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This paper is devoted to a new type of boundary-value problems for Sturm-Liouville equations defined
on three disjoint intervals (—w,—m + d),(—7 + d,m — d) and (7 — d, ) together with eigenparameter
dependent boundary conditions and with additional transmission conditions specified at the common end
points —m + d and m — d, where 0 < d < w. The considered problem cannot be treated by known
techniques within the usual framework of classical Sturm-Liouville theory. Te establishisome important
spectral characteristics we introduced the polynomial-operator formulation of the preblem! Moreover, we
develop a new modification of the Rayleigh method to obtain lower bound of eigenvalues.
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Introduction

This work is motivated by the problem of understanding the nature of the spectral characteris-
tics of the class of boundary-value problems ( BVPs) for Sturm-Liouville equations (SLEs) defined of
finite number of nonintersecting intervals 4ggéther with additional interaction conditions specified at
the common endpoints of these intervals. Wloreover, the spectral parameter appears linearly in both
differential equation and boundary @nditions (BCs). Such type of BVPs (the so-called many-interval
boundary value transmission propms @ IBVTPs)) are encountered in solving various transfer prob-
lems of mathematical physics,g Rt example, some MIBVTPs arise in heat transfer problems, mass
transfer problems, diffraction/preblems, seismic behavior of the Earth’s, waves in the atmosphere,
ete. (see, [1-7]). Its solutions ave determined by different special functions, such as Bessel functions,
Chebyshev polynounsialg, [legendre polynomials, Hypergeometric functions etc. Important studies have
been carried out reeefitlyiregarding MIBVTPs [8-24].

The aim of this work is to investigate the following MIBVTP, consisting of three-interval SLE

—¢"(@) + q(z)g(z) = Ar(z)g(x) (1)

defined on three-interval (—7,—7 4+ d) U (—7 + d, 7 — d) U (7 — d, ), together with the A-dependent
BCs given by

cosp g(—m+d) + sinp g (-m+d) = 0,0 < ¢ < m, (2)

ag(m) — a'g'(x) + A (Bg(x) — B¢ (m) = 0 (3)
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Operator-pencil treatment ...

and with the additional transmission conditions (TCs) at the points of interaction —7 + d and m — d
given by

T rva(g) = 0, Toryaly’) = 61 g(—7 +d), (4)
Tr—alg) = 0, Traly') = 02 g(m —d), (5)

where 0 < d < 7, T,(g) is the linear form defined by T, (g) = lims_gg(x + [d]) — lims_o g(z — |d]),
a,a’, B, 8,61, 0 are real numbers, q(z) is a real-valued function, ¢ € Lo(—m, 7). Everywhere we shall
assume that )

a
5B
To study some important spectral characteristic of the considered MIBVTP (1)-(5) we introduced a
corresponding operator-polynomial in appropriate Hilbert space. Note that, MIBVTPs have been an
important research in recent years [25-31].

03 := > 0.

1 Operator-pencil treatment of the problem

To study some spectral characteristics of the MIBVTP (1)—(5)#weé" shall use the operator-pencil
theory and Rayleigh theory. Let us formulate some definitions amd, facts, which is needed for further
consideration.

Let k > 0 be an integer. The Sobolev space W (a, b) is,dafined to be the linear space consisting
of all functions g € Lz(a,b) having generalized derivatives¥g, ¢, ..., ¢*) € La(a,b) equipped with the

inner product
k

<g’ h>W2k(a,b) S Z<g(j)v h ])>L2(a,b)
. ~
and corresponding norm ||g||12/vk( by = (g,g)WQk(a p- Here, L2(a,b) denotes the space of all complex-
2 a, )

valued functions g, such that ff |g%(x) [dr < oo, equipped with the inner product

b
(G) Ly(a,b) 2—/ g(z) h(z)dz.

