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On some approximate calculations for certain
pseudo-differential equations

We consider discrete pseudo-differential operatots and equations as approximate operators and equations
for their continuous analogues. For this purpose we study a solvability for such equations in‘appropriate
discrete spaces and give some error estimates for discrete and continuous solutions. This approach is based
on the discrete Fourier transform and factorization tecnique which is used for special canonical domains in
Euclidean space.
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0.1 Introduction

A theory of pseudo-differential operators and equations is a very developed part of mathematics now
[1-3]. But almost there are results on an approximate solution for such equations and related boundary value
problems. Therefore one suggests to start a studying pseudo-differential equations and boundary value problems
on discrete structures for which is very convenient to construct computational algorithms. Here we will study
model operators and equations in special canonical domains. We are interested in a solvability of discrete
equations and a comparison of discrete and continue solutions:

Let A(€) be a function defined in R™ and satisfying the condition

car(+ €D <IA©)] <ol + €D, (1)

with positive constants c1, ca, and let S(R™) be'the Schwartz space of infinitely differentiable rapidly decreasing
at infinity functions. Such a function A(§) generates a pseudo-differential operator

(Au)(z) £ / / A©)ei D€y (y)dedy, @ € R™, @)
Rm Rm

which is defined firstly for v € S(R™), and then it will extend on more general spaces. This function A(§) is
called a symbol of pseudo-differential operator A.
Remark 1. Usually they consider more general pseudo-differential operators

(Au)(z) = Az, €)e' "W Cy(y)dedy, x € R™,
1/

generated by the symbol A(x,€) defined in R™ x R™. But taking into account so-called «a local principles our
nearest problem is studying more simple operator (2) and its discrete analogue.
Let A4(&) be a periodic function in R™ so that

a(1+¢GNE < [4a(©)] < 2(1+GRD %, 3)

where (7 = h=2 " (e~ ¢ — 1)2, and positive constants c¢;, ca do not depend on h.
k=1
Let D C R™ be a domain (finite or infinite). We will consider functions uq4(Z) defined in Dy = DNAZ™, h > 0,

and introduce the following operator

(Aqua)(@) = Y [ Aa©Qua(@e’ TP Ehmde, & € Dy,
GERLZ™ pivm

where h = h™1, T™ = [, 7]™.
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Definition 1. The operator Ag is called a discrete pseudo-differential operator or shortly h-operator. The
periodic function Aq(§) is called its h-symbol.
Let us remind that a symbol (operator) is called elliptic if

inf |A >0
ess inf |44(6)] >0,
and obviously all symbols under consideration are elliptic.
0.1.1 The discrete Fourier transform

If uy(%),% € hZ™ is a function of a discrete variable then we say «discrete function». For such discrete
functions one can define the discrete Fourier transform

(Faua)(§) = @a(€) = > e " tug(@)h™, &€ hT™,
TehZm™

if the latter series converges. The obtained function %4(§) is periodic in R™ with basic cube of periods AT™.
Such discrete Fourier transform preserves all key properties of the integral Fourier transform, particularly the
inverse discrete Fourier transform is given by the formula

(F V) () = [ ecutera, = e

hT™

(2m)™

The discrete Fourier transform is an isomorphism between the spaces Lo(hZ™) and Lo(AT™) with norms

1/2

1/2
|uallz = ( > Iucz(iﬁ)l%’") and |dqll2 = / |@a(€)[*d€

TERZ™ EERT™
0.4:2 Discrete spaces

Since a definition of Sobolev—Slobodetskii spaces uses patrial derivatives we will use their discrete analogues,
namely divided differences of first order

(Ag)ud>(i‘) = h_l(Ud<l']_, L, Tk + h; T axm) - ’U/d(l‘]_, R PR axm))a

for which their discrete Fourier transform looks as follows

(A ua)(€) = (e ™% — D)ag(8).
For a divided difference of a second order we have obviously
(AP ug) (&) = h 2 (ua(ar, - ap + 2k, T);

—2Ud(5€17"‘ ,I‘k+h,"' ,I‘m)—FUd(l'l,"' s Lhgyt e 71'm))7

and its discrete Fourier transform is

(A ua)(€) = (e — 1)%ig().
Then for the discrete Laplacian
m
(Aqua)(®) = D (AP ua) (@),
k=1

we have

—_~—

(Aqua)(€) = ™) "(e7™" —1)%i,(9).
k=1
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Further we introduce the space S(hZ™) consisting of functions with finite semi-norms

[ual = sup (14 |2))'|AM uq ()|
Tehz™

foralll e NNk = (k1, -+ ,km), kr € Nyr =1,---  m, where
AWy (&) = AN ARmay ().

