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Numerical solution of the boundary value problems for the parabolic
equation with involution

In this work, we study two boundary value problems for involutary parabolic equation with the first and
second kind conditions. We propose absolute stable difference schemes for numerical solutions of these

boundary value problems. Actually the stability estimates for solutions of difference schemes are proved.
Later error analysis for the numerical solution of both difference schemes are illustrated by test examples.
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Introduction

It is well known that various models in physics can be reduced to a parabolic equation with delay
and involution. Time delay and involutary parabolic equations with local and non local boundary
conditions have been investigated by several researchers [1<17].

1 Finite differences for involutary parabolic equation with Dirichlet condition

We consider boundary value problem for parabolic equation with involution and Dirichlet condition
as follows

u(t, ) — (a(@)ua(t, ), + oult,z) + q (= (a(x)w(—t, 2)), + du(—t,z)) = f(t,z),
tel, xe€(0,0)

u(0,2) = @(x), x €]0,1],

u(t,0)=0, u(t,l) =0, t e I.

Here and in future a, and f are given smooth functions and § and ¢ are known numbers such that
a(x) > ag >0, Vo€ (0,1), 6, |q| <1, I = (—00,00).

1.1 Stability of differential problem
Denote by WZ(0,1), the Sobolev space of all functions v(z) defined on [0, 1] equipped with norm
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Theorem 1. Let ¢ € W2(0,1) and f(t,x) be continuously differentiable on I x [0,1]. Then, for the
solution of initial boundary value problem (1) the stability estimates

o
super [[u(t, ), 0, < M(5) [||90HL2(0,1) + L I a0 dS] ;
super [[we(t, )l £y 0,0) + suPrer [lwe(t, ) llwz o, < (2)

< M(9) [”SOHWg(o,l) £ oo+ S 100 dS]

hold, where M (4) does not depend on both functions ¢ and f.
Proof. One can write problem (1) in the abstract initial value problem

u(t) + Au(t) + g Au(—t) = f(t), t €I,
(3)
u(0) = ¢.

Here A = A7 is a self adjoint positive definite operator in H = Lg(0,1) which is defined by formula
Au(z) = — (al@)u, (@), + dufa) (4)
with the domain D(A) = {u € W(0,1) | u(0) =0,u(l)=0 }; ¢ = ¢(z) is given element of H and

f(t) = f(t,z) is a given abstract function. The proof of Theorem 1 is based on the stability of abstract
problem (3) and positiveness and self-adjointness of the abstract operator A defined by (4).

1.2 Stability of difference problems

Let [0,1], = {xn =nh, 0 <n < M} be grid space. Denote by Loy = Lo [0,(],, Hilbert space of
grid functions p"(z) = {p”}é\/l defined on [0, ], equipped with norm

I

To the operator (4) we assign the difference operator by formula

1
2
2

= > ‘ph(w)‘

z€[0,1],,

Ajph (@) = — (a(@)ph(@)) +6p" ()

acting in the space of grid functions p”(z) = {p”(x)}é\/[ and satisfying the conditions p =0,

p™ =0, where

R _ PRl
p%:T7 1<i< M, pi:T,OSkSM—l.

In the first step of discreatization we get the following Dirichlet problem
h z, h x, h(__ _ fh
ut(t,x) + Afu™(t, ) + qAju"(—t,x) = f"(t,x), t € I,

uh(0,2) = o"(z),x € [0,1],,.
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In the second step of discreatization one can construct the first order of accuracy difference scheme

MO L Azub(z) + qATul (2) = fi@), fh@) = Pt o),
ty=Fkr, ke Z, xe [0,1,, (5)
uli(x) = (), z e (0.1,

and the second order of accuracy difference scheme

h

(z)—up_, () z 7
M 3 (Afug (@) + qAjul  (2)) + 5 (Afui_ (2) + gAful (o)) =

h h )
= k+%(37) =f (tk+%7x)7 tk+% = (k+ 5) T

ty=kr,ke Z, xze [0,1],

uf(z) = o"(x), x€ [0,1],.

