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Some approximations of second order derivatives
complex-valued functions

In this paper, we generalize the well known finite difference method to compute derivatives-of real valued
function to approximate of second order complex derivatives w., and wzz for complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second
order derivatives of complex-valued function. Several second order of accuracy finite differences to calculate
derivatives are proposed. Error analysis in test examples is carried out by using Matlab program.
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Introduction

Boundary value problems for equations with complex-valued functions and partial derivatives with respect
to complex variables have important applications in various areas of mathematical modeling of real physical
processes [1-6]. The theory of finite difference method in‘ease of real valued function and its applications to solve
boundary value problems for partial differential equations is described in [7]. In [8-10], a complex step method
for computing derivatives of real valued functions by introducing a complex step in a strict sense is developed.
Several finite differences to compute first order derivatives of complex valued function discussed in [7].

Let C be a set of complex numbers, let 21,0y ' C C, let w : Q2 — Qs be a complex-valued function.
For each z = z + iy € Q its image w(z) = w(x,y) € Oy can be rewritten as u(z,y) + iw(z,y) by introducing
pair of real-valued two-dimensional functions « and v. Second derivatives w,, and wzz at point z = x + iy are
defined by

_ 1 (Ow - Qw _ 1 9w - 9%w - 9%w 9w .
Wzz (l‘,y) -2 ( 8a:z -1 6;) 4 (6w2 _Zayaa: _Zazé’y T 9y? )

(1)

1 [ Ows Qws \ 1 [ 9%w - 92w - 9%w 82w
wii(m;y)—§<8m +18y>71<8x2+7’8y82:+18x8y78y2 .
Approximation of second order derivatives

. : . 0% 8% v 8% :
Theorem 1 ..Absume that. the functions 4925 93055 DB Dyooad ALC continuous and bounded on _Ql’ h
and 7T are positive and sufficiently small numbers. Then, the following second order of accuracy approximate

formulas for w,, are valid:

wzz(x,y):ﬁw(x+h,y)+(fﬁJr#)w(x,y)qL#w(x—h,y)f
—gmw@+hy+7)+gmw@—hy+7)+ gmw(@+hy—7)—

8iiww($_h’y_7—)_ﬁw(%y‘FT)—ﬁw(%y—T)—i—O(hQ—l—TQ);

r4iy,xth+iyc+h+i(ytre—h+i(lytr) €Q;
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wzz(x,y):—M%w(z+3h,y)+%w(x+2h,y)—M%w(z+h,y)+
oz —we)w@y) —grw@+hy+ 1)+ grw@—hy+ 1)+
+%%w(a:+h,y—7')—Sh%w(:v—h,y—T)—i—ﬁw(x,y—i—ST)—
—T%w(x,y—i—%')—i—%w(x,y—i—ﬂ+O(h2+7'2);

x+ 3h +iy,x 4+ 2h + iy, x + h + iy, x + iy €0Qq;

e+h+ilytr),z+ily+3n)e+i(y+27),x+i(y+7) &

wzz(x,y):—ﬁw(m—f&h,y)—k#w(m—ﬂb,y)—%w(m—h,y}—l—
+(giz = gr2) w(@,y) — gizw (T + hy +7) + glmw (@ 2Ry 1)+
—I—ﬁw(m‘—l—h,y—r)—ﬁw(m—h,y—ﬂ—i—ﬁw(aﬂ,y—?ﬁ)—
—T—gw(a:,y—ZT)+%w(m,y—7)+0(h2+72);

x —3h+iy,x —2h +iy,x — h+iy,z +iy,a— h+i (y+71),€0;

x4+h+i(lyxr),c+i(ly—3n)z+i(y—=27),z+i(y—71) €Q;

wzs (2,y) = —gzw (T + 3k, y) + 5w (@ + 2h,y) — pzw (+ h,y) +
+(ghz = z7) @ (2.9) 5 g w (@ Byt 1) + gow (v — by +7) +
+#w(x+h,y—7)—#w(m—h,y—ﬂ—i—ﬁw(w,y—?ﬁ)—
—T%w(m,y—%')—i—%w(m,y—7)+0(h2+72);

x+3hi+ iy;m+2h + iy, + h+iy,c +iy,c + h+i(y £ 1) €Qy;

t—h+ilyxrz+i(y—7),x+i(y—27),z+i(y—37) €Qy;