Denote Q; = (—m, —14d), M= (—7+d, 7—d), Q3 = (7—d, 7) and Q = Q;UNQUN3. For investigation
of the BVTP (1)5) weyshall use the discret sum space @ Lo := L2(1) @ La(Q2) @ L2(Q3) with the
inner-product

3 —
(9, h)o == ; /Q i g(x)h(x)dx

and direct sum space

owlo] 9€OLe lg € Wh(Qu)(i =1,2,3),g(—7 + d +0) = g(—7 + d - 0),
2= g(mr—d+0)=g(r—d-0)

with the inner-product
3

(g,h)1 = Z/Q (g/(ﬂf)ﬁl(x) + g(x)ﬁ(a:)) dx.

i=1 i

We can show that the inner-product spaces & [» and & I/V21 are Hilbert spaces.
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In the Hilbert space & VV21 we define a new inner-product by

Z / v) + a(@)g()he) b da

with the corresponding norm ||g||3 = (g, g)2. Obviously, there are positive constants m and M, such
that

m gl < llgllz < M |iglx

for all g € EBW%.
Using the well-known embedding properties for Sobolev spaces (see [20]) we can show that

2
()l <€ 11916 + 7 llall6. (6)

g < C(&) llgll2 (7)

for any g € @ng where j = 1,2,3,4, 1 = —7, x0 = —7w+dF0, z3 = T =dF0, ©4 = 7, {is a positive
number (small enough), £ € 2, the constant C(§) is independent of ¢he fun€tion g and dependent only
of £&. Let us introduce to the consideration the Hilbert spacegdl¥cémsisting of all vector-functions
( x(z), x1 ) € ®W4 ®C = H equipped with the inner product

<F7\IJ>H = <X7 §0>1+X1 1,

where I' = (x, x1) and ¥ = (¢, ¢1) € H.

The concept of weak eigenfunction is based om, the Weak solutions of the problem (1)-(5), which we
shall define by the following procedure. By multiplying the differential equation (1) by the conjugate
of an arbitrary h € @ Wy satisfying the conditions h(m — d + 0) = h(7r — d — 0) and h(—7 +d +0) =
h(—m 4+ d — 0) and then integrating by pamts 6ver the intervals Q; (i = 1,2,3) we have

Z [, Ao @ M)} de = i) - Lo l(-m) +
3
+ O1g(—m Hd)m +d) + Ggg(ﬂ'—d)ﬁ(ﬂ'—d)-i-gﬁ(ﬂ) = )\Z/ ghdzx, (8)
i=1 /8
and
g(n) o K
Cal i 9

where k := Bg(r) — B ¢'(n). Thus the BVTP (1)-(5) is transformed into the system of equalities (8)
and (9), all terms of which are defined for the g,h € © Wj.

Definition 1. The element I' = (g(z), k) € ® W4 is said to be a weak solution of the BVTP (1)—(5)
if the equations (8)-(9) are satisfied for any h € © W .

Let us introduce to the consideration the following bilinear forms:

(g h) = — g,g(ﬂ')h(ﬂ') _ ‘;’;’:j G(—m) (=) + O1g(—7 + d)i(—7 + d) +
+  bog(m — d)h(m — d), (10)
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nlg) = 3 /Q rle)o(e) B, (11)
and o
To(k,h) = —h(m). (12)

&

The reduction of identities (8)-(9) to an operator equation is based on the following result.

Theorem 1. There are bounded linear operators Sy, S1 : @ W21 — @ VV21 and Sy : C — @ V[/21 such
that

Tn(g,h) = (Spg,h)2 for n =0,1 and
Tn(k,h) = (Spk, h)g for n = 2. (13)

Proof. 7,(g,h), n = 0,1, are linear functionals in h € ® Wy for any given g € ® Wy and that
79(k, h) is a linear functional in h € @& W4 for any given x € C.
Let g € W4 be any function. From (10)—(12), it follows immediately that

I70(g, M) < Cr{lg(m)||A(m)| + [g(=m)||h(=m)| + |g(—7 k(> + d)| +

+lg(m = d)|[h(m —d)|},
719, h)| < Callg)llIR],
[T2(k, h)| < Cs|rla ()] -

Here and below, the symbols Cy, for k = 1,2, ... denatedifferent positive constants whose exact values
are not important for the proof.
The interpolation inequalities (6)-(7) imply

lgll < Callgllz jomd ™g(§)] < Csllglla for any & € Q.

Hence, the functionals 7,, (n = 0, 1, 2Wall6® the following estimates:

(g, )l < G llgll2 [|hll2,
IT(g,h) < Crllgll2 [[Rll2,
[T2(k, )] < Cs [k| [|A]]2.

Therefore, 7, (n = Oylg2) are linear continuous functionals in h € @ Wy for any given g € & W4,
n=20,1, and k € C, n = 2, respectively. Then, the existence of linear bounded operators Sy, 51 and Ss
follows immediately from the well-known Riesz representation theorem (see, for example, [25]).