Theorem 2. Let T and h be sufficiently small positive numbers. Then, for the solution {u,};(m)}ioooof
difference schemes (5) and (6) the stability estimates

o0
g ol <30 W'l b 5 L |

keZ
“27“2—1 <
|7 [ llye, < (7)

fe=tia fkl

< M) [Hwnwgh Iy + S

Lap ]
are valid, where <M (§) does.not depend on 7, h ¢ and f.
Proof. Difference schemes (5) and (6) can be rewritten as the following abstract difference schemes

UZ_UZ—l + A h A h _ rh kLeZ
p huk+q AU _fk;7 € 4,

(8)
up =¢"
and
u}kl—u}kl1_'_l(Auh+ A h ) l(A 1 gA% ) fh
7 T2 (4l T qARU_y 5 (Anufl_y +qAjuly k1 o)
9

ke Z, ug = oh,

correspondingly. So, the proof of Theorem 2 is based on the stability of the difference schemes (8) and
(9) on the positive definiteness and self-adjointness of the operator A" in the Hilbert space Lyy,.
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2 Finite differences for involutary parabolic equation with Neumann condition

Let us take boundary value problem for parabolic equation with involution and Neumann condition
as follows

(w(t,x) — (a(z)uz(t, x)), + oult,z) + q (— (a(x)u(—t, x)), + ou(—t,x)) = f(t,x),

tel, xe€(0,0),
(10)
u(0,x) = ¢(x), z €[0,1],

[ uz(t,0) =0, uy(t,l)=0, t€l.

Theorem 3. Let ¢ € W2(0,1) and f(t,x) be continuously differentiable on I x [0,1}. Then, for the
solution of initial boundary value problem (10) the stability estimates (2) hold:

Proof. One can write problem (10) in the abstract initial value problem (3), where A = A” is a
self adjoint positive definite operator in H = L2(0,1) which is defined by formula (4) with the domain
D(A) = {u e W§0,1) |ugy(0) =0, uy(l) =0}. So, the proof of Theorem 1 is based on the stability
of abstract problem (3) and positiveness and self-adjointness of the abstract operator A defined by (4).

To the operator (4) we assign the difference operator by formula

Ajp" (@) = = (al@)ph(x)_+ 0y @),

acting in the space of grid functions p(z) = {p”($)}g/j and satisfying the conditions p? = 4p! — 3y,
pM=2 = 4pM-1 _3p)M  where

% i—1 k+1 k

L 1<i<M, p’é:—"%,OSkSM—l.

S
After discreatization one can constructithe following difference schemes
h

u :c—uh T
T | Arul (@) + g ARl (x) = fi(x), fi) = (o),

T

ty = k7, k€ Zy, 2. [0,1];, (11)

uli(@) =¢" (@), « € [0,1),

and
ul(@)=ul ()

+ g5 (Afup(x) + qAful  (2)) + 5 (Afup_ (@) + gAfuy  (2) =

% 1?+%($) = fh(tk%,m), bptl = (k+3) 12)
te=kr, ke Z ze [0,1],,

uf(z) = "(x), v € [0,

Theorem 4. Let T and h be sufficiently small positive numbers. Then, for the solution {uZ(x)}ioooof
difference schemes (11) and (12) the stability estimates (7) are valid.

Proof. Difference schemes (11) and (12) can be rewritten as the abstract difference schemes (8) and
(9), correspondingly. So, the proof of Theorem 2 is based on the stability of the difference schemes (8)
and (9) on the positive definiteness and self-adjointness of the operator A” in the Hilbert space Loy,
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8 Numerical implementation

In this section we will consider test examples with the first and second kind boundary conditions.

3.1 Test example for first kind boundary condition

Test example 1. Consider boundary value problem for parabolic equation with involution and
Dirichlet condition

(urlta) — (2 + cos(@)us(t,2)), + ult,) — (2 + cos(@)us(~t,2)), + u(—Ew) = f(t, ),

f(t,z) =costsinz, t € (—mx), z € (0,7),
(13)
u(0,z) =0, x € [0, 7],

[ u(t,0) =0, u(t,l) =0, t € [-m ]
Here and in future we define sets of grid points as follows
[—m, 7] x [0, 7], = {(tn,2s) : t, = k7, —N < k<N, a;=ith, 0<k<M, NT=m, Mh=rmn}.

