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Generalization of one theorem of F. Riesz to some other spaces

It is known from the analysis course that in order a function to serve as an undefined integral of a summable
function, it is necessary and sufficient that it be absolutely continuous. Therefore, it is natural to raise the
question of the characteristic of a function which is an undefined integral of the function included in
Ly,p > 1 . The answer is well known theorem of F.Riesz concerning the conditions of representability
of a given function in the form of an integral with variable upper limit on the functions of Lebesgue
spaces. In the one-dimensional and multi-dimensional case, many mathematicians have generalized this
theorem for Lebesgue and Orlicz spaces. In this work we will prove theorem of F.Riesz for other functional
spaces. Generalization of the theorem of F.Riesz to the case when subintegral function from the weighted
Lebesgue spaces is obtained. Also, we prove a necessary condition for the above representation of a function
f € Lpp(Lyp).

Keywords: function, functional spaces, integral, theorem of F.Riesz, weighted Lebesgue space.
1 Introduction

In the theory of functions, the following theorem of F.Riesz is known (see, for example, [1], page
225): for the function F'(z) (a <z < b) to be representable as

F(z) = Q% / Fat,

where f(t) € Ly(p > 1), it is necessary/ and sufficient that for every subdivision [a;b] by points
a=x9<x1 < <...<z, =0 the inequality was executed

S P@i) — Fz)?

AT ($i+1 - xi)p_l

<K < o0,

where K does not depend en'the way [a;b] is subdivided.

In the future, a number of authors have proposed various generalizations of this theorem [2-5|. We
will prove this theorem for spaces, which are defined below.

Let W (x) is a non-negative function. Through L, y[a; b] we will designate the space of all measurable
by Lebesgue ona;b] funetions f, for which

D

b
1w = / F@)PW(@)de | < +o0,1 < p < +oo.

We assume that the function W (z) satisfies A,-condition [6] (or W € A4,), if

1
7

3 =
S

1 / 1 L 11
sup | [ W(z)dz| - /Wx P Tdr| < 4oo, -+ — =1
ICfast] |I|1 ) 1] / (Wiz)) p 7

Let the function ¢(t) satisfies the following conditions [7]:
a) (t) is an even, non-negative, non-decreasing on [0, +00);
b) ¢(t?) < Co(t), t € [0,00), C > 1;

c) @ J on (0, +00) for some € > 0.
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Measurable on [a; b] function f € Lyp(L,), if

b
J17@F e (r@P)ds < +oo

2 The results and their proofs

We proved the following theorem.
Theorem 1. For the function F(x)(a < z < b) to be representable as:

z) —C+/f(t)dt, (1)

where f(t) € L,wla;b](p > 1), it is necessary and sufficient that for every <subdivision [a;b] by
points a = zg < 71 < ... < T, = b the inequality was executed

|F(zp41) — F(ag) P

k=0 Tk41 —p/ p—1
[ W (tdt

Tk

< K, (2)

where K does not depend on the way [a;b] is subdivided.
Proof. Let’s prove the necessity of theorem. Suppose inequality (1) holds. Then by Holder’s inequality:

Th+1 Th+1

|ﬂ%m—nmw=/fmﬁ= /ﬂmwmwﬁwﬁg

Th41 % Tpi1 , I
< / |f(O)F W (t)dt / WP (Odt | Vk=0,..,n—1,
Tk zy
where p’ = 1%'
We obtain:

Th41

[F(zrrn) = E(ze)l”
71 _—
Th+1 —p! p
<f W )dt) Tk
xp,

Therefore, folding of these inequalities, we will get:
b

Thk41 —p
’“O(pr )dt)
Tk

The necessity of condition (2) is proved.

Now we prove sufficiency of the conditions (2). First of all, note that inequality (2) can only increase
if we discard some components of its left part. Therefore, for any finite system of mutually not impose
intervals (ag, by), (k = 1,2,...,n) contained in [a, b] will be

Zn: |F(bg) — F(ag)l” <K

IFOP W ()dt, k =0,....,n—1.

n—1
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But because of the Holder’s inequality holds:

IA

by,
S IFb) — Fla)| = TM‘”WL-/wfwﬁ
= = < i sz/(t)dt> :

ak

P

v
n p

by
2 |i(bk)jF(ak)I|)p_1 _ Z/pr(t)dt
= (j Wi(t)dt) oy

ag

/

b
< VK- /Wf(t)dt

From the last inequality implies absolute continuity of the function F'(x). Then this function is
representable in the form (1), where f is some summable function. It-remains to prove that f(x) €
LILW [a; b]

With this goal in expanding the segment [a; b] into equal parts by the peoints x,(gn) =a+ %(b— a), k=
0,1,...,n let us introduce the function f,(t), believing:

F(x(”) )_ F(x(n))
Jnl) = =05 X (0
Thr1 — Tk

(n) .(n) )

where xx(t) - a characteristic function of the interval (ack s Ty

At the division points we believe f;, (x](cn)> =0,k=0,1,...,n.

