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Analytical solution of a fractional differential
equation in the theory of viscoelastic fluids

The aim of this paper is to present analytical solutions of fractional delay differential equations (FDDEs) of
an incompressible generalized Oldroyd-B fluid with fractional derivatives of Caputo type. Using a modificati-
on of the method of separation of variables the main equation with non-homogeneous boundary conditions
is transformed into an equation with homogeneous boundary conditions, and the resulting solutions are
then expressed in terms of Green functions via Laplace transforms. This results presented in two condition,
in first step when 0 < o, 8 < % and in the second step we considered % < a,B <1, for each step 1,2 for
the unsteady flows of a generalized Oldroyd-B fluid, including a flow with a moving plate, are considered

via examples.

Keywords: Oldroyd-B fluid, fractional-order partial differential equations, anmalytical solutions, Delay di-
flerential equation, modified separation of variables method, Caputo fractional derivatives.

Introduction

Many real-world processes can be cast generally in the form of fractional differential systems with integer
order (i.e., ordinary differential equations and systems) but there is a growing number of researchers that believe
that fractional-differential equations can describe and model and complex physical processes more accurately
than the corresponding ordinary differential equations. So, in recent decades the search for analytical and numeri-
cal solutions to fractional differential equations has been of considerable interest [1-4]. Fractional differential
equations can be applied to the dynamic modeling of non-Newtonian fluids: for example, in the modeling of
melting plastics and in the study of emulsion plastics or soft tissue. Practically speaking, there are few Newtoni-
an fluids in reality, so most fluids are of the non-Newtonian type, which means there is no linear relationship
between the stress tensor and the deformation tensor [5].

Viscoelastic fluids form an-dmportant, class of non-Newtonian fluids, which exhibit both elastic and viscous
properties. Among them the so-called Oldroyd-B fluid can be used to describe the response of fluids that have a
small memory. This means that whenever they flow, these fluids will spend less time to find the first state and
stability [6-7]. Due to.the wide range of applications of these fluids, considerable attention has been paid to the
prediction of the behavior of mon-Newtonian fluids. Structural equations that are presented in a constitutive
rheological fashion have a fractional calculation, so they are very effective for working with viscoelastic properties
[8-9]. The viscoelastic fluid equations in fractional models are obtained by replacing ordinary derivatives with
one of‘many possible‘definitions of fractional derivatives in the defining equations. In the study of fluids we
deal with & phenomenon called delay, which is due to the distance between the sensor and the source of
changes arising from e.g., plumbing, measurement slowness, or complex dynamics. Different methods for finding
analytical solutions of these type of equations are proposed: an analytical solution for unsteady helical flows is
presented by Tong et al in [10]. In Haitao and Mingyu [11] there is a discussion of an Oldroyd-B fluid between
two parallel plates. In addition, Fetecau [12-13] developed a generalization of the flow of viscoelastic fluids
between two-sided walls. Then Shah [14], Qi [15], Zheng et ol [16] and Hayat [17] discussed the generalized flow
of an Oldroyd-B fluid under varying conditions. In closing this brief review we mention that Javidi and Heris
[18] gave analytical solutions of various forms of such delay equations.

Many events in the natural world can be modeled to form of fractional delay differential equations (FDDEs).
FDDESs have important applications in many fields for example technology, economics, biology, medical science,
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physics and finance [19]. Some numerical methods for FDDEs are introduced in [20-23] and etc. Heris and
Javidi [24] proposed a numerical method based on fractional backward differential formulas (FBDF) for solving
fractional delay differential equations. Also they found the Green’s functions for this equation corresponding to
periodic/anti-periodic conditions in terms of the functions of Mittag Leffler type.

In this paper we present analytical solutions for unsteady flows of a generalized Oldroyd-B fluid with
constant delay time using Riemann-Liouville fractional derivatives as the defining derivatives. A new separation
of variables method [25] and use of Laplace transforms for the Riemann-Liouville fractional derivative are
adapted to solve the new governing equation for fractional differential equations with constant delay when
applied to viscoelastic fluids.

The paper is structured as follows: in section 2 we recall some basic definitions of fractional calculus; in
section 3 we give the derivation of the governing equation; section 4 deals with the method of separation of
variables, the Laplace transformation applied to fractional derivatives in two steps 0 < «a, 8 < = and % < a,
B < 1, and the method of solution for each two steps separatively. Finally, in section 5 we give the examples
dealing with varying initial conditions by considering two condition for « and /.