By using Taylor decomposition in two points

u(ty)— ultp_1) = 7 (tg) + o(72), (14)
ulty) — ultr) = o () + 5ol (1) +o(r"), (15)
u//(xn) _ u(xn-i—l) — zu(xn) + u(xn—l) + O(h2), (16)

h2
we present, the first order of accuracy difference scheme in ¢

n+1 n n—1 n+1 n—1
—2ujltu, —Uuy

% — (2 + cos(@p)) kT + sin(zy,) E—gp b — + uf —

n+l_2unk+unfl n+1 n—1

— (24 cos(an)) Tt sin(@,) g uty, = R = f (b wn),
ty =kr, —-N+1<k<N, (17)

u) =0, uM =0, k=0,+1,£2,...,£N,

ug =0, v, =nh, n=0,1,.... M
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and the second order of accuracy difference scheme in ¢

up —upy o (2tcos(wn)) ((upt=2updupmt wlfT-2ul i uptuny
T B 2 h2 + h2 + 7 T

— 1 -1
+Sin(xn) u}’ghLl*uZ ! + uﬁ}: _uzk -
2 2h 2h

_ (2+00;(mn)) <“Z+i2“]§21+“21 + “nzi12“2§-+1+“nk}r1> +
(18)
+Sin(2xn) (uzfi;h%_i + “z:i12_hu7—bk-1-1) + “Z—lJFQUT—Lk-H —
_ ¢k - 1 — - <k<
f(tk+%,:v), tk+§ (k+2)7, ty,=kr, —N+1<k<N,
u) =0,uM =0, k=0,£1,42,..., &N,
uy =0, z, =nh, n=0,1,..., M.
Later, system of equations (17) and (18) can be rewritten in the matrix form as follows
ApUn1 + BaUp + CnUn—l—l =Rpn, m=1,.,.M —1,
(19)

Up=0, Uy = 0.
Here R is identity matrix. For solving (19) we apply:modified Gauss elimination method by formula
Un =aaUps1+ Bn, n=M—1,...,1,0, (20)

where o is matrix with zero elements and vector 5y with zero elements, matrices «,, and vectors 3,
are defined recurrently by

Qp = (Bn + Ananfl)_l Ana

Bn = (Bn + 1471047171)71 (R@n - An /87171) 5 (21)
n=1..,M-1.
Error'is calculated by formula

Error(N,M) = oy AX ‘u}c — u(ty, ;)

, (22)

where uﬁg and u(tg,z;) (k = 0,+1,...,+£N, i = 1,..., M) are values of solution of difference scheme
and differential problem at point correspondingly. Table 1 shows that if numbers N and M increase by
factor 2 then the values of errors decreases by a factor of approximately % for the first order difference
scheme (17) and  for the second order of accuracy difference scheme (18).
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Table 1

Error analysis for test example (13) with Dirichlet condition

N = M | 1st order difference scheme | 2nd order difference scheme
10 0.531 8,35x1072
20 0.351 2,88%x1072
40 0.208 7,36x103
80 0.115 1,92x107°
160 6,09x10~2 5,01x10~1
320 3,13x10 2 1,28x107*

3.2 Test example for second kind boundary condition

Test example 2. Consider boundary problem for involutary parabolic equation with Neumann
condition

(ue(t, ) — ((2+ cos(x))ug(t,x)), + u(t,z) — ((2+ cos(®))up(=t,x)), + u(—t,z) = f(t,x),

f(t,x) =costcosz,t € (—m,7m), z € (0,7),

(23)
u(0,2) =0, = € [0,7],
uz(t,0) =0, ug(t,l) =0, t € [—m, 7).
By using (14), (15), (16) and
UI(O) _ —u(x2)+4u}fgz1)—3u(mo) + 0(]12),
() = U(Qfoz)—4“(%»171)4'3“(%1\4) + o(h2),
one can get the first order of accuracy difference scheme in ¢
4 n __,n n+1_ n n—1 n+1_ n—1
ML (24 cos(an) T o sin(wg) St o+ up—
n+l_ n n—1 n+l_,  n—1
— (2 4+ cos(wn)) T | in(a,) SR ot = D,
o= (tpan), th=kr, —~N+1<k <N, (24)

W) =up, uf =u ke =0,+1,4£2, ..., +N,

ug =0, vp=nh, n=0,1,.... M
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and the second order of accuracy difference scheme in ¢

Uk R (2eos(ea)) (i —2updup £ yn
T - 2 A2 + RZ U

n+1_ n—1

. +1 n—1 n n
sin(zy,) [ up ' —up U_p —U_p uptuly
+— < 5% + 5% + 57—+

_|_(2+0025(xn)) <u2+%_2“]§2—1+“21 + until_zu%§+1+“nki1> +
(25)
(2—sin(zn)) uptl—up ) utl —u up_u o
+ 5 ( k 12h k—1 + k+12h k+1 _|_ k—1 5 k+1 —
= fMtp1,2), typy = (k4 3) 7, te=kr, =N +1<k <N,
3u) =du} —u?, 3u) = 4w}t — Wl k= 0,142, £N,
[ ug =0, zp =nh, n=0,1,..., M.
System of equations (24) and (25) can be written in the following forms
ApnUp1 + BaUp + CnUn—i-l =Rypp, n=1,..,.M — 1,
(26)
Up =Ui, Uy = Un—a,
and
ApUn—1+ BoU, + CoUpy1 = Rpp, n=1,..,. M —1,
(27)