It is easy to see that almost everywhere will be:
T FL O IV() = |FOF W ().

Hence, by Fatou’s theorem:

b b
/ P W (0t < sup / (O W (8)dt

For fy(t), since W.€ A, we get the following inequality:

(n)
b el Tri1 F(:I,’(n) )_ F((li(n))
k+1 k
[1n@rwaa=3" [ =0 Wp‘ (1)t =
a k:()xk(n) (karl — Ty )
(n) ONAE
| Pl - Flaf)
p W(t)dt <
= (o - o)
k=0 < k+1 k 2 ()

ot [P - P (ol - o)

S C D : P =
o (ath-a)T e N
| W (t)dt
mk(”)
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n n p
nd [Py - Fal)
k=0 xk+1 —p/

[ W (t)dt

And it became,
b

[1sr Wit <+
a
ie. f(t) € Lowla;b)].
The theorem is proved.
Remark. In the case of W(t) = 1, the theorem of F.Riesz follows from the proved.theorem.
Now we will prove the necessary condition of representation (1), from the function of L,p(L,)
space.
Theorem 2. If F(z) can be represented as

m@:c+/jm@

where f € L,p(Ly), then for every subdivision of [a;b] by points a = 29 < 1 < ... < z,, = b the
following inequality holds:

n—1

Pl = Pl N
= ( [ o7 () dt)

Proof. Let F(x) represented as

ol

ﬂ@:c+/ﬂmw

Then by Holder’s inequality we get:

Th+1 Th+1

|F(2ps1) — Alzg)l= / f(t)dt| = / FOer (FOP) 7 (F@)P)de| <
< / i (O (LF()IP) dt / T (IFOP) | k=0, n—1.

Hence, for all k =0,...,n — 1 we obtain

T+1

o) ZEOIE < [ (rop)a
(f sop_—l(lf(t)lp)dt> "

Now adding up these inequalities, because f € L,p(L,) we get

n—1

Flar) = Feol’ o

Z Tk+1l 4 p=l =
= ( / wl(!f(tﬂp)dt)
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Remark. In the case of ¢(t) = 1, the necessary part of the theorem of F.Riesz follows from the

proved theorem.

44

References

1 Harancon W.I1. Teopus dynkmmit Bemmecrsennoit nepemennoii / I.I1. Harancon. — M.: Tocrex-
u3naT, 1950. — 480 c.

2 Meagsenes FO.T. O606menne onnoit reopembr @. Pucca / FO.T. Measenes // Ycnexu maremMaru-
geckux HayK. — 1953. — T. VIII. — Bem. 6 (58). — C. 115-118.

3 Kynpssues JI.JI. O p-sapuanuu oToOpakeHU#l W CYMMHUDPYEMOCTH CTeleHel IIPOU3BOTHON
Pajona-Hukomuma / JI.JI. Kyapsisues // Yenexu maremarndeckux Hayk. — 1955, < T. 10, Ne 2.
— C. 167-174.

4 Fuglede B. On a theorem of F.Riesz /B. Fuglede // Mathematica Scandinavica. — 1955. —
Vol. 3. — P.283-302.

5 Kakochashvili G. On the theorem of F. Riesz in variable Lebesgue space / G. Kakochashvili,
Sh. Zviadadze // Transactions of A.Razmadze Mathematical Institute. —2016. — Vol. 170, Issue
1. — P. 56-61.

6 Muckenhoupt B. Weighted norm inequalities for the Hardy maximal functions / B. Muckenhoupt
// Transactions of the American Mathematical Society. — 1972. — Vol. 162. — P. 207-226.

7 Bitimkhan S. Hardy-Littlewood theorem for series with general monotone coefficients / S. Bitim-
khan // Bulletin of the Karaganda university-mathematics. — 2018. — 2(90). — P. 43-48.

C. burnwvxan, 1. T. Anmubuera

®. Puccrin 6ip TeopeMachblH Keiibip 6acka
KEHICTIKTepre >KaJnbLIay

OyHKIMAHBIH KOCHIHIBIIAHATHIH, (DYHKINIAH aHbIKTAJIMaraH MHTerpaJj TYpinae 6oyl yiIiH OHbIH abco-
moTTi y3imiceis 6oyl KakeTTi »KoHe KeTKIMIKTI ekeni aHasm3 KypcbiHaH Oesrimi. Ocbiran 6ailylaHBICTHI
Ly, p > 1 xenicririne kipeTifi OYHKIUSHBIH aHBIKTAJIMAaFaH HHTErPAJIbl 6071aThIH DYHKIUSAHBIH CHIATTaMa-
JIBIK, Oesrici TypaJibl cypak KoWbLTybl 3aHbl. 2Kayabbr @.Puccrin 6epinren ¢yuknusiabiH Jleber keHicTiri
GbYHKIUSICHIHAH AJBIHFAH YKOFAPFBI IMIeri afHbIMAJIbI NHTETPAJ apKbLIbI KA3bLIY IMapThIHA KATBICTBI TEO-
pemachiiia. BipeJmiem;ii koHe Koo IeM/Ii Karaiiap/ia KerrereH MmareMaTukrep 0yJ1 reopemanst Jleber
xoHe Opsua KeHicTikTepinae Taaaaasl. Ockl 2xKymbicTa apropsaap @. Pucc reopemachia 6acka pyHKIIMOHAI-
JIBIK, KeHICTiKTep yimin mastengeren. ©.Pucc TeopeMachIHbIH 2KAMTBLIAMACH HHTEIPAJT ACTHIHIAFBI (DYHKIIHS
casMvakThl J[eber kenicririnen Gosran xKarjaiira aabHabl. CoHbIMEH Gipre, XKOFapbIIAFbl HHTEIPAJIIBIK, XKa-
3bLLY I KazkeTTl waptsl f € Lyo(L,) dyHKIMsICH YIIiH goses1eH .