Preliminaries

In this section we will introduce some of the fundamental definitions.
Defenition 1.1 ([1]). Euler’s gamma function is defined by the integral

I'(z) :/ e 't*7'dt, Re(z) > 0.
0
C(J, R) denotes the Banach space of all continuous functions from J'=.[0,7] into R with the norm
llull . = sup{lu(t)|: t €d}y. T> 0.

C™(J, R) denotes the class of all real valued functions defined.on J = [0,T], T > 0 which have continuous n-th
order derivatives.
Defenition 1.2 [4]. The fractional integral of order.«v > 0 of the function f € C(J, R) is defined as

wp L)
I f(t)l“(oc)(]/(ts)l‘o‘d’ 0<t<T.

Defenition 1.8 [4]. The Riemann-Liouville fractional derivative of order o > 0 of the function f € C(J, R)
is defined as

t .
Dnjn_af(t) = 411(”1_0[) (jtin) .Of (ti—sf)f_)nﬂ ds,
n—1<a<mn,neN,
F (@), a=n.
Defenition 1.4 [4]. The Caputo fractional derivative of order o > 0 of the function f € C™(J, R) is defined as

1 Daglr) =

(m)(
m=eprf(t) = F(n @) f(tf)a ,2+1ds
n—1<oz<n,n€N7

(@), a=n.
Defenition 1.5 [4]. Mittag-leffler functions are defined by

“Def(t) =

kZ:O T ozk:Jrﬂ , ,8€C,Re(a) >0,Ey(x) = Eqy 1.

Defenition 1.6 [22]. The generalized delay exponential function (of Mittag—Leffler type) is given by

nrm o oa (GAm \ Mt — (m 4 j)r) T |
Ga,/i (t)—;( j ) T(a(m + )+ B) H(t— (m+j)r),t>0,
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where A € C', «,8,7 € Rand m € Z and H(z) is the Heaviside step function. f A € C', o, 8,7 € Rand m € Z
then laplace transform of Gi’gm(t) is:

s P exp{—msT}

0.
(s — Aexp{—sT})m+1’ 5=

LGYG™(1))(s) =

Governing equations
The fundamental equations governing the unsteady motion of an incompressible fluid are

divV =0, (1)

Vv
P = —Vp+div S + Fy. (2)

The constitutive equation for a generalized Oldroyd-B fluid is given by [15-16],

D~ DP

L+ A ——)S = pu(l+ N\ —)A, 3

(14X )8 = u(1+ X 5 2) Ay 3)
where V = (u,v,w) is the fluid velocity, S = (S; ;) is the extra-stress tensor, A3 = (VV) + (VV)T present the
first Rivlin-Ericksen tensor, V is the gradient operator, and p is the pressure. Here Fy, = (Fyy, Fyy, Fp.) is the
body force, p, pu are the density and the dynamic viscosity coeflicient of the fluid respectively, A\, and Ag are the
material constants that represent the relaxation time and retardation time, respectively, and «, 8 denote the

orders of the fractional derivatives, i.e., real numbers that satisfy 0 < «, 8 < 1. Furthermore, g—; and 1%53 are
fractional material derivatives that can be expressed as

D*S

B = DIS+ (VYIS (V. W)S — S(vv)T, (4)

In Eq. (3), (5), the fractional derivative operator D® is taken in the Caputo.
We consider unidirectional flow, that is the case where the velocity and the stress take the form

V =u(y,t)i, S = S(y,t),

where ¢ is the unit vector along the x<direction of the Cartesian coordinate system x, y and z. Using Eq.
(6) below, the continuity Eq.(1)'is Satisfied automatically while Eq. (4), bearing in mind the initial condition
S(y,0) = 0, leads to the following relationships for the constitutive equation
sz = Szy = Syz — Szz = Syy =0, Syz = Sa:yy Sz:v = Swm
o g Ou
(14 AaDf) Siy = u(1+)\5Dt)8—y, (6)

