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Some approximations of second order derivatives
complex-valued functions

In this paper, we generalize the well known finite difference method to compute derivatives of real valued
function to approximate of second order complex derivatives wzz and wzz for complex-valued function
w. Exploring different combinations of terms, we derive several approximations to compute the second
order derivatives of complex-valued function. Several second order of accuracy finite differences to calculate
derivatives are proposed. Error analysis in test examples is carried out by using Matlab program.
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Introduction

Boundary value problems for equations with complex-valued functions and partial derivatives with respect
to complex variables have important applications in various areas of mathematical modeling of real physical
processes [1–6]. The theory of finite difference method in case of real valued function and its applications to solve
boundary value problems for partial differential equations is described in [7]. In [8–10], a complex step method
for computing derivatives of real valued functions by introducing a complex step in a strict sense is developed.
Several finite differences to compute first order derivatives of complex valued function discussed in [7].

Let C be a set of complex numbers, let Ω1,Ω2 ⊂ C, let ω : Ω1 → Ω2 be a complex-valued function.
For each z = x + iy ∈ Ω1 its image ω(z) = ω(x, y) ∈ Ω2 can be rewritten as u(x, y) + iv(x, y) by introducing
pair of real-valued two-dimensional functions u and v. Second derivatives wzz and wzz at point z = x+ iy are
defined by

ωzz (x, y) = 1
2

(
∂ωz
∂x − i

∂ωz
∂y

)
= 1

4

(
∂2ω
∂x2 − i ∂

2ω
∂y∂x − i

∂2ω
∂x∂y −

∂2ω
∂y2

)
;

ωz̄z̄ (x, y) = 1
2

(
∂ωz̄
∂x + i∂ωz̄∂y

)
= 1

4

(
∂2ω
∂x2 + i ∂

2ω
∂y∂x + i ∂

2ω
∂x∂y −

∂2ω
∂y2

)
.

(1)

Approximation of second order derivatives

Theorem 1. Assume that the functions ∂4u
∂y∂x3 ,

∂6u
∂y3∂x3 ,

∂4v
∂y∂x3 ,

∂6v
∂y3∂x3 are continuous and bounded on Ω1, h

and τ are positive and sufficiently small numbers. Then, the following second order of accuracy approximate
formulas for ωzz are valid:

ωzz (x, y) = 1
4h2ω (x+ h, y) +

(
− 1

2h2 + 1
2τ2

)
ω (x, y) + 1

4h2ω (x− h, y)−

− i
8hτ ω (x+ h, y + τ) + i

8hτ ω (x− h, y + τ) + i
8hτ ω (x+ h, y − τ)−

− i
8hτ ω (x− h, y − τ)− 1

4τ2ω (x, y + τ)− 1
4τ2ω (x, y − τ) +O

(
h2 + τ2

)
;

x+ iy, x± h+ iy, x+ h+ i (y ± τ), x− h+ i (y ± τ) ∈Ω1;

(2)
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ωzz (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8hτ ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy ∈Ω1;

x+ h+ i (y ± τ) , x+ i (y + 3τ), x+ i (y + 2τ) , x+ i (y + τ) ∈Ω1;

(3)

ωzz (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8h1τ

ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x− h+ i (y + τ) ,∈Ω1;

x+ h+ i (y ± τ) , x+ i (y − 3τ), x+ i (y − 2τ) , x+ i (y − τ) ∈Ω1;

(4)

ωzz (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8hτ ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y − τ) , x+ i (y − 2τ) , x+ i (y − 3τ) ∈Ω1;

(5)

ωzz (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y)− i

8hτ ω (x+ h, y + τ) + i
8h1τ

ω (x− h, y + τ) +

+ i
8hτ ω (x+ h, y − τ)− i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y + τ) , x+ i (y + 2τ) , x+ i (y + 3τ) ∈Ω1.

(6)

Proof. By using Taylor decomposition formula for ∂2u
∂x2 ,

∂2v
∂x2 ,

∂2u
∂y2 ,

∂2v
∂y2 at point (x, y) ∈ Ω1 we have that there

exist real numbers c1, c2, d1, d2 such that
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∂2u
∂x2 (x, y) = u(x+h,y)−2u(x,y)+u(x−h,y)

h2 + ∂3u
∂x3 (c1, y) h

2

6 ;

∂2v
∂x2 (x, y) = v(x+h,y)−2v(x,y)+v(x−h,y)

h2 + ∂3v
∂x3 (c2, y) h

2

6 ;

∂2u
∂y2 (x, y) = u(x,y+τ)−2u(x,y)+u(x,y−τ)

τ2 + ∂3u
∂y3 (x, d1) τ

2

6 ;

∂2v
∂y2 (x, y) = v(x,y+τ)−2v(x,y)+v(x,y−τ)

τ2 + ∂3v
∂y3 (x, d2) τ

2

6 .