In other words the space S(hZ™) is a discrete analogue of the Schwartz space S(R™).
Definition 2. By definition the space H*(hZ™) is a closure of the space S(hZ™) with respect to.the norm

1/2

lualle = | [ @+1G)laa@rae | (@)

hTm

Definition 3. The space H*(Dy) consists of discrete functions from H*(hZ™) with_supports in Dg. A norm
in the space H*(Dg) is induced by a norm of the space H®(hZ™). The space H§(Dy) consists of discrete
functions (distributions from S’'(R™)) ug with supports in Dy, additionally these discrete functions must admit
a continuation £ onto H®(hZ™). A norm in the space HS(Dy) is given by the formula

llual|§ = inf [[Cuqlls,

where infimum is taken over all continuations £.
Of course all norms (4) are equivalent to Lo-norm, but all equivalence constants will depend on h. That is
why we would like to note that all constants below do not depend on h.

0.2 Equations and approzimations

We will consider the pseudo-differential equation
(Au)(z) =w(x)y. x € D, (5)

and suggest for its solution some computational schemes.

Since we know solvability conditions for pseudo-differential equations in R™ and R’} [3] we will select such
discrete pseudo-differential operators which reserve all needed properties of their continuous analogues.

Let Pj, be a restriction operator on hZ™, i. e. for u € S(R™)

= { 5 g

We tried this projector for simplest pseudo-differential operators, namely Calderon—Zygmund operators,
these operators can be treated as pseudo-differential operators of order 0, and we obtained very acceptable
results [4-7]. But.now we will use another restriction operator.

A construetion for the restriction operator @y, for functions v € S(R™) is the following. We take the Fourier
transform @ (&), then its restriction on AT™ and periodically continue it onto a whole R™. Further we apply the
inverse discrete Fourier transform F; ! and obtain a discrete function which is denoted by (Qnu)(Z), % € hZ™.
In our/opinion the projector Q5 is more convenient than P}, although the projectors P, and Q) are almost the
same according to the following result.

Lemma 1. For u € S(R™),VS > 0, we have

|(Pou)(Z) — (Quu) (&) < ChP, Yz e hz™,

where the constant C' depends on u only.
Proof. Indeed, we need to compare two Fourier transforms. By definition

By = —1 ey
(Pa)(@) = (%)MR[ (€)de.
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and respectively

1 5

Q&) = g [ e Caterie,
’H‘m

thus this difference is given by the integral

iT-€ ~

e TEa(€)de.

(Phu)(i‘) - (Qhu)(j) = (27r)m
R™\RT™

A conclusion of the lemma 1 follows from an invariance of the Schwartz class S(R™) with respect to the
Fourier transform and the simple estimate

[a(§)] < Cul€l™

for Vv > 0.

Further, the symbol A;(¢) will be defined by the following way. We take a restrictionof A(£) on the cube
AT™ and periodically extend it onto a whole R™. We consider such h-operator as an approximate operator for
A. So, to find an approximate discrete solution for the equation

(Adud)(:fc) = ’Ud(‘%), TE Dd, (6)
for D = R™ we can use the following discrete equation
Aqua = Qnv. (7)

Its solution is given by the formula

/ e TEATH(€)D(E)de, & € hZ™,

hT™

va®) = Grym

so that we do not need to find an approximate solution for an infinite system of linear algebraic equations like
[4, 5]. For our case we need to apply any kind of cubature formulas for calculating the latter integral and a
cubature formula for calculating the Fourier transform o(&).

According to the Lemma 1 one can compare discrete and continuous solutions for enough smooth right-hand
sides and symbols.