2
« ou __ ou
(14 2aDf) oo = 2XaSay 52 = ~2000 (32)
Substituting Egs.(6) into momentum equation (2), we have the following equation in x-direction:

ou %u 1 dp
14+ A\, D2) 2 = (1 ADﬁ)— S+ 2D (F— 2. 7
(1+ t)at vl +Agly 8y2+p(+ 2) | Fo Oz (7)
where v = £ is the kinematic viscosity coefficient of fluid.
The constitutive equation of a generalized Burgers fluid is
D~ D2« DB
14+ Aag—=—+6 S = 14+ XAg—= | A1, 0 ,8<1), 8

where 0 is the material constant.
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Combining the constitutive equation (8) with the equation (2) we get the following fractional Burgers fluid
model

ou Pu 1 0
a 200 U gy Y = - e 2c _ p
(1+XaDf +0D7) - _v(1+)\5Dt)8y2 p(1+/\ oD +0D; )(Fbx ax>’ (9)
where v =#/,. Egs. (7)and (9) have the following form:
aoD** u(y, ) + a1 D" u(y, t) + a2 Di**u(y, t) + asDy u(y, t)
0?u(y, Pu(y,t) -
D u(y. 1) + agu(y.t) = b 0f 0By TG0 |y, (10)

o2 2T o2
the delay form of Egs (10) is

ao D> u(y, t) + a1 DM uly, t) + az Dy u(y, t) + as Dy u(y, t)

O%u(y, 0%u(y,t -
+aa Dy u(y, t) + asu(y, t — 7) = by D} 15(12 b, géyg s

The associated initial and boundary conditions are as follows:
u(y,t) =vi(y,t),  u(0,t)=¢i(t), -7 <EL0,
ue (Y1) =2 (y, 1), w(lyt) =@ (t), 0 <a,f <L
A method of separation of variables

At first, the problem involves non-homogeneous boundary conditions. We want to transform it into a problem
with homogeneous boundary conditions. So, consider

u(yat) :W(y,t)+V(y,t), (11)

where

Viwst) = (15 L) o1 () + L (1), (12)

which satisfies the boundary conditions

VA0,t) = 1 (1), V(L t) = 2 (1)

Using Egs.(11) and Egs.(12) along with the associated initial and boundary conditions above, we have
W (y,t) + (1 -"%) 1(>+%wz<t)=w1(y,t>, —T <t <0,
Wi (y,t) + ( 22 e O Lo'a (t) = ¥ (y,1),
( ’ ) +V ( ’ ) = P2 ( )
W (L,t) + V. (L,t) = pa(t), L
WAy, t) = 1 (gt) — (1= 1) o1 (t) — £2 (1) t),

=1 (y,
Wi (y,8) =ty (y, 1) — (1 — %)90/1(7?)—%80/2():17( t).

Now main problem is solving
2a+1 a+1 2a 1
ao Dy W (y,t) + a1 D" W (y,t) + aa D“*W (y,t) + as Dy W (y,t) +

0%w (y,t) 0%w (y,t)
B Y, Y, _
~bD] S T b =

= _aODtQaJ’_lV (th) - a/lDtqulV (yat) - a/2Dt2aV (ya ) - a3Dt V( Y, ) )

+a4DtaW (yv t) + CL5W (y7t - T)

where the initial condition is

Y B, (0) bm— - Z 5111@ -3 2 101 (0) = (—1)"s (0)] bin%,
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oo oo
. N 2 n . Ty
ZB’ Jsin 78 = 32 ©)sinT7E = 37 T 16 0) = (-1)" ) sin T
and
L
d) =7 [0 00) sin" Ty, i=1.2
0
Let -
nmwy
W (y,t) = B, (t —,
— = nmy
1 = d Z) —r = 172a )
B =L T m)
Then, we have
ath%‘HZ B, (t)sin % + alDtaHZ B, (t) sin ? + athzaZ B,, (t)sin %—i—
n=1 n=1 n=1
> . onm o — nmw
+CL3Dt17; B, (1) smTy + a4 Dy z:: B, (t) sm — —|— a5ZB ) sin Ty_
b (T QDBOOB LTy, B, . nmy
- 1(?) tz n (t) sin —= — 2( ) Z sln—
n=1
2 > nm n . nm
= _aoﬂDthZ [p1 (t) — (—=1)"p2 (¢)] sin Ty ~ al»DtO‘HZ [p1 () = (1) 2 (1)) SmTy—

n=1

a2 DY or (6)— (<176 (D] sin T Sagte DY on (6) — (<1 ()] sin 1Y -

n n=1 n=1
2 = nwy 2 — n . Ny
DY o () 1 e IR s o1 7 - (1Yt s

nmw
—|—Z fn (t) sin —y.