Thus
∂2ω
∂x2 (x, y) = ω(x+h,y)−2ω(x,y)+ω(x−h,y)

h2 +
(
∂3u
∂x3 (c1, y) + i ∂

3v
∂x3 (c2, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = ω(x,y+τ)−2ω(x,y)+ω(x,y−τ)

τ2 +
(
∂3u
∂y3 (x, d1) + i∂

3v
∂y3 (x, d2)

)
τ2

6 .

(7)

Applying Taylor decomposition formula for ∂u
∂x at points (x, y + τ) and (x, y − τ), we have that there exists

c3 such that
∂u
∂x (x, y + τ) = u(x+h,y+τ)−u(x−h,y+τ)

2h + ∂3u
∂x3 (c3, y + τ) h

2

6 ;

∂u
∂x (x, y − τ) = u(x+h,y−τ)−u(x−h,y−τ)

2h + ∂3u
∂x3 (c3, y − τ) h

2

6 .

(8)

By Taylor decomposition formula for ∂2u
∂y∂x at point (x, y), we have

∂2u

∂y∂x
(x, y) =

∂u
∂x (x, y + τ)− ∂u

∂x (x, y − τ)

2τ
+

∂4u

∂y3∂x
(x, d3)

τ2

6
(9)

for some constant d3 between y − τ and y + τ. From (8) and (9) it follows that
∂2u
∂y∂x (x, y) = u(x+h,y+τ)−u(x−h,y+τ)− u(x+h,y−τ)+u(x−h,y−τ)

4hτ +

+ 1
2τ

[
∂3u
∂x3 (c3, y + τ) h

2

6 −
∂3u
∂x3 (c3, y − τ) h

2

6

]
+ ∂4u

∂y3∂x (x, d3) τ2

6 .

(10)

Since
1

2τ

[
∂3u

∂x3
(c3, y + τ) − ∂3u

∂x3
(c3, y − τ)

]
=

∂4u

∂y∂x3
(c3, y) +

∂6u

∂y3∂x3
(c3, d3)

τ2

6
,

we have
∂2u

∂y∂x
(x, y) =

u (x+ h, y + τ)− u (x− h, y + τ)− u (x+ h, y − τ) + u (x− h, y − τ)

4hτ
+ (11)

+O(h2 + τ2).

In the similar manner it can be obtained that
∂2v

∂y∂x
(x, y) =

v (x+ h, y + τ)− v (x− h, y + τ)− v (x+ h, y − τ) + v (x− h, y − τ)

4hτ
+ (12)

+O(h2 + τ2).

Therefore, from (1), (7), (11), and (12) we get (2).
From Taylor decomposition formula it can be showed that there exist numbers c4, c5, d4, d5 such that

x− h < c4, c5 < x+ 3h, y − τ < d4, d5 < y + 3τ ;

∂2ω
∂x2 (x, y) = −ω(x+3h,y)+4ω(x+2h,y)−5ω(x+h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c4, y) + i ∂

3v
∂x3 (c5, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y+3τ)+4ω(x,y+2τ)−5ω(x,y+τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d4) + i∂

3v
∂y3 (x, d5)

)
τ2

6 .

(13)
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Formula (3) follows from (1), (13), (11), and (12).
By Taylor decomposition formula, we can get that there exist numbers c6, c7, d6, d7 such that

x− 3h < c6, c7 < x+ h, y − 3τ < d6, d7 < y + τ ;

∂2ω
∂x2 (x, y) = −ω(x−3h,y)+4ω(x−2h,y)−5ω(x−h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c6, y) + i ∂

3v
∂x3 (c7, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y−3τ)+4ω(x,y−2τ)−5ω(x,y−τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d6) + i∂

3v
∂y3 (x, d7)

)
τ2

6 .

(14)

So, from (1), (14), (11), and (12) we can obtain (4).
By Taylor decomposition formula, we can prove that there exist numbers c8, c9, d8, d9 such that

x− h < c8, c9 < x+ 3h, y − 3τ < d8, d9 < y + τ,

∂2ω
∂x2 (x, y) = −ω(x+3h,y)+4ω(x+2h,y)−5ω(x+h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c8, y) + i ∂

3v
∂x3 (c9, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y−3τ)+4ω(x,y−2τ)−5ω(x,y−τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d1) + i∂

3v
∂y3 (x, d2)

)
τ2

6 .