W, (2,7) :fﬁw(x73h,y)+#w(z72h,y)f%w(th,y)Jr
+(giz — o) w(@,y) — grw (@ +hy +7) + gimw (@ —hy +7) +
tgzw(@+hy—7)— g=w(@—hy—7)+ p=w(z,y+37) -
—%w(m,y—l—%‘)—!—%w(m,y—i—ﬂ+O(h2+7'2);
x—3h+iy,x —2h +iy,x —h+iy,z +iy,z + h+i(y £7) €y;
x—h+ilyxryet+ily+7),x+i(y+27),z+i(y+37) €Q.
Proof. By using Taylor decomposition formula for 2277;, %, giy’;, giy’; at point (x,y) € Q1 we have that there

exist real numbers cy, co, dy, ds such that
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G (w,y) = Mgl inlenht) 4 4 (cy, ) 15
B (o.y) = HeRDAGIRED 1 G (e )
32 L (g, y) = w(@,y+r)— 2u(Tac,y)+u(w,y 7 4 d U (g, dl)%Q;
G (w,y) = 2R ) oy B (o, dy) T

Thus

2

2 _ _ 3 .93
24 (z,y) = 2Cthn=teGuite=hi) (8% (¢ y) +il% (c2,1)) 2

53¢ (nyy) = eatrltelgaleleass) o (8 (0, d) + iG55 (wd2)

ou

(7)

Applying Taylor decomposition formula for g% at points (x,y + 7) and (x,y — 7), we have that there exists

c3 such that
2
g.: (zy+7)= et T) u(x Pt 8:153 i (3,9 +7) %5

thyy—7) —u(z—hy— 2 2
@( ayfT): ue Y T)Qhu(m Y T)+%(C3ay_7—)%'

By Taylor decomposition formula for a 5 at point (z,y), we have

u G (@y+7)— F(ey=7) o 0 7
OyOx (z,9) = 27 \ Oy3 0z (w, ds) 6

for some constant d3 between y — 7 and y + 7. From (8) and (9) it follows that

3227; (167 y) _ u(;c+h,y+7')—u(x—h,y+T)4—hTu(gc+h,y—7')+u(a:—h,y—T) +
3 2 3 2
3 [P oyt s - Sy ) 5] + 5 (@) %
Since 55 55 o1 56 )
1 Uu U u u T
Ay — il " (ea.ds) —
|:a 3 (c5vy+7—) O3 (03,@/ T) :| 8y81’3 (C3vy)+ aygaxg (037 3) 6 )
we have
0%u (.y) = u(z+hy+7)—ulx—hy+7)— u(z+h,y—7)+u(z—h,y—7’)+
Oyox Y= 4dht
+O(h? + 12).
In the similar manner it .can be obtained that
920 (250) e v+hy+7)—vE@-—hy+T1)— v(x+h,y—7)—|—v(x—h7y—T)+
OyOx K N 4ht
+O(h?* 4 72).

Therefores from (1), (7), (11), and (12) we get (2).

From Taylor decomposition formula it can be showed that there exist numbers ¢4, c5,dy4, d5 such that

r—h<cy,cs<x+3h,y—7<dyds <y+ 37;

227“; (2,y) = *w<w+3h,y>+4w(w+2h};g>fSw(z+h7y)+zw(w,y) +
3 .93 2
+ (% (cary) +15% (65,y)) Uy

gy (z,y) = —w(r,y+37—)+4w(m7y+‘2r;)—5w(z,y+7—)+2w($7y)+

2

+ (‘33’7’; (x,ds) +i3% (x,d5)) =,
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Formula (3) follows from (1), (13), (11), and (12).
By Taylor decomposition formula, we can get that there exist numbers cg, ¢7, dg, d7 such that

r—3h<cg, cr <x+h,y—31r <dg,d7 <y—+T;

% (x,y) _ 7w(x73h,y)+4w(z72h};g)75w(x7h,y)+2w(z,y)+
(2 (g y) -2 2,
93 G,y) + L3 (077 ZU) 6 ?
2 4 2 2 (14)
24 (g, y) = “HEU=I Huley=2)Seley=r) 2ulea) 4