Equating coeflicients leads to

agD** By, (t) + a1D* " By, (1) + a2D** By, (1) + a3Dy By, (1) + (13)

Has Dy B, (t) + as B, (t — )—bl( L) DPB, ()—bQ("%)QBn (t) =
=Sl DEH [ (1) = (—1)"02 (0] — a1 Du [ () = (—1)" 2 ()] -
—02= D [ (1) = (<1)" (0] — a3 Dy g1 (1) = (=1)" g (1)) -
—o4— D fpr (1) = (—1)"02 (0] — a5 — [ (= 7) = (=1)" 2 (¢ = 7))+ fu 1)

with the boundary conditions

In this part we divide the main problem in two part
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310<a,<3)

when % < a, 8 <1 and applying the Laplace transform with respect to t defined by

B, (s) = /efStBn (t) dt.
0

In Eq.(13), we obtain

aps** T B, (s) — ags®**B,, (0) 4+ a15*T' B, (5) — a15*B,, (0) + a25°* B, (s) — aps**~'B,, (0) +

0
+azsB, (s) — azBy, (0) + a4s* B, (5) — ags* B, (0) + ase ™" /e’San (p) dp| —

-7

nm

—ase "B, (s) — bl( 7

)QSBB,L () + b (%)QSB—IBn (0) — bg("%)an (s)=

= a0 [ (5) — (~1)"F7 (5] + a7 [dlD) () B, (0)] -

nm

—on s [T () — (<) 3 (5)] + an =™ D (0) — B (0)] -
_@&SQ& 51 (s) — (=1)"73 ()] + CLQ%SQQ_l [dsll) (0) - B, (0)} _

055 71 (5) — (~1)"Pa )] + g 452 (0) — B (0)] -

a5 [ (5) = (~1)73 ()] + 0 s [0 0) = B (0)] — a5 [ (5) = (~1)"73 (5)] +

0
+a5527;6_” /6‘3” [p1(p) = (=1)"2 (p)] dp| + F (s).

0 0
By assumptiondl () = .= (o1 () — ()2 (0)]dp . G(s) = | e=#By (p)dp and ks = 2. s0 we
can write - -
_ By, (0) [a0s® + a1s® + ass®* ™ + ag + ass® 7! — bik,” s

Bn (8) N 2a+1 a+1 2 @ —SsT 2 B
aps + ais + a98%* + azs + a4s™ — ase — b1k, "sP — by

_|_
k2

—k%: (61 (s) — (=1)"%2 ()] [aos®* ™ + a1t 4 a25%™ + azs + ags™ + ase™ 7]

+
aps20tl 4 159t + 45829 4 a35 + ags® — age—T — bik,2sP8 — bok,?

ﬁ [d%l) (0) — B, (O)} {aosm +a15“ + ags? ! 4 as + a4s°‘71}

40520+ 4 a5+ 4 ap52% 4 ags + ags® — ase=T — bik,2sP — byky?
—asG (s)e " + %ﬁe’”H (S) + F, ()

40529t 4 a159+ 4 a952% 4 ags + ags® — ase™5" — bk, 258 — bok

Using Eq.(14) we rewrite Eq.(13) as

_|_

. (14)

B oo k+it+j+l4+n+qg=m (71)m m!(_an)n-i-q

Bn (S) = esm'r E T &1ka21(13]a4lb1nb2q
ag™tl  klilgllg!
m=0  k,i,j,l,n,q>0
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Sa(k+2i+l+1)+k+[3ne—smr

Sa(k+2i+l+2)+k+[3ne—smr
) m—+1 +

m—+1
(32a+1 _ @6—57)
ag

{Bn(0)[ao +a
(82a+1 _ ‘1756—57
ag

Sa(k+2i+l)+k+ﬁnefsm'r
+as )m+1 +

(s2a+1 _ (1756757
ag

Sa(k+2i+l+2)+k+[3n71675m7

+CL2 Ml
(82o¢+1 _ 0«756757')

ag
sa(k+2i+l)+k+ﬂn678m‘r

sa(k+2i+l+1)+k+ﬂn678m‘r
—sT
ﬁ_a4 )7n+1

<82a+1 _ %6—37'
ao

+ ase

m+1]_
<82a+1 _ %e—sr)
ao

Sa(k+2i+l+2)+k+ﬁn+1 e—smT Sa(k+2i+l+1)+k’+ﬁn+1 e—smT

2 _
) — (1" () oo e e
n (82(14-1 _ 0758—57') (52(14—1 _ aie—sr)
ap ao
Sa(k+2i+l+2)+k+6n675m‘r Sa(k+2i+l)+k+ﬂn+1675mf
“+as9 prew | + as prew | +
(82a+1 _ E675T> (82a+1 _ afsefs‘r)
ao ao
sa(k+2i+l+1)+k+ﬂn673m‘r sa(k+2i+l)+k+ﬁnefsm‘r
+a4 m—+1 + a56*ST m+1]+
<82a+1 _ %e—sr) <82a+1 _ %e—sr>
ap aop
2 ) sa(k+2i+l+2)+k+,8n€—sm7— 5a(k+2i+l+1)+k+6ne—sm7—
g [ (0) = B (0)] [ao e T
n (S2o¢+1 _ %6757') <82a+1 _ afsefs‘r)
ao ao