Theorem 1. If the symbol A(&) satisfies the condition (1) and is infinitely differentiable on R™, u is a solution
of the equation (5), uq is a solution of the equation (7) then for v € S(R™) we have the following error estimate

lu(z) — ua(2)] < ChP, Vi € hz™,
for arbitrary 8 > 0.
0.3 Equations in a half-space

This case iswvery different from R™, and an ellipticity condition is not sufficient for a solvability. A principal
role for the solvability is plaid by an index of the periodic factorization which is defined for an elliptic symbol.

Let us'denote M = {(¢',&,, £ i7),7 > 0}, = (£, &) € T™.

Definition 4. The periodic factorization for an elliptic symbol Aq4(€) is called its representation in the form

Aa(§) = Aa+(§)Aa,—(8),

where. the factors Aq 1+ (§) admit an analytical continuation into half-strips RILy with respect to a last variable
Em for almost all fived £ € RT™1 and satisfy the estimates

ES]
)

AT < a0+ IEDTE, |AFLO)] < eall + |2 *72

with constants ¢y, cy non-depending on h,

m—1
(2 =n? (Z (e7her —1)2 4 (e h(Emtim) _ 1)2> , Em +iT € Bl
k=1

12 Bectnuk Kaparanmguackoro yHuBepcuTeTa



On some approximate calculations ...

The number & € R is called an index of the periodic factorization.
Theorem 2. If the elliptic symbol Aq(€) admits the periodic factorization with the index & so that |&—s| < 1/2
then the equation (6) has a unique solution in the space H°(Dg) for arbitrary right-hand side vg € Hi™“(Dq),

ia(€) = Az} (O)PLT (AL (©)lva(6)),

hm
(P27 = 5 |10 + gmvp [ dale ) cor o) gy, ) (8)
—hr

Remark 2. One can easily conclude that the solution does not depend on a continuation fvg:
Theorem 3. Let & — s = n+ §,n € N,|§| < 1/2. Then a general solution of the equation (6) in Fourier
images has the following form

1a(€) = 471 ()XW PET (X, (O A1 () + A1 ©) 3wl
k=0

where X, (€) is arbitrary polynomial of order n of variables (i = h(e™ ™ (= 1), 'k = 1,2 ,m satisfying the
condition (3), ¢;(¢'),j =0,1,--- ,n — 1, are arbitrary functions from H (AT 1), sj=8 — 2+ 5 —1/2.

For the case & — s = —n + d,n € N, |0] < 1/2, we consider the following general equation
Adud + ZK ( ® 5(37771)) = Ud(j)a T € Dy, (9)
with unknowns ud,Ej, j =0,1,---,n, and K; are given pseudo-differential operators with symbols K;(&)

satisfying the condition (3) with power «;.
Remark 3. The operator K; acts as follows. If we denote by Kj (Z) a kernel of the pseudo-differential operator
K;, we obtain
K; (Ej(f’) ® 5(5ﬁm)) =0 G (F — § E )by ()R

gehZ™—1

Continuing the right-hand side onto.a whole R™ and applying the discrete Fourier transform, we obtain the
system of linear algebraic equations

Ztkj fk(g)a kanL"'a”ﬂ
where .
p L et 1 K (E )
w€) = 3 [ (e,
—hm T o
1 e~them 1, —
AlE) = 50 [ (= A€ ) (B0 )
27 h
—hm
Theorem 4. Let & —s = —n + 6,n € N, |§| < 1/2. Then the equation (9) has a unique solution ug €

Hs(Dd),cj e Hs_f(hzmﬂ)’Sj =s—a+aq; +1/2,7=0,1,--- ,n, iff

ess inf |det(tr; (€))% j=0 > 0.

&-/ehjrm—l
The following estimate
HUngSaHUst 3 ||b HGJ SaJHvst a’ j:O,1,~~-,n,
holds with constants a,ay,- -+ ,a,, non-depending on h.
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0.3.1 A limit case

It is well-known [8] that
227\ By,
cotx—f—z | 2|2" L —r<az<m,

where Bs,, are Bernoulli numbers.
In the formula (8) a kernel of the operator P5", i. e. h cot hf7’" has the following representation

hfm 2 = 22n ‘B2n| (hgm ) -t
heot o — = py 2 P2l (Tom ,
2 & n; (2n)! 2

so that we will obtain under h — 0 a well-known kernel of the Hilbert transform %E%n with respect to a last
variable. Also it is easily visible that under h — 0 all periodic polynomials in Theorem 2 transform to ordinary
polynomials with respect to the variable &,,. It is very correlated with a continuous case [3].