(15)

Hence, (1), (15), (11), and (12) give us (5).
In the similar manner we show that there exist c10, c11, d10, d11 such that

x− 3h < c10, c11 < x, y < d10, d11 < y + 3τ ;

∂2ω
∂x2 (x, y) = −ω(x−3h,y)+4ω(x−2h,y)−5ω(x−h,y)+2ω(x,y)

h2 +

+
(
∂3u
∂x3 (c10, y) + i ∂

3v
∂x3 (c11, y)

)
h2

6 ;

∂2ω
∂y2 (x, y) = −ω(x,y+3τ)+4ω(x,y+2τ)−5ω(x,y+τ)+2ω(x,y)

τ2 +

+
(
∂3u
∂y3 (x, d10) + i∂

3v
∂y3 (x, d11)

)
τ2

6 .

(16)

Finally, (1), (16), (11), and (12) give us (6). The proof of Theorem 1 is complete.

In similar manner it can established the following statement.
Theorem 2. Assume that the functions ∂4u

∂y∂x3 ,
∂6u

∂y3∂x3 ,
∂4v
∂y∂x3 ,

∂6v
∂y3∂x3 are continuous and bounded on Ω1, h

and τ are positive numbers. Then, the following second order of accuracy approximate formulas for ωz̄z̄ are
valid:

ωz̄z̄ (x, y) = 1
4h2ω (x+ h, y) +

(
− 1

2h2 + 1
2τ2

)
ω (x, y) + 1

4h2ω (x− h, y) +

+ i
8hτ ω (x+ h, y + τ)− i

8hτ ω (x− h, y + τ)− i
8hτ ω (x+ h, y − τ) +

+ i
8hτ ω (x− h, y − τ)− 1

4τ2ω (x, y + τ)− 1
4τ2ω (x, y − τ) +O

(
h2 + τ2

)
;

x+ iy, x± h+ iy, x+ h+ i (y ± τ), x− h+ i (y ± τ) ∈Ω1;

(17)
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ωz̄z̄ (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8hτ ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy ∈Ω1;

x+ h+ i (y ± τ) , x+ i (y + 3τ), x+ i (y + 2τ) , x+ i (y + τ) ∈Ω1;

(18)

ωz̄z̄ (x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8h1τ

ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x− h+ i (y + τ) ,∈Ω1;

x+ h+ i (y ± τ) , x+ i (y − 3τ), x+ i (y − 2τ) , x+ i (y − τ) ∈Ω1;

(19)

ωz̄z̄ (x, y) = − 1
4h2ω (x+ 3h, y) + 1

h2ω (x+ 2h, y)− 5
4h2ω (x+ h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8hτ ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y − 3τ)−

− 1
τ2ω (x, y − 2τ) + 5

4τ2ω (x, y − τ) +O
(
h2 + τ2

)
;

x+ 3h+ iy, x+ 2h+ iy, x+ h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y − τ) , x+ i (y − 2τ) , x+ i (y − 3τ) ∈Ω1;

(20)

ωz̄z̄(x, y) = − 1
4h2ω (x− 3h, y) + 1

h2ω (x− 2h, y)− 5
4h2ω (x− h, y) +

+
(

1
2h2 − 1

2τ2

)
ω (x, y) + i

8hτ ω (x+ h, y + τ)− i
8h1τ

ω (x− h, y + τ)−

− i
8hτ ω (x+ h, y − τ) + i

8hτ ω (x− h, y − τ) + 1
4τ2ω (x, y + 3τ)−

− 1
τ2ω (x, y + 2τ) + 5

4τ2ω (x, y + h2) +O
(
h2 + τ2

)
;

x− 3h+ iy, x− 2h+ iy, x− h+ iy, x+ iy, x+ h+ i (y ± τ) ∈Ω1;

x− h+ i (y ± τ), x+ i (y + τ) , x+ i (y + 2τ) , x+ i (y + 3τ) ∈Ω1.

(21)
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Numerical results

In this section, we give numerical results for the second order of accuracy finite differences to
calculate the second derivatives with respect to complex variables in test example by using Matlab program.
Let Ω = {z | z = x+ iy,−1 ≤ x ≤ 1,−1 ≤ y ≤ 1} , w(z) = z2z + cos(z) + sin(z). The set of grid points are
defined by

Ωh,τ =
{
zk,m = xk + iym, xk = (k − 1)h, k = 1, N + 1; ym = (m− 1)τ,m = 1,M + 1

}
,

h = 2
N , τ = 2

M .