Sa(k+2i+l+2)+k+3n71675mr Sa(k+2i+l)+k+ﬁnefsm'r Sa(k+2i+l+1)+k+ﬁn71675mr
+CL2 m+1 + as m—+1 + ay m+1
(82a+1 _ %efs‘r) (82a+1 _ afSefsT) (82a+1 _ %efs‘r>

aop ao ao

Sa(k:+2i+l)+k+,8ne—sm7'

sa(k+2i+l)+k+5ne—smr

m+1
(S2a+1 _ 0756—37)
ag

2
+az——=e °"H(SY) +

m—+1
knL (52a+1 _ %8_87)

—a5G (s)e”

a(k+21+l)+k+,8n —smT

0 (s) )m+1}

(52a+1 _ afsefs'r
ao

Applying the discrete inverse Laplace transform to the preceding equation, we obtain

oo k+itj+l+ntg=m (71)m m!(_kn2)"+‘1

_X ki, 3.1l ny q
t) = Z Z PN N TN IR b1"be
—0 L 0 .7:0:q:
m= k,i,j,l,n,q>0

( ) m (as ) T,m
{Bn(0) H (& — m7) [a0G2a+1 —a(k+2i+1)—k—fn+1 (t—m7) + a1G2a+1 —a(k+2i+l—1)—k—Bn+1 (t —m7)+
G( ) m G<a5).7,m
2G50 ikraitt)—k—pnia (8= MT) +a3Go 00 L kiaiti—a)—k—pny1 (& —mT) +
Lol (t = mr) — bk, 2L T (t— mr)]—
A 2041, —a(k+2i4+1—1)—k—Bn+2 1 20+1,—a(k+2i+1—2)—k—Bn+2
| (3),
2 n m
_ﬁ[/ [p1 (t—u) — (—=1)"p2 (t — u)] H (u — mT) (aon+1 (k2040 —k—fn (u—mT7)+
n
0
+a1G2a+1 7o¢(k+21+lf )—k—pBn (U - mT) + a2G2a+1 7oc(k+2z+l) k—pBn+1 ( mT) +
+‘L3G2a+1 —a(k+21+l—2) k—Bn (u—mT) + a4GQa+l —a(k+2i+l—1)—k—Bn+1 (u —m7))du]—
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—%/ (or (£ — ) — (~1)"a (¢ — w)] H (u — 7 (m + 1))

G2;i1 — (k4 2i41—-2)—k—fBn+t1 (u—7(m+1)) dut

1 ( ) T,m
Jrk: L [d( OREAC )} [a0G2a+1 —a(kt2itl)—k—pgn+1 (E—mT) +
G( )Tm G(‘”’)r,m .
1G5 50 —a(eraiti-1)—k—gnt1 (&= 7) + 026530 o Geyoir—k—pnia (E = mT) +

t— m7)+a4G( ) , (t —m7)l=

e G( 2),mm
3 20+1,—a(k+2i+1—1)—k—Bn+2

2a+1,—a(k+2i+1—2)—k—LFn+1 (

t
a5/g (t—u)H u_T(m+1)>G2<oji2—a(k+2z+l 2)—k— Bn-i—l( —7(m+1))du—
0

t
as

2 2 ),mm
_a5ﬁ/h (t—u)H(u—7(m+1)) GQ(aj_z ekt 2it—2) kB (u—r (m+ 1)) du+
0

(25)mm
ao

t
—|—/ fr(t —u) H (u—m7) GQa+1 (bt 2it -k Bl (u—7(m+1))du.
0
Once the B, (t) are known, so are the W(y, t), and thus u(y,t) as desired.
3.2 (3 <aB<1)