Unfortunately, for this case the estimates for a comparison of u and ug are not'so simple as in the theorem
1; now we can assert that u4 converges to w under h — 0.

0.3.2 An error estimate

If we put strong enough restrictions on a right-hand side and factorization elements then one can give a
comparison between discrete and continuous solutions.
Lemma 2. If u € S(R™) then the following estimate

(F~'Poit) (&) — (F; ' PLTQui)@)| <GP, & € hzy

holds for VB > 0, and the constant C' depends on u only.

Proof. Here we need the description and comparison for two projectors related to the Hilbert transform,
both standard and periodic. Let us denote by x(z) an indicator of the half-space R’} and by x4(Z) an indicator
of the discrete half-space hZ7'. Then according to structural properties of two mentloned transforms we have
the following equalities -

F Pt = x - u, F;ngerQhu = x4 - (Qpu).

Further one can apply Lemma 1.[]
Starting from Lemma 2 and the Theorem 1 we are able to compare discrete and continuous solutions in a
half-space. Below we give this comparison under conditions of the Theorem 2 when a unique solution exists.
Theorem 5. If the symbol A(E) satisfies the condition (1) and is infinitely differentiable in R™ with the
factors AL(€), u is a solution of the equation (5), ugq is a solution of the equation (7) then for v € S(R™) we
have the following error estimate
lw(Z) — ua(Z)| < Ch®, V7 € hZT,

for arbitrary 8 >0.
Remark ). To refine this theorem we will describe how we need to choose a right-hand side for solving the
equation (7).<The solution of the equation (5) in Fourier images has the form

W(€) = A7H(E) Per AZM(€)0u(€),

where Per = %(I—l— Hygr) is a projector defined by the classical Hilbert transform with respect to a variable &y, [3]:

+oo
1 (€' n)dm
(Hea)() = — vp. / (gn_)nn

lv is an arbitrary continuation of v from R onto a whole R™ in corresponding functional space. Since the
right-hand side in the equation (6) is deﬁned in hZT only then one needs to choose Qp(fv) instead of fvg to
obtain the required estimate.
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0.4 Equations in a cone

Here we will consider briefly more complicated case than a half-space.

Let D be a sharp convex cone, and let 1*) be a conjugate cone for D, i.e.,
l*)Z{xeRmzm-y>0, y € D}.

Let T(]B) C C™ be a set of the type T™ + 4 ]5 For T™ = R™ such a domain of multidimensional complex space

is called a radial tube domain over the cone D [9-11]. We introduce the function

By(z)= Y ™, z=¢+ir, £€T™, TeD,
T€EDy

and define the operator
(Ba)(©) = limy [ Bulz = myualn)an
’H‘m

This operator is roughly speaking a conical analogue of the periodic Hilbert transform. H, g’,er.

To describe solvability conditions for the equation (6) we introduce the following concept.

Definition 5. The periodic wave factorization for an elliptic symbol Aq(&) is.called its representation in the
form

Aa(€) = Aax(§)Aa=(8),

where the factors Ag£(€), Aq=(§) admit an analytical continuation into domains T(]B),T(— 1*)) respectively
and satisfy the estimates

[ATLEI < a@+I3N*E, [AFLE) Se( + 13N,

with constants c1,co non-depending on h,

m

¢ =n (Z(e—ih@kﬂ) — 1)2> , €T 7€£D.

k=1

The number & € R is called an index of the periodic wave factorization.

Theorem 6. If the elliptic symbol Ag(€) admits periodic wave factorization with the index a so that |se —s| <
1/2 then the operator Aq : H*(Dg) — H2"“(Dy) is invertible and a solution of the equation (6) for arbitrary
right-hand side vqg € H§(Dy) in_Fourier images is given by the formula

1q(€) = AZL(€) Ba(A7L (6)fva(€)), (10)

where Lvg is an arbitrary continuation of vq into H¥(hZ™).
Using the latter formula (10) for the solution of the equation (6) and the previous considerations one can
obtain conical analogues of theorems 1 and 5. We hope to give more detailed analysis in forthcoming papers.
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