+ (558 (2. do) + %% (z,47) ) %

So, from (1), (14), (11), and (12) we can obtain (4).
By Taylor decomposition formula, we can prove that there exist numbers cg, cg, dg, dg such that

r—h<cg,cog<x+3h,y—3r<dg,dg <y+r,

gi(g (a:,y) _ —w(m+3h,y)+4w(z+2h’;g)—5w(m+h,y)+2w(z,y)+
Pu 3w h2.
+{ 5 (087y) +26m3 (697y) 6.
o? ( 37)+4w( 27) —5w( V2w (z,y) (15)
—w(z,y—37)+4w(z,y—27)—bw(r,y—7)+2w(x,1
ayg (xay) = . S T2 L . +

2

+ (5% (2,d1) + 18 0a) ) %

Hence, (1), (15), (11), and (12) give us (5).
In the similar manner we show that there exist.ci19, ¢115d10,d11 such that

x — 3h < €19, 011<x,y<d10,d11<y+37;

—w(z=3h,y)+4w(z—2h,y)—bw(x—h,y)+2w(x
72

8m2 (l’ y) vU)_’_

2

3 .93
+ (5 (croy) + 1538 (en,w) &

52 _ —w(z,y+37)+4w(z,y+27) —bw(z,y+7)+2w(z,y)
ay‘;) (1‘, y) - T2 +

3 a3 2
+ (‘37’; (z,do) + 1273 (fadu)) 5

Finally, (1),(16), (11), and (12) give us (6). The proof of Theorem 1 is complete.

In similar manner it can established the following statement.

. 4 6 4
Theorem 2. Assume that the functions 8281;3’ 8;;93 3“303, 33(%3, 8y3 (%3 are continuous and bounded on 1, h
and7 are positive numbers. Then, the following second order of accuracy approximate formulas for ws; are

valid:

wsz (7,9) = gow (T +hy) + (—g5m + 32) @ (2,y) + gow (€ — h,y) +

tgmw (@t hy+7) - grw@—hy+7) - gew(@+hy—7)+

+827w(x7h,y77)fﬁw(x,y+7) 4720.)(30 y77)+0(h2+7)

r+iy,x th+iy,x+h+ilyxre—h+i(lyxtr) €;
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wzz (2,y) = w (x4 3h,y) + 72w (z + 2h,y) — gp=w (2 + h,y) +
+(ﬁ_%’%)w(w7y)+8hr (1’+hy+’7’) h7- (f_h»y'i‘T)—

—g=w(@+hy—7)+ g=w(@—hy—7)+ g=w(z,y+37) —

w(z,y+27)+ 4T2w(a: y—|—7')+0(h2+7') 1e)
x+ 3h +iy,x 4+ 2h + iy, x + h + iy, x + iy €Qq;
x+h+ilyxr),z+i(y+3r)x+i(ly+27r),z+i(y+71) €Q;
wzz (T,y) = —pzw (T = 3h,y) + 75w (z — 2h,y) — zw (z — h,y) +
+(ohr — o) w (@) + gw (@ + hy+7) — glow (v — hyy #7)=
—#w(x—i—h,y—T)+#w(w—h,y—7)+ﬁw(ay,y—37)—
Lw(z,y—27)+ Zw(z,y—71)+ 0 (K2 4+ 72); 1
x—3h+iy,x —2h+iy,x —h+iy,x +iy,x —h+i (y+7),€0;
r+h+ilyxr),z+i(y—31)x+i(ly=27),a+i(y—71) €Q;
wgg(x,y):—ﬁw(x—i—Sh,y) hzw(az+2h y) — 4h2w( x+hy)+
+(ﬁ—2i) (xy)+8h7 w(@+hy+7) - g-w(@—hy+7)—
—g=w (@ +hy — 1)+ gew(@—hy —7) + gzw (z,y — 37) —

(20)

—w(a:,y—QT)—i—%w(w,y—r)—&—O(hQ—&—ﬁ);
x+3h iy, c+2h +iy, s+ h+iy,c+iy,c +h+i(y£71) €Qy;
z—=h+ti(ytr)e+i(y—71),2+i(y—27),x+1i(y—37) €Qy;
w:zz(ﬂv,y)=—ﬁw(ﬂf—i’>h,y)+L (& = 2h,y) — g7zw (@ — hyy) +
t+ (ghe — gp2) @ (@.9) + g (@ + oy +7) — glow (@ = hyy +7) -
—g=w@+hy—T)+ gmw(@—hy—7)+ gzw(z,y+37) - o

w(z,y +27) + gw (2,y + ha) + O (h* +72) ;
x —3h+iy,x — 2h +iy,x — h+iy,x +iy,x +h+i(y £7) €Qy;

r—h+ilyxr)ye+i(y+7),z+i(y+27),x+i(y+37) €.
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Numerical results