Theorem 2. The operators So, S1 : @ W4 — @ Wy are self-adjoint and the operator Sj is positive.
Proof. Let g,h € @ W4 be arbitrary functions. By (10) and (13), we have that

<g750h>@w21 = <Sohag>@w21 = TO(h)g) = TO(gah): <Sog7h>€BW21

Hence, the operator Sy is self-adjoint in @ W The proof of the self-adjointness of S is totaly similar.
The positivity of Sy follows immediately from the fact that the function r(x) is positive definitely.

Theorem 3. The operators S; : @ W4 — @ W4 (i =0,1), S2: C — &W4 and S5 : ®@ Wy — C are
compact, where S5 is the adjoint of Ss.
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Proof. To prove the compactness of the operator Sy it is sufficient to show that any weakly con-
vergent sequence {gx}(k = 1,2,...) in @ Wj is transformed by Sy into a strongly convergent sequence
{Sogr} in the same space. The boundedness of Sy implies the weakly convergence of {Spgx} to Sog
in @ Wy, where g(r) is the weak limit of {g}. Since the embedding operator J : @ Wy < @ Lo
is compact [20], the sequences (gx) and (Spgr) converge strongly to g and Spg in @ Lo respectively.
In addition, since for each bounded interval I C R the embedding operator J : Wi(I) — C(I)
is compact and the sequences {gx} and {Spgx} are bounded in @ W3 it follows that these sequences
converge in C(Q1) & C(Q2) & C(Q3).

Further, the compactness of the embedding operator J : @ Wy < C(21) @ C(Q2) ® C(Q3) (see,
for example, [20]) implies that the sequences {gr(d;)} and {(Sogk)(d;)} converge in C to g(d;) and
(Sog)(d;) (i =1,2,3,4) withdy = —morde=—-7m+d F 0Oords =n—d F 0or dy =, respectively.
The representations (10)—(12) and inequalities (6) imply

| So(gk — gm)|13 = (So(gk — gm) So(gk — gm))2 = 70(9k — Gm» So(gk — Gm))
< Cur{l(gr(m) = gm(m))] + [(gr(=7) = gm(—m))[}
+ Ci{l(gr(=7 +d+0) = gn(—7 +d = 0))| + [(gr(m — d +0) K amF 2d — 0))[}.

Therefore, ||So(gx — gm) ||2 — 0 as k, m — oo. Hence, the sequence{Sogx} is the Cauchy sequence in
the space @ W4 and therefore converges strongly in @ 4. Thugsthet¢ompactness of the operator Sy
is proven. The proof of the compactness of the operator Sy is gotelly similar.

It is easy to show that the adjoint operator S; is defined by the equality S5g = g/gf), from which

it follows that this operator is compact. Then by virtueef well-known theorem of Functional Analysis
the operator Ss is also compact. The proof is complete.

2 Positiveness ofithe operator-pencil
It is evident that the BVTP (1)—(5) camyb@ written as the operator-pencil equation in H, given by
AR B=0, AN =A-XA, (14)

where the operators A and A aré\défined by

O[, K
A(g”{’) = <g+ SO!] + 52’€ ) S;.g - 6,03> ) (15)

Ag, k) = (Slg ; g;) : (16)

respectively.
Lemma 1. For all real \g, the operator A(—Xg) = A + Ag A is self-adjoint in the Hilbert space H.

Proof. Using Theorem 2, it is easy to show that the linear operators A and A are self-adjoint.
Therefore, the operator-pencil A(—Xg) = A 4+ \g A is also self-adjoint in the Hilbert space H.

Lemma 2. The operator-polynomial A(—X\g) is positive definite for sufficiently large positive values
of )\0.

Proof. Taking in view the equality

A(=20)T = ((g(a) + Sug(x) + Sor + MoSia(x) . Sgole) — % & + Mgk )
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for I' = (g(x), k), we get

(A=) D = (9(2), 9(2))2 + (Sog(@), 9(x))2 + (S2k, g())2 + (S29(x))F —

/

Sk 20 { Sug(ohata + 1P} 7

Let us define the following functionals

P(g) == (d',d")0, Q(g9):="{ag9,9)0, R(g):=(rg,g)o. (18)

From the well-known embedding theorems for Sobolev spaces it follows easily that the inequalities

