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Construction of stochastic differential equations of mo
in canonical variables

L 2
Galiullin proposed a classification of inverse problems of dynamics for the class of o Nﬁrential
equations (ODE). Considered problem belongs to the first type of inverse problemms ics (of
the three main types of inverse problems of dynamics): the main inverse probley*under the additional
assumption of the presence of random perturbations. In this paper Hamilton and Birkh: quations are
constructed according to the given properties of motion in the presence o) erturbations from
the class of processes with independent increments. The obtained necessa fficient conditions for
the solvability of the problem of constructing stochastic differential equa of/both Hamiltonian and

Birkhoffian structure by the given properties of motion are ilh%rated b e ple of the motion of an
artificial Earth satellite under the action of gravitational and aer ic forces.

Keywords: stochastic differential equation, class of processes witini ndent increments, stochastic equations
of Hamiltonian and Birkhoffian structures, the main inver ro

At present, the theory of inverse problems of d cs in the class of ODEs is fully developed [1-9]
and goes back to the Yerugin’s fundamental, work [10]. In [10], there is constructed a set of ODE that
have a given integral curve.

Methods for solving inverse p
differential equations in [11-

ynamics are generalized to the class of Ito stochastic

Let the set
ANz, z,t) =0, A€ R™, x€R", (1)
be given. It is required construct a set of stochastic equations of Hamiltonian and Birkhoffian
structure
. OH
qk = 7>
0
Pk , y e (2)
) = —— . t == 1 5
Pk an + Ok (Qapv )5 s ( 7”) )

=Ty, (i,1=T12n, p=T,n+r) (3)

1) 8Rl(z,t)] s [6B(z,t) N ORy(z,t)

2 0z; 0z ot

so that the set (1) is an integral manifold of the constructed stochastic equations of the Hamiltonian
(2) and Birkhoffian structure (3).

Here {&(t,w),...,&(t,w)} and {¢1(t,w), ..., Ynir(t,w)} are systems of random processes with
independent increments that can be represented as a sum of Wiener and Poisson processes [20]:
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1) € =& + fc(y)PO(t,dy), where &y is a Wiener process, PV is a Poisson process, P°(t,dy) is
the number of the jumps of P? in the interval [0, ] that fall onto the set dy, c(y) is a vector function
mapping the space R?" into the space R" of the values of the process £(t) for all ¢;

2) ¢ = o+ [ &(y)PO(t,d), g is a Wiener process, P is a Poisson process, PO(t, dv) is the number
of the jumps of P in the interval [0, ¢] that fall onto the set dv, &(y) ¢(y) is a vector function mapping
the space R?" into the space R™*" of the values of the process ¥ (t) for all t; B = B(z,t) is a Birkhoff

function, W = (W;;) Birkhoff tensor with components W;; = [8%2’” - aRalS’t)]

The stated problem was solved for the class of ODEs in [21]. In particular, the stochastic Helmholtz
problem, i.e., the problem of constructing equivalent stochastic equations of the Lagrangian, Hamiltonian
and Birkhoffian structures by a given second order stochastic Ito equation was consi
In [23, 24], the above problem of constructing stochastic equations of the for
given integral set (1) is considered under the assumption that systems {&;(¢,w ).,
{1(t,w), ..., Ypir(t,w)} are systems of independent Wiener processes (as a s N
processes with independent increments).

Let us give the scheme of solving the set problems: at the first step by
[3] in combination with Yerugin’s method [10] and by virtue of stochasticgi
function in the case of processes with independent increments [20] by t, @ ;
Ito differential equation

quasizitversion method
tiation of the complex
(1) the second order

i = fa,i,t) + o(z, @y t)
is constructed so that the set A(t) is an integral manifold of
second step, equivalent stochastic equations of Hamiltoni
by the constructed stochastic equation (4).