In this section, we give numerical results for the second order of accuracy finite differences to
calculate the second derivatives with respect to complex variables in test example by using Matlab program.
Let Q = {2z |z=a+iy,—-1 <2 <1,-1<y<1},w(z) = 2°Z + cos(z) + sin(z).

defined by

th’ = {Zk:,m =T+ 7'yma Tk = (k - l)ha k= LN + 11 Ym

_ 2 — 2
h=%, =14

Let S={0,1,..N}, @ ={0,1,...M}. Denote by
10 = 5~ {0}, J® = @ - {0};

a set of indices.

I®=85—{0,N-1,N},J® =Q—{0,M —1,M};

I® =5-40,1,2,N},J® =Q —{0,1,2, M} ;

I =8_—{0,N—-1,N},J® =Q —{0,1,2};

I =5 -1{0,1,2},J0) =Q —{0,1,2, M <1, M},

In Table 1 an error of corresponding value of the derivative w;, is calculated by

(n)

szz — Wz

Here wglz), wg) 3 4

(n)

C(Qh,r)

y Wz y Wzz, Wey

(5)

keI, meJ)

max

Wz (Zk,m,)

& wgrzl) (zk,m)

(m—1)r,m=1,M+1},

,n=1234,5.

The set of grid points are

are approximate value of w,, by formulas (2), (3), (4), (5), (6), respectively.
In Table 2 an error of corresponding value of the derivative wsz is calculated by

(n)
sz — Wiy = - — ws =1,2,3,4
szz Wzz () kEI(T};I,laTZ?GJ(W Wzz (Zk,m> Wzz (Zk,m) , n 3 537 75a
where wi—? wg?, wi—‘? wgz, wi—? are approximately value of wzz by formulas (17), (18), (19), (20), (21),
respectively.
Table 1
Error analysis for w,,
Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
(2) 2.02x 107° [ 1.39 x 107°% [ 9.10 x 107® | 5.83 x 1079 | 3.70 x 10~ 1°
(3) 549 x 1073 [ 813 x107% [ 1.10 x 1072 | 1.44 x 107° | 1.83 x 107©
(4) 481 x1073 [ 7.60x 107 [ 1.06 x 10~% [ 1.41 x 107° | 1.82 x 10~©
(5) 549 x 1073 [ 813 x 1072 [ 1.10 x 1072 [ 1.44 x 107° | 1.83 x 10°©
(6) 481 x1073 [ 760x 1077 [ 1.07x 1077 [ 1.41 x 107° | 1.82 x 10~©
Table 2
Error analysis for w;;
Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
(17) 2.02x107° [ 1.39 x 107° [ 9.10 x 107® | 5.83 x 1079 | 3.70 x 10~ 1°
(18) 549 x 1073 [ 813 x 1072 [ 1.10 x 107% | 1.44 x 1075 | 1.83 x 10~©
(19) 481 x1073 [ 760 x 107 [ 1.06 x 10~% [ 1.41 x 107° | 1.82 x 10~©
(20) 549 x 1073 [ 813 x 1071 [ 1.10 x 107% [ 1.44 x 107° | 1.83 x 107©
(21) 481 x1073 [ 760 x 1077 [ 1.07 x 10~% [ 1.41 x 107° | 1.82 x 10~©
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Conclusion

In the present work, we have generalized the finite difference method to compute derivatives of real valued
function to approximate the second order complex derivatives w,, and wss for the complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second order
derivatives of complex-valued function. Several second order of accuracy finite differences to calculate derivatives
are proposed. The error analysis in test examples is carried out by using Matlab program.

W N =

(AN

© 0 N O

10

References

Muskhelishvili, N. (1953). Singular Integral Equations. Groningen: Noordhoff International Publishing.

Vekua, 1. (1962). Generalized Analytic Functions. Oxford: Pergamon Press.

Monakhov, V. (1983). Boundary- Value Problems with Free Boundaries for Elliptic Systems of Equations.

