)):/ @, (yye Pdy, R_(—p) = — , Rep <0;
0 1—M_(—p)

M_(—py= 1% 2Iy (’a@) [(1 —28)Kj (?) - \/?Kﬁ_l <\/?)] , Rep < 0.

If R_(—p) = R_(y), then the solution of the equation (15) has the form

W) =0+ o [ Ry — )i (@) (20)

To find the resolvent R_(y), we write its image in the following form:

(4 e () )
_ 21 (V2) | 52K (52) - - 200K, (52)]

a a

Rep < 0,
a

and use the following properties [19; 191]:
1. If o(t) = @(p), then
1 _/p
plat) = —¢ (—) , a>0.
a’ \a
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2

1 1 o0 T
/ T-e #(T)dr.

2. If §(p) = ¢(t), then
¢ (vVp) = ﬁ ) g
For convenience, we introduce the notation @ = z and find the original expression
@(z) _ 1 —2Ig(2) [2Kp-_1(2) — (1 — 28)K3(2)]
213(2) [2K5-1(2) — (1 —28)K3(2)]
According to [20; 519]:
@(2) _ A(Z) _ +i:.o A(Zk) 2Ry
B T() ¢
where z;, are zeros of the function
B(z) =2I5(2) [zKp_1(2) — (1 — 28)K3(2)].
1) Let yg(z) = 2K3-1(2) — (1 — 28)K3(z) = 0. This equation, as noted eatlier, has one root z for
0<B<i.
) Let I(z) = e~ 2%J5 (iz) = 0. Therefore, iz, = oy, or zj, = —ia, where oy € R
Then
Py~ Al) R Al) - Ay, Wy | Alzo)
R*(2) = '__-Z : Ce Y — Z / he B+ — -eTPY = R* (y),
B(z) " 4z B'(=%) weioy BEn) B'(z0)
where
B(z) = 2Ip(2) [ K1 (2) 7 (1 = 28) Kp(2)]
)z (1= 2B)K;s(2)] + 2(1 — 28)15(2) K1 (2)+

B'(z) = 2I51(2) [2Kp-1(2
( B(lz 26) 2z> I5(2)Ks(2).

Thus, we obtain that for 0 < 8. < 3
e~ 2kY
R* (yy= +
kezz\:{o} 2051 (2k) [26 K p-1(2k) — (1 — 28) K(z)]
—z20Y
n ¢ — (21)
215(2z0)Kp—1(20) [1 — @28]
We'introduce the following notations
1 1
A k= ’ A 0= .
é QIﬂ—l(Zk) [zk’KB—l(zk) (1 - QB)Kﬂ(Zk)] g 2[/3(2())}(5,1(20) |:1 — ﬁzé}
From equality (21) we have
o /_ 2 o] 22 .
R_ <p) =R(y)=——5- > Asp- / pe Ty O gy
@ 2VTY2 oy 0
2 00 22 9
+ 5 Apo - / ze iy ATy
2y/my2 0
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Lemma 1. The resolvent R_(y) satisfies the estimate

R_(y) <

Sl

Proof.

<

x?
E 8.k / xe 4?! ~ioa xd$—i—A50/ ze iy % gy
Q\fy (keZ\{O}

CL2
< . A .
PN + |Ag o]

Since |Ag| = Cg = const, we estimate the sum ‘ZkeZ\{o} Aﬂ,k‘i

> Ask

keZ\{0}

1

Y As|=

keZ\{0}

Kp(z) = FeiPH i2); I5() e Tohdp(iz);
- 2k = —li0g; 2 =Ny —
Ja(—z) = P 5(2); H[(;)(—z) — —e‘ﬁ’”'Hé?)(z)

i 1
=1 \ o1 () [onH (el + (1 - 28)HY ()|

>H>—‘

1
eB=17 15 (o) [_ak@—(ﬁ—l)wiHéz_)l(ak) +(1— 25)e—ﬂm‘Hé2) (ak)} ) | =

(2) = Jp(2) —iNs(2)

OQ@

— H HY (Y %52 )+ZN6§ )( )
5o

2 > (677
z Z <
2 _—
™1 (g (o) + (arNs—1(0n))? + 200 (1 — 28)N 5_; (o) Ng(ar) + ((1 — 28) N ()
N ag p 1
- P 2| = > ) 2 <
T =1 (akJﬂ—l(ak)) + (akNﬂ—l(ak)) 1 ok 1(ak:)H5 1(ak)
: . / (1) i @ = ||(1.10.3.3) [16; 42]|| =
™ a1 O - H (Ozk) . Hﬁfl(ak)
o| & HY () 1 HY (o) HY (o)
= Tm Lo RO Tiarg =
T Do) | 1, (o) T ).

argH( ) ( ) —argHélzly(ak) ‘ <

L\’JM—A
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Thus, we get

2 2 2 (1)
Z Ag |+ Apo0l p < o’ (r +205) = Cs , Cg(l) = const.