In the same way in the subsection 3.1 we could have

oo k+itj+l4+n+g=m (_1)m m| (_kn2)n+q

Z + - a ka ia 7, ly np q
= )1 1 «2 (3" tg bl b2
a 1 172131 ! a
k,i39,0,m,g>0 o™ k'l]lq
() H — ( ) T,m ( ) .
{Bn( ) (t mT ) [a0G2a+1 —a(k+2i+l)—k—pBn+1 (t — m'r) + (11G2 4 2 (t . )

t— mT)+a3G(a)Tm (t —m7) +

1a G( ) T,m
2 2004+1,—a(k+2i+1—2)—k—Bn+1

2a+1,4a(k+2i+1) —k—LBn+2 (

G( )‘rm t bk QG(“0>7T’m t
TG0 1, alkr 20t 1-1)—k—Bni2 (t =m7) = b 20+ 1,— (k4 2i+l—2)— k—Bn+2 (t — m7)]+

(a5)7'm (%)‘r,m
+B50) H (6= mr) [a0G 5031 —aks2ir—k—pnya (E = m7) +a1G5000 ~oiaiioty—k—pnia (= m7) +
+a2G2a+1 fa(k:+2z+l) k—pnta (E—mT) + a4G2a+1 7a(k+21+l 1)—k—Bn+3 (t —m7)]+

(% Tym

+B" 1, (0) agGayty. okt 2it1)—k—pnt3 (

t—mr)—

N kjL [ / [pr (t—u) — (=1)"s (t — w)] H (u — m7) (aOGQ(;Q D eraint) kg (= mT) +

( 5)7—m (

(22).mm

Fa1Go0 ) _a(briti—1)—k—pn (U= MT) +02Go 07— Lioiiny g pnir (W —mT) +
(22)7m (22),7.m
+‘L3G2a+1 —a(k+2i+1-2)—k—Bn (u—mr) +a’402a+1 —a(k+2i+1—1)—k— Bn+l( —mT))du]—
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2 n Z ,Tym
Tkl [o1 (t —w) = (=1)"¢2 (t = w)] H (u — 7 (m +1)) Gz(aiz —a(k42i+1-2)—k—pn1 (0= T (m+1)) dut
0
" %ﬂn( )~ B, (0)] 00GA ) T st msa (£ — 7) +
(5) 7 Y
+a1G2a+17 ak+2i+i-1)—k—pn+2 (E = M) + a2Gy, 41 et 2i+) k3 (= mT)]+
+m |:d512) (O) - B/n( )] [CL()G2(X+1 —a(k+21+l) b prt 2 (t mT) +

(53)rom (52)m
+a1G2a+1 —a(k+2i+l—1)—k—pn+2 (t —m7) +a2G2a+1 —a(k+2it ) —k—pBn+3 (t —m7)]+

3) ( ) m
k‘ L |:d( ( ) B” ( )] a0G2a+1 —a(k4+2i4+1)—k—pBn+3 (t - mT) -
| ()
“5/9 (t—wu) 7 (m+1)) G20¢+1,—7a(k+27,+l 9)—k—pnt1 (W =T (m +1))du—
0

2 T,m
_a5m h(t—u)H u—T(m+1))G2(a+2 (b4 2i+—2)—k Bt (u=T7(m+1))dut

0
(ag) T,m
+ fn t—w) H (u—=m7) Gyl) _oger2ipion)—nopnit (=T (m+1))du}.
0

Ezamples

We consider the flow of an Oldroyd-B fluid ‘when the body force and the pressure gradient are omitted and
the plate is accelerating. We present the analytical solution in the different initial conditions

Ezxample 1. In this example the plate is moving at speed ct, where c is constant. The corresponding initial
problem is then given as

Ju (y,t)

2
P yia u (g, ) +vAg Dﬁia u(y, ) Mu (y,t — 1)

2 —
+ )\aDtau (ya t) + 9Dt au (yv t) - 8y2 a 2

w(yst) =c1, u(0,t)=ct, —7<t<0, y>0,
1

ug (y,t) = co, w(L,t) =0, §<a,ﬁ<1,

utt( )—0

Separating variables and use of the Laplace transformation yields,
oo k+itj=m | 2 NIty 1y i
>, __ _smT =™ m'(_k” ”) Ag Aa
Bn (S) =€ Z Z (o)ymF1 Rl
m=0 k,i,j>0
k+al+ﬁl —smT k+a('i+1)+6lflefsm-r Sk+o¢('i+2)+ﬁlfle—sm7