(4)

structed equation (4). Further, at the
khoffian structures are constructed

1 Construction of stochastic Hamiltonian ation [(2) by the given properties of motion (1)

Previously, by virtue of the Ito formula for stochastic differentiation of a complex function, the
equation of perturbed motion

oA

.0 ON.. A .
A % + 52 f 81+ So+ Sy + oo, (5)
) 9%\ T
2 o0 ; following [20], 352 D, D = oo! is understood as a vector,

heftraces of the products of matrices of the second derivatives of the
x,z,t) of the vector A(z,,t) with respect to the components 4 and the

92\ 2\ PAm 1"
2. p= Mp). D) :
02 [tr < 92 ) L ( 92 )] ’

Sy = /{)\(x,a': +oc(y),t)— Mz, z,t) + %Uc(y)} dy;

is compiled. Here S; =
hic

the elements of
corresponding ele
matrix D

S, = / (. i+ ocy), ) — Az, &, D] PO(L, dy).

Further, in order for the set (1) to be an integral manifold of equation (4), we introduce arbitrary
Yerugin functions [10]: a vector function A = A(\, z, &,t) and a matrix B = B(\, x, 4, t) with properties
A(0,z,2,t) =0, B(0,z,%,t) =0, and such that

A=A\, i, t) + B\, z, &, t)E. (6)
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Equations (5) and (6) imply the following equalities

Ne_ a2 0 5 55,

gﬁ ot

=B,
Frad

To determine the desired functions f and o from relations (7), we use the following statement:
Lemma 1 [3; 12-13]. The set of all solutions of the linear system

(7)

Hv=g,H = (hy),v=(vk),9=(gu)sp=1,mk=1n,m<n, (8)

is determined by the expression P
_ T v
v=ov +v", \ (9)

where the rank of the matrix H equals to m. Here « is a scalar value,

oI = [HC] = by hCmgtCna1] = |
©n Cm+1,n

_ <o Cn—1n

is the cross product of vectors h, = (h,) and arbifgaryWectors ¢, = (c,k),p = m+ 1,n — 1; e}, are

unit vectors of space R", vT = (v]')
0
hln
v _ g7+
N hmn ) v = H ga
Cm+1,n
cee Cpn—1k Cn—1,n

where H+ = HT
By Lemma 1,
the matrix o

we determine the form of the vector function f and the columns o; of

O\ N\ T ON 0N
= 81 [%C]ﬁ-(%) (A—E—%.T—Sl—SQ—S?)), (10)
X ON\ T S
o; = 89; [%C] + <%) B;, (Z = 1,T) . (11)
Here 0; = (014,09, . . -, O'm;)T denotes the i-th column of the matrix o = (0,5), (1/ =1,n, j= W) .

B; = (B, B, - - - Bmi)T is the i-th column of the matrix B = (B,;), (,u =1,m, j= 7) By s1, 892
are denoted arbitrary scalar quantities.

The forms of the vector function f (10) and matrix ¢ (11) imply the general form of the set of
second-order Ito differential equations (4) with a given integral manifold (1)

. oA O\ T oN O\,
xzsl[%C]-l-(%) (A—E—%-’E—Sl—SQ—Sg)-I-
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A\ N T O\ N\ T .
+ (821 [%C} + (@) Bi, ..., sor [@C] + (a—$> BT) &.

To construct the Hamilton function, we first introduce a new variable y, = &; and rewrite the
constructed equation (4) in the form

{ Tk = Yk, § (12)

Yk = fk (.’L’,y,t) +O-k] (J/‘,y,t) é’]‘

Here the vector function f = (f1, f2,..., fn)? and matrix columns o = (o1, 09,...,0,) havethe form
(10), (11), respectively.