Kiam cesdep: dyukims, PYHKIUSAIBIK KeHicTikTep, mHTerpas, ®. Pucc teopemacsi, cammakTst Jleber
KeHicTiri.
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C. burnvxan, /I.T. Anmubuera

O6061menue onnoii Teopembr @. Pucca
HA HEKOTOPbIE JIpyTrHue IIPOCTPAHCTBA

W3 kypca anasmsa n3BeCTHO, UTO JJIst TOO YTOOBI (DYHKIUS CIIy?KUJIa HEOIPE/IeJICHHBIM HHTEIPAJIOM CYM-
MUPYeMOit DYHKITHH, HEOOXOINMO U JIOCTATOYHO, YTOOBI OHA ObLIa aOCOTIOTHO HENIpEpPhIBHA. B ¢BsA3M ¢ sTUM
€CTeCTBEHHO [TOCTABUTDH BOIIPOC O XaPAKTEPUCTUIECKOM IIPU3HAKE (DYHKIMH, SIBJISIIOIEHCS HEOIIPEIEIEHHBIM
nHTerpasioM dyHKInu, Bxondmei B Ly, p > 1. OrBeroMm ciyxut n3BectHas Teopema P.Pucca, kacaromasi-
Csl YCJIOBUIT TPEJCTABUMOCTHY 33IaHHON (DYHKIINU B BUJE WHTErPAJIA C IEPEMEHHBIM BEPXHUM IIPEIEIOM OT
dyHuKIuu npocrpancTsa Jlebera. B ogHOMEpHOM M MHONOMEDHOM CJIyYasiX MHOTME MaTeMaTHUKHA OOOOIIUIIN
3Ty Teopemy uist mpoctpancTB Jlebera u Opiaunda. B Hacrosmeit pabore aBTopamMu Ipe/IIIpUHSITa, IOIBITKA
nokasatb Teopemy D.Pucca mansa apyrux OyHKIMOHAJBHBIX TpocTpancTB. [losydeno ob6obmienne TeopeMbr
®.Pucca Ha ciaydvail, Korja moJbIHTerpajibHas (OYHKIMS U3 BECOBOTO IpocrpaHcTBa Jlebera. Takoke moka-
3aHO HEOOXOMMOe YCJIOBHE CKa3aHHOIO Bbllle IpejcTaBieHust or GyHkuun f € Lyo(Ly).

Karoueswie caosa: dyHKIms, GyHKIMOHAJIBHBIE IPOCTPAHCTBA, HHTErpaJs, Teopema’ @.Pucca, BecoBoe mpo-
crpanctso Jlebera.

References

1 Natanson, I.P. (1950). Funktsii veshchestvennoi peremennoi [The theory of functions of a real
variable]. Moscow: Hostekhizdat [in Russian]|.

2 Medvedev, Yu.T. (1953). Obobshchenie odnoi teoremy F.Rissa |Generalization of one theorem
of F. Riesz|. Uspekhi matematicheskikh nauk== Sueccesses of mathematical Sciences, VIII, 6(58),
115-118 [in Russian]|.

3 Kudriavtsev, L.D. (1955). O p-variatsiiotobrazhenii i summiruemosti stepenei proizvodnoi Radona-
Nikodima [About p-variation mappings and the summability of degree of the Radon-Nikodim
derivative|. Uspekhi matematicheskikh nauk —Successes of mathematical Sciences, 10, 2, 167-174
[in Russian].

4 Fuglede, B. (1955). On a theorem of F.Riesz. Mathematica Scandinavica, 3, 283-302.

5 Kakochashvili, G.,& Zviadadze, Sh. (2016). On the theorem of F. Riesz in variable Lebesgue
space. Transactions of A. Razmadze Mathematical Institute, 170, 1, 56-61.

6 Muckenhoupt, B«(1972). Weighted norm inequalities for the Hardy maximal functions. Tran-
sactions of thel American Mathematical Society, 162, 207-226.

7 Bitimkhang'S. (2018). Hardy-Littlewood theorem for series with general monotone coefficients.
Bulletin<of the Karaganda University. Mathematics series, 2(90), 43-48.

Cepust «Maremarukas. Ne 2(98)/2020 45