Let S = {0, 1, ...N} , Q = {0, 1, ...M} . Denote by

I(1) = S − {0} , J (1) = Q− {0} ;

I(2) = S − {0, N − 1, N} , J (2) = Q− {0,M − 1,M} ;

I(3) = S − {0, 1, 2, N} , J (3) = Q− {0, 1, 2,M} ;

I(4) = S − {0, N − 1, N} , J (4) = Q− {0, 1, 2} ;

I(5) = S − {0, 1, 2} , J (5) = Q− {0, 1, 2,M − 1,M} ,

a set of indices.
In Table 1 an error of corresponding value of the derivative ωzz is calculated by∥∥∥wzz − w(n)

zz

∥∥∥
C(Ωh,τ )

= max
k∈I(n), m∈J(n)

∣∣∣wzz (zk,m)− w(n)
zz (zk,m)

∣∣∣ , n = 1, 2, 3, 4, 5.

Here w(1)
zz , w

(2)
zz , w

(3)
zz , w

(4)
zz , w

(5)
zz are approximate value of ωzz by formulas (2), (3), (4), (5), (6), respectively.

In Table 2 an error of corresponding value of the derivative wz̄z̄ is calculated by∥∥∥wz̄z̄ − w(n)
z̄z̄

∥∥∥
C(Ωh,τ )

= max
k∈I(n), m∈J(n)

∣∣∣wz̄z̄ (zk,m)− w(n)
z̄z̄ (zk,m)

∣∣∣ , n = 1, 2, 3, 4, 5,

where w
(1)
z̄z̄ , w

(2)
z̄z̄ , w

(3)
z̄z̄ , w

(4)
z̄z̄ , w

(5)
z̄z̄ are approximately value of ωz̄z̄ by formulas (17), (18), (19), (20), (21),

respectively.

T a b l e 1

Error analysis for ωzz

Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160

(2) 2.02× 10−5 1.39× 10−6 9.10× 10−8 5.83× 10−9 3.70× 10−10

(3) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(4) 4.81× 10−3 7.60× 10−4 1.06× 10−4 1.41× 10−5 1.82× 10−6

(5) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(6) 4.81× 10−3 7.60× 10−4 1.07× 10−4 1.41× 10−5 1.82× 10−6

Tab l e 2

Error analysis for ωz̄z̄

Approximation N=10 N=20 N=40 N=80 N=160
formula M=10 M=20 M=40 M=80 M=160
(17) 2.02× 10−5 1.39× 10−6 9.10× 10−8 5.83× 10−9 3.70× 10−10

(18) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(19) 4.81× 10−3 7.60× 10−4 1.06× 10−4 1.41× 10−5 1.82× 10−6

(20) 5.49× 10−3 8.13× 10−4 1.10× 10−4 1.44× 10−5 1.83× 10−6

(21) 4.81× 10−3 7.60× 10−4 1.07× 10−4 1.41× 10−5 1.82× 10−6
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Conclusion

In the present work, we have generalized the finite difference method to compute derivatives of real valued
function to approximate the second order complex derivatives ωzz and ωz̄z̄ for the complex-valued function
ω. Exploring different combinations of terms, we derive several approximations to compute the second order
derivatives of complex-valued function. Several second order of accuracy finite differences to calculate derivatives
are proposed. The error analysis in test examples is carried out by using Matlab program.
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Ч. Ашыралыев, Б. Озтурк

Комплексмәндi функциялардың екiншi реттi
туындылары үшiн кейбiр жуықтаулар

Мақалада нақты мәндi функциялардың екiншi реттi туындыларын есептеуге арналған белгiлi ақырлы-
айырымдар тәсiлi жалпы жағдайда дамытылған. Сол арқылы комплекс мәндi w функциясының
екiншi реттi туындыларын wzz, wzz аппроксимациялауға болады. Терминдердiң әртүрлi комбина-
цияларын зерттеу нәтижесiнде комплекс мәндi функцияның екiншi реттi туындыларын есептеу үшiн
бiрнешi жуықтау формулалары алынды. Туындыларды есептеу үшiн дәлдiгi екiншi реттi бiрнеше
ақырлы-айырымдар тәсiлi ұсынылды. Тест түрiндегi мысалдардағы қателiктерге талдау жасау үшiн
Matlab бағдарламасы пайдаланылды.

Кiлт сөздер: ақырлы-айырымдар тәсiлi, аппроксимация, комплекс мәндi функция, жуықтау форму-
лалар.

Ч. Ашыралыев, Б. Озтурк

Некоторые приближения производных второго порядка
комплекснозначных функций

В статье обобщен известный метод конечных разностей для вычисления производных вещественной
функции на аппроксимацию комплексных производных второго порядка wzz и wzz для комплекс-
нозначной функции w. Изучая различные комбинации терминов, получено несколько приближений
для вычисления производных второго порядка комплекснозначной функции. Предложены несколь-
ко конечных разностей второго порядка точности для вычисления производных. Анализ ошибок в
тестовых примерах выполнен с использованием программы Matlab.

Ключевые слова: конечная разность, аппроксимация, комплекснозначная функция, формулы прибли-
жений.
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