. e o w ‘ 0, forj=1,n,
Then,usmgz’k—{yk ’G’“_{fk ¥ = {ganfor]:n+1n+2 k

p= (ki) = ( Onxn Onsm ) , 0 = (o)) we rewrite equation (12) in the for

Onxn  Onxm

i = Gy (2,t) + png (2, 1) ;. 13)
Further, using v, = gr, k=1n and ¢ =0pp Onxn  Inxn 7
Pk-n, k=n+1,n+2,...2n * —Tnxn Opsxn

OH
p = (prj) = < Onxn 07Xm ) , and also taking into ac = (cpkl,a—), we rewrite
v

Onxn Onxm fed= v
Oqy,
the stochastic equation of the Hamiltonian structu )i, the form
) OH .
Uk — Pk =D V;- (14)
. . . - —1,
If we introduce the inverse matrix (wigh=r) "+ = ( Onxn nxn ) for (¢r,) and vector z =
ITLXTL O’an
—DPk» k == 17 n . . . .
WepVy = _ Lequation (14) is transformed to the equivalent equation
dk—n, k=n+ 17
. OH .
Wik = 5o = WykPyj ;- (15)
Consider the of 1ndirect representation of equation (13) in the form of an equation of the
Hamiltonian str , 1.e., using some matrix I' = (’y’lf), consider the relation

. p . oH .
o (Zk -G — ukj%') = Wokde = 5 = WukPujY;
2y
or

. . . OH .
Cortk — Dy(2,t) — YE b = wordr — 9 WykPrjj s (16)
1%

where C,j, = vE; D, (2,t) = vFGy.
To fulfill the identity (16) it is necessary the conditions

OH
V:VaDV 1) =—5—, 1
Cuk = wyk (2,1) oz, (17)
Vzlf,ukj:wukpl/ja (1/7]{;2172”’ ]Zlan+m)7 (18)
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75 = Wyk (19)

to be satisfied. From relations (16) and conditions (17)-(19), ug; = py; follows. This entails the
fulfillment of the equality ox; = ajcj, (k=1,n, j=1,m).

Theorem 1. For the indirect construction of Hamiltonian structure stochastic equation (2) by the
given set (1) so that the set (1) is an integral manifold of equation (15), it is necessary and sufficient
that conditions (17)—(19) be satisfied.

2 Construction of the Birkhoffian structure stochastic equation (3)
by the given properties of motion (1)

To solve the problem, consider the relation
Curzi — Dy(z,t) — ,uvjq/}j =

ORy(z,t)  OR,(2,t)] . [0B(z1) n OR,(z,1)
0z, 0z cx 0z, ot

(20) is fulfilled identically under the following conditions

ORy(2,t) 8Rv(z,t)] D, = OBz,

=T. 21
02y 0z [ 3%‘ ¢ :| )y M (21)
re gtochastic equation (3) by the given set (1), so

e

is ssary and sufficient that conditions (21)

Cuk:|:

Theorem 2. To construct the Birkhoffian struc
that set (1) is an integral manifold of equation (3)
are satisfied.

Consider the stochastic problem onstructing Hamilton and Birkhoff functions for a given

property of motion by the examplé the“motion of an artificial Earth satellite under the action
of gravitational and aerodynami @ 25).

clfo
Let the properties of mo&
A=0%4a10* 4+ ay =0, Ae R (22)

be given. Then t

tion of perturbed motion (5) takes the form

100 + S + Sy + S3 =200 + 2010 f + Sy + Sy + S3 + 2a,00¢, (23)
Sy= [ {galgc(y)m n ac(y)]} dy, S3= {zalo—c(y)[4é + o—c(y)]} PO(t, dy).

(roduce the scalar Yerugin functions a = a()\,e,é,t), b= b(\4, é,t) with the property
b(0,0,6,t) = 0 and such that the relation

A =a\(8,0,t) + b6, 6,t)¢ (24)

takes place. In our example from relations (23), (24), it follows that a set of equations (4) is written as
0= f(0,0,t)+0(0,0,t)¢ and it has the integral manifold (22) if f and o have, respectively, the forms

Fe a(6® +010? +as) ~200 51— Sy~ S5 b6+ i’ + an)

20410 20&19

(25)
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Following [25], we write the equation of motion of an artificial Earth satellite under the action of
gravitational and aerodynamic forces in the form

where 6 is pitch angle, fand & have the forms
f=Qusin20 — Qg(0) +nd), &= Q[g(6) +nd].