{Bn (0)[ 20 _ M- )m+1 + Ao S( za_%67s_r)m+l + (52[1_%675_’_)771,4»1

(s

9 ghtaitB(+1)—1,—smT / skta(l+i)+Bl—2 ,—smT sktali+2)+81-2,—smr
V)\ﬂkn (5204 MS—ST)m+1 ] + n (0) [Aa (52a7%673-r)7"+1 + 9 (52047%8737)7”’4'1
2Sk+m+/3(1+l) 2g—smT st ghtaitBl —smT
+V>\ﬂk (S M, — ST)m+1 ] e G(S) g2a 1\/[ —sf)m+1
2 ktaitpl—1,—smT _ _ g ghteitpl=2 —smr st ghtaitpl, —smr _ ghta(l+i)+Bl—2 —smT
+k L[g( 1;16 ST)'rn#»f Me 4( oo 94 )m+1 +M€ H( ) (SQw_%e_ST)r,yL+1 )\a (S2a—%E_ST)7YL+1

k,+o¢(2+z)+ﬁl 2 —smT

— 00 (—a+2) SR
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Taking inverse Laplace transform gives us
oo k+itj=m m ol (—k. 20) Tt
—1 m: n vV B Na
B, (t) = Z Z ((g)m)-*-l ( k:!i!)j!l!

m=0 k,i,j>0

(Bu ) H (¢ —mn) (G

T,m T,m

(t—m7) 4+ A Gga )k a(im1)— ﬁlH(t—mT)JrGGgazkﬂZl i1 (t —mT)

2
U)\gk Gga 2k a(i—2)—B(1+1)+1 (t _mT)]

B O PG me) 1 0GST ()
+V)\ﬂk 2Ggo{ 2]: a(i—2)—p(+1)+2 (t_mT)]
_Mfg(t—u)H(u—T(m+1))G§j},j’_”;(i_2)_m (=7 (m + 1)) du
0
P2 H (= mr) [GLTT oy (= mr) = XGLTTT = mr)

)TTYL

0T (—a+2) G (- )]

T,m

+QCMH( (m+1))Ggfgk oy _pige (=T (m+ 1)

4 kQL{h (=) H (w7 (m+ 1)) GO T o (=7 (m+ 1) du.

Ezample 2. We consider the flow of an Oldroyd-B fluid with the initial ¢onditions ¥ (y) = ¢, ¥2(y) = 0 and
boundary conditions, ¢1(t) = ct, p2(t) = 0 where c is constant. The problem now becomes,

ou (y,t)

5t + Ao Di%u (y,t) = 76 u(, )—1—1//\ DBL iy, 8) Mu (y,t — )

0y? y?

(y,t):C U(O,t):

ct, —7<t<0, y>0,
ug (y,t) =0, u(L,t)=

0, 0<a,pB<i.
Using the preceding method we obtain,
oo k+itj+g=m m!(fanV)Hj/\,@j

_ (71)771
Bn(t)—mgo k’i’%zo ()T RITTL

(B (0) H (t —mr) (GUT™ (¢ — my) % G (1~ )

m M rm
S k2GR = ] —Mfg (t— ) H (=7 (m+1) GO (= 7 (m+ 1)) du

T,m

+ QCLH(tfmT) {G(Aa)’ ’

kn ao—k—ggr1 (E—mT) = Aa G(k‘*) “pje (t—mT)

+2M B (¢ — 7 (m 1)) G& o %;”;;m (t —7(m+1)
t

+ 25 “C Rt —u) Hu—7(m+1)) Gg*o‘j )k gj (t = m7)du}, after which W(y,t) and so u(y,t) may be found.
0

Conclusion

In this paper we used a variant of the method of separation of variables to simplify the governing fractional-
order partial differential equations of a generalized viscoelastic Oldroyd-B fluid with constant delay in time
to a set of fractional-order ordinary differential equations with homogeneous boundary condition. The Laplace
transformation (followed by its inverse) was then employed to obtain the exact solutions of the linear fractional
ordinary differential equation. The solutions are given in terms of multivariate Green functions. We found exact
solutions for three specific situations illustrated by examples.
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C. Carama!, @.J1. Cau', M. Txasuau?, M./Ix. Paxt

! Te6pusdeei Asad Heaam yrusepcumemingyy guauanv, Tebpus, Hpan;
2 Tebpus ynusepcumemi, Tebpus, Hpan

TyTKBIP CBIFBIHBI CYMBIKTBIKTAP TE€OPUSICHIHBIH, OOJIIIIeK
anddpepeHIUaNAbIK TeH/JAeYyiHiH aHAJUTUKAJIBIK, MIeTTiMi