Translations of Mathematical Monographs. (AMS).
Gakhov, F. (1990). Boundary Value Problems. Courier Dover Publications.

Ashyralyev, C. (1994). Numerical algorithms of the solution for singular integral equations and their

applications in hydrodynamics. Ashgabat: Ylym.

Ashyralyyev, C., & Cakir, Z. (2014). AIP Conference Proceedings, 1611, 7377

Ashyralyyev, C.; & Ozturk, B. (2018). AIP Conference Proceedings; 1997, 020054.

Abreu, D.R., & Morales, J. (2013). Journal of Computational and Applied Mathematics, 241.

Abreu, R. (2013). Complex steps finite differences with applications to seismic problems Ph.D. thesis,

Universidad de Granada.
Samarskii, A. (2001). The theory of difference schemes. Néew. York: Marcell Dekker, Inc.

Y. Ambipasnsies, B. O3rypk

Kommiekemonai dyHKOuAdapAbIH €eKiHIOI PeTTi
TYBIHIbLJIaPhI YIIIH Keiidip >KybIKTayJj1ap

MakaJjiaga HaKThl MOH/ I (DY HKIMIAPAbIH eKIHII PETT] TYBIHIBLIAPBIH €CelTeyre apHAJFaH OeJIriji aKbIPJIbl-
afbIpbIMIAD TOCLI KaJbl »Kargaijia AaMblTblirald. CoJl apKbLIbl KOMIUIEKC MOHI W (DYHKIUSICHIHBIH
eKIHIIN PeTTi TYBIHIABLIAPBIH W,,, Wzz AINMPOKCAMAIUsIayFa Ooaabl. TepMUHIAEPAIH, OpTYpJi KOMOWHA-
USIAPBIH 3€PTTEY HOTHXKECIHIe KOMIIEKC MOH/I DYHKIIUSHBIH €KiHII PeTTi TYBIHIBIIADBIH €CEeNTey YIIiH
Gipremi »KybIkTay dopMyJiaigapbl ainblEabl. TybIHIBIIADABRI ecenTey YIIiH JRJir exinnn perti GipHerre
AKBIPJIBI-ARbBIPBIMIAD TICLIL YChIHBLIABL. TecT TypiHaeri Mbicaimapaarbl KATETIKTEPre Taaaay Kacay VIIiH
Matlab 6armapiamach! maii1aaaHbLIIbL.

Kiam ce3dep: akpIpJIbI-afibIPBIMIAD TACLIL, AIITPOKCUMAIINs, KOMILIEKC MOH/II (DYHKIIUs, XKybIKTay (hopmy-
Jrajap.

Y. Ameipaseie, B. O3rypk

HexkoToprnie npubimKeHans MPON3BOIHBIX BTOPOTO MOPSIKA
KOMIIJIEKCHO3HAaYHBIX (DYHKIIHi

B crarbe 060011eH U3BECTHBIA METOJ, KOHEUYHBIX PA3HOCTEN /IS BHIYUCICHNAS TPOU3BOIHBIX BEIECTBEHHON
(GYHKIIUN Ha ANIPOKCUMAIMIO KOMILIEKCHBIX MPOU3BOJIHBIX BTOPOrO IMOPSIJIKA Wz, W Wzz JJIsI KOMILIEKC-
HO3HAYHON dyHKIMN w. V3ydas pasiudHble KOMOMHAIIMN TEPMIHOB, MOJIYY€HO HECKOJIBKO MPUOIHKEHU
JJIsI BBIYUCJICHUS TTPOM3BOIHBIX BTOPOTO MOPSIKA KOMILIEKCHO3HAUHON dyHKImH. [IpenmokeHbl HeCKOIb-
KO KOHEYHBIX PA3HOCTEH BTOPOTO MOPSIKA TOYHOCTHU JJIs BBIYUCJIEHUS MMPOU3BOAHBIX. AHaau3 OmuboK B
TECTOBBIX NMPUMEPAX BBIMTOJHEH C UCIIOIb30BaHmeM mporpamMbr Matlab.

Kmouesvie cro6a: KOHETIHAST PA3HOCTD, AlIITPOKCUMAIINS, KOMILJIEKCHO3HATHAsT (DYHKIWS, (pOPMYJTIBI TPpUOIH-
JKEHUN.
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