Before constructing the Hamilton and Birkhoff functions, we first construct the Lagrangiafiiby (26).
In (26), relations (25) should be taken into account, which ensure the integrality of the giwen set (22).
From f = f , 0 = 0, it follows that the four parameters @, d, n, [, determining the @n cs ellite
motion, must satisfy the following relations

a(0% 4+ a10% 4+ a) — 200 — S; — Sy — S5 = 2010 {Qz sin260 — Q @
b(0% + a10% 4 an) = 2010Q5[g(0) + nd).
equation (26) admits an

Then, considering definition [26] and the action of random pertur
indirect analytic representation in terms of a stochastic equatim angian structure if there

exists a function h such that the identity ¢

oL\ oL o \ .

dl — | —— — — 27

(5)-% o] 1)

. . 0l ol
takes place. We find the function h = h(t)“kom the{Helmholtz condition [26; 107| 56 " ot
-0l
6—L which is necessary and sufficient for cons ing the Lagrange equation equivalent to the

20’ o .
scalar equation 11(6,0,t)0 + 12(6,0,t) = 0.
Substituting h in (27), we get

2 2 2
_Q"'_Q:(?L" 0L . 8L_6_L,.
e \ 8929+89809+393t 8to’£.

particular, function h = e~ " satisfies this condition.

Then we construct the d grangian in the form
_Q t 1 N2 1
e 0" = Q(Gleos20+ G)], G = [ g(0)dd, (28)
which jpmevi an irect representation of equation (27) in the form of the Lagrangian structure
€q
d oL 0L
— - == M(0,0

Using the Lagrange function (28) and the Legendre transform, we define the Hamilton function as
. . oL . .
H = x0 — L(6,0,t) ‘é:é(axt)' Since x = 2’ then x = e 90 and therefore § = €97y, Then the

canonical equation corresponding to the stochastic Lagrangian structure equation (27) will take the
form

j_ OH
Oy (29)
(=25 0wt

X - 80 7X’ b
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where o= o'(6,0,t) 6=0(0,.1) > @nd the Hamilton function is defined as

1
H= §eQ”tX26_Q77tb(0). (30)
To solve the problem of representing the Birkhoffian by a given equation (26), we use Theorem 2.
According to the above constructed equation (29) and Hamilton function (30) from relations (21) for
C = ( g g ) functions R, (v = 1,2), R = (Ry, R2) and B are defined as R = {x, (1 + )0}, B =
$peQM 2 — e=@nh(6), where ¢ is an arbitrary constant.
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M.BI. Tiney6eprenos'?, I'K. Bacummmal?, C.P. Ceiicenbaena'??

! Mamemamuxa ocone mamemamuranvs; modeavdey urncmumymol, Aamame, Kaszaxcman;
2 .
Oa-Dapabu amwvimdazer Kasax yammowk ynusepcumemi, Aamamoi, Kasaxcman;
3F. Ioyxees amuindaes, Aamamol, snepzemura scone 6alransic yrusepcumemi, Aamamor, Kasaxcman

KanoHIbIK aiiHbIMAJIbLIaAPAarbl KO3FAJIBICTBIH, CTOXaCTUKAJIBIK
mnddepeHInaIabIK, TeHAeYJIepiH KYPY

A.C. Tanuyniva [UHAMUKAHBIH Kepi eCenTepinil KaacCuUKaIUICHIH KapanaibiM 1uddepeHuaiIbK,
[eyaep KJachblHZa YCbiHAbL. Makasaia KapacThIPbLIATBHIH €Cell NUHAMUKAHBIH, Kepi ecemnTepini ipi
TypiHe KaTaabl (JUHAMUKAHBIH Kepl ecelrrepiHiy Herisri ym Typiuiy iminge) Ke3neicox Typ P/
60JIyBI TypaJibl KOChIMIIa OoszkaMaars! Herisri kepi ecenke. Conbimen 6ipre 'ammibron X0