R_(y) < QL ) = 4
\/g kezZ\{0} \/g \/?7

a a~Tm
R <5—-| > Aps|<
2\/?j keZ\{0} 4\/?j

Lemma is proved.

7 Solution of the characteristic equation

We found a solution of the equation
p2(y) — / M_(y — z)pa(z)dz = P1(y),
y

which for 0 < 8 < £ has the form

pa() = 01(0) + [ Bl — )0l B

Returning to the original variables, we write the solution of the characteristic equation (20) as

follows:
“R_(t,7)

- O (7)dT + Ce't.

m() =2+ |
0
For the convergence of the last integral it 18 necessary that

By(t) = % L B(t) € Loy(0, 50).

Then we write the solution of the characteristic equation (20) as

1 (t) =t- Pao(t) + /Ot R(t, ) - ®o(7)dr + Ce't,

where

R(t,7) < C-

NS

VAN

The'last dnequality follows from Lemma 1.

8  Solution of the initial integral equation. The Carleman-Vekua reqularization

Theorem 1. Initial integral equation (11) for any function t~Peta? . F(t) € Loo(0,00) (0< B < 3)
has the unique solution in the class of functions

t
t_ﬁ exXp |:42
a

] 1(t) € Lo (0, 00), (0 <B< ;)

which can be found by the method of successive approximations.
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Proof. We rewrite the initial integral equation (11) as

/NltT)Ml( dT—F1 /NQtTMl d (22)

Assuming the right-hand side of the equation (22) to be temporarily known, we write it in the following
form:

1 Mus(t) =
! 1 1 [t~ F(r)  C
_/0 M(t, m)uz(r)dr = zF(t) + t/o R(t,T) - dr + Ter (23)
where
o) = {3007 = 7+ - [ ) P

The following estimate for the kernel M (¢, 7)

D+ o
M(t,7) < + Do, Dq, Dy = comst

~
[ ] =
B

holds. Thus, we show that equation (23) for each C' # 0 hds a fnigue solution

/LQ(t) = U2 part (t) + CN2,hom(t):

where
_ =1,00 — tBemz
ﬂ?,hom(t) = [1 - M] M (t)HLLQ(t) =1t "e4a /’L(t)
At the same time, if F'(t) = 0, then integral equationu(23) has a solution Mgo) t)=C-[1 = M7 uO).

The theorem is proved.

9 Solution af the boundary value problem (3)-(5)

Theorem 2. If the conditions g(t)€ Loo(0,00), tPga(t) € Loo(0,00) (0 < B < ) are satisfied,
then the boundary value preblemi(3) — (5) has a solution u(r,t) € Loo(G).

Proof. From the integral'representation (10) of the boundary value problem (3)—(5) we have

3
t) = Zui(rvt) —I—g~1(r, t)7

i=1

where ,
tpBrl=Br — 1) __C=0 rT T

uy(r,t) = v e 4d2(t-7) . ¢ T 242 T TdT,
t(r.t) /0 4at(t — )2 6<2a2(t—7))u( )

t B+ 1-8 (r=m)2
us(r, ) = / T e e B(TT) (),

0 4at(t —7)? 20%(t —7)
t ,145(1 _ zﬂ) (= 7')2 rT
e [ U TP e e T dr,
ug(r,t) /0 202t = )P e e B <2a2(t—7)> p(r)dr

_ 11 1t r?
)= 5 Ty e o |
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Let t—®em? - p(t) € Loo(0,00). Let us find out for what values of « the solution of the problem u(r,t)
will satisfy the condition u(r,t) € Loo(G). First, we estimate the first term.

exp | ~3irey | < exp 1]

B pasanas / &g (£)de <
-+ (2(12)2 0 ( )2—6-1-04 B —

€ 4a® - =€ 4a2 « — .
> 01 2a2 § B (2a2)2 L3

14+«
_ _ ;2 ft Z B < Cl\/'?r ) _ﬁ ) 14+« < -~ _
Cie 7 (2612)25 (t) < 22275 e 12 -t < Cy = const Y(npt)e Q.

Now we estimate the second term.

t B+l 1-8 (r—m)2
rPTh T rT
t) = 4a2(t T) . 2a2(t T) & I = d =
uz(r;t) /0 da*(t — )2 ¢ € 5<%k, <2a2(t—7))u(7—> T

eXp[ 422@ )T)} < exp/[SGE N
e 3

Bia—pB oo 1-4a
< Cpe ez L / ( 3 et g1, p(€)dE <
0

<

2 75+
2 ad)
_ & pPraB oo Lt e —~
< Che 1a? - 52 / e I5ay 5(8)dE < Che” a7 - 202 < Cy =const, V(rt) € Q.
0

And, finally, we estimate the third term:

)2

t 5(1 — 26) (r—r
r rT
t) = — = 4&2(75 T) . 2a2(t . ] d —
ua(n?) /0 2a%(t — )75 € € A (2&2(15 - 7')> uir)dr

J || oo [~aimn] < en -8 |
() = -
$Ese 7 - a _22§)taﬂ /0 (202 jaf)ira—ﬂ L€t Ig(€) dé <
N e
= Cge_ﬁ . (1_22:2)5\/&& : (g)ﬁ < Cg(l_zjfﬂ)\ﬁ e Ha? L O <Oy = const, VY(r,t) € Q.