3Up = 4Uy — Uy, 33Uy =4Upn—1 — Upr—2,

correspondingly. For solving (26) we use formula (20), where ap = R is identity matrix and vector
Bo has only zero elements, matrices. o, and vectors 3, are defined by (21). Errors are computed by
formula (22). Let us move to(27). We seek solution (27) in the form (see [18, 19])

U, = anUps1+ BnUpy2+vn, n=M—-2,M —1,...,1,0.
Here auxiliary matrices «,,, 8, and vector v, are calculated by formulas

an = —Dp(An + Cpfn-1), Bn =0,

Yn = Dn (Rop — Cn Yn-1),

Dp=Bn+Chan 1), n=0,..,M—2,

ag=3R, fo=—3R, an =ER, f1=—2R, yo=m = 0.

At the same time formulas for unknown Uj; and Ups—q are given in [19].
Table 2 shows that if numbers N and M increase by factor 2 then the values of errors decrease by
a factor of approximately % for difference scheme (24) and 1 for difference scheme (25).
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Table 2

Error analysis for test example (23) with Neuman condition

N = M | 1st order difference scheme | 2nd order difference scheme
10 0.619 8,41x1072
20 0.414 2,91x1072
40 0.253 7,41x1073
80 0.144 1,95x107°
160 7,77x1072 5,03x10~%
320 4,05x1072 1,30x10~7
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MaBoaonusibl napadoJaiblK TeHAey YIIH HIeTTIK ecenTepaiH,
CaHJBIK MIENTiMi

MakaJrazia GipiHIi >KoHe eKiHIm THMTI mapTTapbl 6ap SBOIIONUSIILIK TapaboJIaJIbIK, TEHIEY/IiH €Ki IeTTiK
ecenrepin 3eprrenred. OChI METTIK €CenTep/li CAHABIK, TYP/Ie [Ty YIIH aOCOTIOTTI TYPAKTHI afbIPBIMIBIK,
CXeMaJIapbl YCHIHBLIFAH. ANRBIPBIMJIBIK, CXeMaJapbIHbIH, EeITiMIEPIHIH TYPaKTHUILIFBIH Harajiay ic »Ky3iH-
ne mogesijieH . EKi affbIpbIMIBIK CXeMAaCBhIHBIH CAH/BIK, IEMMIiHIH KATeJiKTepiH oJlaH opi TaJijiay ChIHAK,
MBICAJIIAPBIMEH KEJITipireH.

Kiam cesdep: naBOTIONUS, TApabOIANBIK, AKBIPIB-adbIPBIMIBIK, CXeEMAChI, TYPAKTHIIBIKTHI OaFrasiay, IMeTTiK
ecerl.
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HucsienHoe: pereHne KpaeBbIX 33/a49 JAJIs ITapadoImIecKoro
YPaBHEHUsI C MHBOJIIOIIME

B crarpe mccmemoBanbl 1Be KpaeBble 33/1a9M JJIsT 9BOJBBEHTHOTO MapabOJIMIeCKOr0 YPABHEHUS C YCJIOBU-
SMMJ IEPBOro U BTOPOro pojia. [Ipejioykenbl abCOMIOTHO YCTOMYUBBIE PA3HOCTHBIE CXEMBI JIJIsi YUCJIEHHOIO
PEIlIeHUsL 3TUX KPaeBbIX 33 1a4. PaKTHUIECKN JIOKA3aHbI OIEHKH YCTOWYUBOCTH PEIICHUN PA3HOCTHBIX CXEM.
JanbueAnii aHAJIN3 MOTPEITHOCTEN YHUCJIEHHOTO PEIIeHUsl 00erX PAa3HOCTHBIX CXEM IPOUJLIIOCTPUPOBAH
TEeCTOBBIMU IIPUMEPaAMMU.

Karouesvie ca06a: MHBOJIIONWS, TapaboJia, KOHEYHO-PA3HOCTHAST CXEMA, OIleHKa YCTONYMBOCTH, KpaeBasl 3a-
nadJa.
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