TeHAeyIepi Toyesici3 ecymresepi 6ap mporecTep KJIachlHaH Ke3eCcoK TYypTKiiep 6ap 6osra 371

JIBICTBIH, OepiireH KacueTTepiHeH KyPaCThIPbLIFaH. AJl aJbIHFaH KO3FaJbICTBIH Gepijr i yirin
Tlamunpronnpik Ta, BupxoddTHIK Ta KYPBUIBIMIBI CTOXaCTHKAJBIK TEHIEYIEPiH mIentiMin
Taby YIINH aJIbIHFAH KAXKETTI yK9HE JKETKIMKTI MapTTaphbl aybIPJIbIK, KYIITEPiHig aMUKaJIbIK,

Kiam cesdep: croxacTUKAJBIK, TudbepeHIIna bk, TEHIEY, TOyesci3 eciM
TOHJIBIK, KoHe BUpXodHTHIK KYPHUIBIMIBI CTOXACTUKAJIBIK, TEHIEYIIED,

2

M.I. Trney6eprenos™?, I K. Bacumu . Ceiicenbaenal?

M uposarus, Aamamo, Kazaxcman;
Anw*Papabu, Aamamos, Kasaxcman;
enu I. Jlaykeesa, Aamamo, Kazaxcman

L Mnemumym mamemamuky U Mamemamuiec
2 Kasazckutl HayuoHarbrbill yrusepe
3 Anmamuncrut ynueepcumem snepzemus

ITocTpoenne croxactuyeckux nuddepeHna IbHbIX YpPaBHEHUIA
JBU>KEHU A HUYECKUX ITepeMeHHbIX

accudukanys 06paTHBIX 3a/ad JMHAMUKHI B KJIacCe OOBIKHOBEH-
HBIX AudepeHInaTbHbIX He paccMaTprBaeMasi B HACTOsIIE paboTe 3a/1a9a OTHOCUTCS K TIep-
BOMY THUITy OOPATHBIX 33/1a4 [T u 13 TPEX OCHOBHBIX TUIIOB OOPATHBIX 38189 JUHAMUKHA) — OCHOBHOM
obpaTHOll 3ajade npu T OM IIPEJIIOJIOYKEHUN O HAJIMYHHU CJIydailHbIX BO3MyIleHuil. B crarpe
CTPOSATCS ypaBHEHUSI TOHa 1 Bupkroda mo 3amaHHBIM CBOMCTBAM JBUKEHUS TIPU HAJIMIUH CJTyIaii-
HBIX BO3MY OIIECCOB C HE3aBUCUMBIMU IpuparieHusmu. V mosydeHubie He0OXOMIMbIE
U JOCTATOYHDb sl PA3PENINMOCTHU 33/Ia9M ITOCTPOEHMUsI CTOXACTUYEeCKNX yPaBHEHHI KaK IaMHJIBTO-
HOBOH, TakK OBO#1 CTPYKTYPHI IO 33JaHHBIM CBOMCTBAM [IBUKEHHUs IIPOUJIIIOCTPUPOBAHBI Ha

A.C. lNasmynmuHBIM ObLIA PET

KYCCTBEHHOT'O CIIyTHUKa 38MJ’II/I 1011, rHE}I‘/’ICTBI/IGM CHJI TATOTEHUA U ad3POJUHAMUIECCKUX

a: croxacrudeckoe nuddepeHnpraabHoe ypaBHeHe, KJIacC IPOIECCOB C HE3aBUCUMbBIMU IIPH-
, CTOXaCTUIECKOE yPABHEHUsI TAMUILTOHOBOM M OMPKTOMUAHOBON CTPYKTYP, OCHOBHasi o0paT-
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