Hence it is clear that for a > 0 the solution of the problem u(r,t) € Loo(G).

The estimate for the fourth term follows from Remark 1. This implies the validity of the main
result, Theorem 2.

The results of this work will be used in solving a similar problem in a funnel-shaped degenerate
domain, that is, when the boundary of the domain changes according to the law r = ~(t), v(0) = 0.
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Axademur E.A. Boxemos amwmdags, Kapazandv ynusepcumemi, Kapazanodo, Kaszaxcman

BypheIITHIK >KOlibLAATHIH 00JIBICTA MOAEJIbAIK €Ki eJImeMIl
HapaboJIaJIbIK, eCcellTi Imerry

ZKymMmpicTa mmekapachl yaKBITTBIH)O3rePyiMeH KO3FAJIAThIH 2KBLTY OTKI3TIMITIKTIH IeKapasblk, ecebdi 3epT-
TeJI'eH, COHBIMEH KaTap €CeNTiIIeNnty oOJIbICH YaKbITTHIH OACTaIllKbl COTiHIE OOJIMANIbI, IFHU HYKTere aii-
HaJaapl. Bepiaren ecemsi ety yImiH KbLTy TOTEHIINAIIAPHI OJIiCi KOIJAHBLIFAH, OYJI OHBI €KIiHII perTi
Bosibreppa THITI CHHTYJSPIBIK, HHTETPAJIBIK TEHJIEyTe TYPJEHIIpyre MyMKIHIIK Gepeii. AJIbIHFaH UHTe-
TpaJIbIK TEHJICYVAIH €pPeKie/iri — oJ1 KJIacCUKaJIbIK, Bobreppa MHTErpasiiblK, TeHJIeyJIepineH Tyoereitsi
epekinesieHe iy o TKeni oran [lukap oici KOIIaHBLIMANIEI XKOHE CoKeC OIpTEKTI MHTErpaIbIK TEHIEY/TIH
HOJIIIK eMec IemMi 6ap.

Kiam cosdep:n2Kblny OTKISMINTIK TeHAeyl, IMeKapablK, eCell, KONbIIATHIH 00JbIC, BoJIbTeppaHbIH, CUHTY-
JISTPABIK, MHTETPAJIIBIK TEHJEY1, Peryaspu3alius.
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M. 1. Pamazanos, H. K. I'ynibmanos, C. C. Konbasimnaa

Kapazanduncrxul ynusepcumem umenu axademura E.A. Byxemosa, Kapazanda, Kazaxcman

Pemrenne mojiestbHOI AByMepHOIT mapadoimdecKkoii 3a/1a9n B YTJIOBOIA
BBIpPOXK/1aloIIielics obJj1acTu

B pabore uccienosana KpaeBas 3ajada TEIJIONPOBOIHOCTH B 00JIACTH, I'PAHMUIIA KOTOPOi Ipeobpasyercs
C M3MEHEHNEM BPEMEHU, a TaKyKe 00JIACTh PeIlleHrs 3a1a9i OTCYTCTBYeT B HAYAJIHHBIA MOMEHT BPEMEHHU,
TO €CTb BBIPOXKIAETCST B TOUKY. JlJ1s1 perennst mocTaBIeHHON 3a/1a91 UCIOJIB30BAH METOJ, TEIIOBBIX TOTEH-
[MAJIOB, YTO IIO3BOJISIET PEAYIUPOBATH €€ K CUHTYJISAPHOMY HHTErpajbHOMY ypaBHEHMIO THIa Bojbreppa
BTOPOTO poma. OcoBEeHHOCTH MOy Y€HHOIO NHTEIPAJILHOIO YPABHEHUS 3aKJII0OUAETCS B TOM, YTO OHO [TPUHIII-
MUAJBHO OTJIMYIAETCHA OT KJIACCHIECKNX MHTETPAJIbHBIX ypaBHeHMiT BombTreppa, Tak Kak K HEMY HENPUMEHUM
Metof IIukapa u COOTBETCTBYyIOIIEE OTHOPOHOE NHTEIPAJIBLHOE YDABHEHHE UMEET HEHYJIEBOE PEIIECHNE.

Karouesvie crosa: ypaBHEHNE TEIJIONPOBOIHOCTH, KPaeBasl 331318, BEIPOK JAIOIIAsCH 00fIaCT by CHHEYIISIPHOE
HHTEerpaJIbHOE ypaBHeHUe Bosbreppa, perynsapusamus.
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