Maxkamaubie MakcaTsl — Oapoiti-b chIFbIMafTBIH KaanblIaMa CYHBIKTHIFBIH KammyTo Typinmgeri Gedtimex
TYBIHBLIAPBIMEH KEINKTIPpY apKbLIbI Oesinek auddepeHnnaablK TeHIeYIePIiH aHATUTUKAIBIK, IIIeHTiM-
JiepiH ycbIHY. ARHBIMAJIBLIAD/LI 60Ty OIiCiHIH MOAMMUKAIMSCHIH KOJIJaHa OTHIPBII, 6IpTEKTI eMec IIeKapa-
JIBIK, IIApTTAphl 6ap Heri3ri TeHaey GipTeKTi meKkapaJsblK IapTTapbl 6ap TEeHIeyTre aifHAIaIbl, COMaH KEHiH
anpiHraH memrivzaep Jlanmac Typiennaipynepinin kemerimen ['pun dyHKIusIapbl apKbLIbl Kepinemdi. By
HOTHUKEJIEP €Ki YKafnaiiga yeeHbLIFan: 6ipinmi kamamaa 0 < «, 8 < %, aJT eKiHIIm Ka1aMaa % <a,6<1,0op
kagam yiaia 1, 2 Ongpoiia-b kannbuianFaH CYMBIKTBHIFBIHBIH CTAIIMOHAPJIBIK, €MEC aFbIMIaPhI YIIiH, OHbIH
imringe KbUTKBIMAJIBI IIJTUTACHL 6ap aFbIH MBICAJIIAPMEH KAPACTBIPBLI/IBI.

Kiam cesdep: Onnpoiin-B cyWBIKTBIFBI, 6OJIIIEK PETTI »KapThlIail TYBIHALIIAPIAFEl TEHJIEYIED, aHAIUTH-
KaJIBIK, MIENTMIep, KennKTipiireH muddepeHIuaiIbK, TeHAeY, afHbIMATbLIaPIbl 0OTYIIH MO auMUKAIINSI-
smauraH omici, KamyToHbiH 6eJIIeK TyBIHIbLIAPHI.

C. Carama!, ®.J1. Can', M. Ixapman?,; M. Jx. Par!

Y ®unuan Heaamerxozo yrueepcumema Azad e Tebpuse, Tebpus, Upan;
2 Viusepcumem Tebpusa, TeGpusy Hpar

Ananmnrndeckoe perieHue JApooHoro auddepeHInaabHOro
ypaBHEHIsI TEOPUH BA3KOYHPYTIHUX >KUIKOCTE

Ilenp taHHOM CTATHU — NPEJACTABUTL AHAJUIUIECKHAE PEIIeHUus JPOOHBIX JrddepeHImaabHbIX ypaBHEHUH
C 3aIas3/ibIBaHueM HeCKuMaeMoil 000buienHoi kuakoctu Ouapoitna-b ¢ gpoOHBIMU TPOU3BOIHBIMU THUIIA
Kanyro. Vcnonb3ys momudukanuio MeTofa pa3iesieHns IepeMEeHHBIX, OCHOBHOE YPaBHEHNE C HEOTHOPO/I-
HBIMUA I'PAHUYHBIMU YCJIOBUSAMH TIPEOOpa3yeTcss B ypaBHEHUE C OJHOPOJHBLIMU I'DAHUYIHBIMH YCJIOBUSMU, &
[TOJIyI€HHBIE PEIeHusI 3aTeM BBIparkatorcs depe3 dyuknun ['pura ¢ nomompio npeobpasosanuii Jlamnaca.
OTuU pe3yJsIbTaThl IPEICTABICHDBI B ABYX YCJIOBUIX: Ha 1epBoM mmare, Korga 0 < «, f < %, a Ha BTOPOM — IIpHU
% < a,f < 1. dna kaxgorodmnara 1, 2 [/ HeCTAIlMOHAPHBIX TedeHuit 00001eHHo )kuakoctu Ouapoiina-b,
BKJIFOYasl IOTOK C JIBUKYIIENCs TIJIACTUHOM, TPUBEJIEHBI HA TPUMEDHI.

Kmouesvie caosa: :xxumgoers Ounpoiina-bB, ypaBHeHUsT B 9aCTHBIX TPOM3BOIHBIX JPOOHOTO MOPSIAKA, aHA-
JITHYecKue penieHns, muddepeHnnaabHOe ypaBHEHNE ¢ 3a1a3/(bIBAHUEM, MOINMHUIINPOBAHHBII METO, Pa3-
JleJIEHUsT IEPEMEHHbIX, IpOo0OHbIe Tpon3BoaHble KaryTo.

116 Bulletin of the Karaganda University