Cj2
l9(z;)” < CjiejP(g) + —=Q(9) (19)
J
hold for sufficiently small positive €;, where g € ®W4 (j = 1,2,3, 4 1,2) are positive
constants; r1 = —7m, z9=—7+dF0, r3=7m—dFO0, x4 = 7.
Using (18) and (19) and applying the well-known Young inequali ve the following estimates
15} coscp @
(Sog(x), g(x))2 = — 7 lg(m)* — Sm(p W)\2+ o™ + d)* + O2]g(m — d)?
cos
> ( (p011€1 + 01C 16 163 04164) P(g)
cos p C1a ﬁ 042
(-5 -£%) at). (20)
sin ¢ 61

1 g 2

> ——— lg(m)|* — —= x|

@ 18] 8]

1 Ca2 }

> ———CpesPlg) + —

0& - {cnar@ + 2a)
g 2
- 7 |H| (21)
@ Bl
for arbitrary v > 0. It is easy to see that,

(S19,9)2 = R(g) > M1Q(9g) (22)

for some M > 0.
Taking in view the equality

913 = P(g) + Q(g) ,g € & W, (23)

and substituting (20)—(23) into (17) we have

(A(=2)D, D = @1P(g) + P2(A0)Q(g) + 3(No)lr?, (24)
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where
& = 1-— 2?590‘01161—1—91 C21 €2+ 02 Cs1 €3
- -7 +—/ C €4, 25
(‘B |ﬁ|> )
Dy(Ng) = 1 |2F %-1-91%%-92@
Sy | €1 €2 €3
I5] 1 ) Cyo
= + Ao M, 26
(’5 Ml " )
o |1 e >\0
D3 (A = —l|= 21
3(%) 7o 181" )

Since 63 > 0, it is possible to choose the positive parameters 7, €1,€2, €3 an \ €4 50 small and the
positive parameter \g so large that ®; > 0, ®o(N\g) > 0, P3(N\g) > 0. Now

()\0) = min ((I)l s @2()\0) (133()\0

we have

(A(= )T, D)m > O %
for all I' € H. Consequently the operator pencil A(— ositive definite for sufficiently large
Ao > 0. The proof is complete.

8  Modified Rayleigh quotie nd tzmatzon of the eigenvalues

For finding lower bound estimation fo%walues we shall introduce a new spectral parameter

= A+ Ag, where )¢ is the parameter ma 2. Then the operator pencil equation A(A\) ' =0
is transformed to the spectral prob
o) — puAl = 0 (28)

with the new spectral pa& This problem can be rewritten as

((A+XxA) T, Dy

(AT, D)n (29)

I

Let h = ¢ in (8). Thén equation (8) is converted into the form

(9,9)2 + (S0g,9)2 + (S2k,9)2 = A(S19,9)e. (30)

Using (30), we have the following Rayleigh quotient

+ Mo {(519.9)2 + & |/<6|}

(9,9)2 + (Sog, g)2 + (S2k, )2 + (S39)

/’1/ =
(S19,9)2 + g, WQ
(31)
Using (14)—(16), (20)—(27) and (28)—(31) we have the following inequality
. ®1P(g) + P2(X0)@(g) + Ao R(g) + @3(>\0)|"¢\2. (32)

CEEE e
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It is easy to show that there are My > 0 and M3 > 0, such that

R(g9) < M2Q(9) < Ms|g|

for all g.
Then from inequality (32) we get

4 > min (MQCI)Q()\Q) + Ao, 93(133(/\0)) .
Thus, we have the lower bound estimation for eigenvalues of the BVTP (1)—(5) given by

A > =X + miD(MQ(PQ()\O) + Xo, 93(1)3()\0)).

Conclusion

In this work, we investigated a new type of boundary value problems (BVPs) for Sturm-Liouville
equations. The problem addressed in our study is different from stand@rd SturmsLiouville problems
in the sense that the differential equation is defined on three non-overlappiag intérvals (—m, —m + d),
(—m+d, 7—d) and (7 —d, 7) and the boundary conditions are includegfod additional conditions at the
interaction points x = —m+d and x = m — d, so-called transmission conditions. Spectral analysis, such
type of multi-interval boundary value transmission problems (MIBMI'Ps), is much more complicated
to analyze than BVPs. It is not obvious how to apply the known classical methods to such MIBVTPs.
To establish some important spectral characteristics, we fatroduced a new type polynomial-operator
formulation of the considered MIBVTP. We then proyéd that this polynomial-operator is self-adjoint
and positive definite for sufficiently large positive values of the spectral parameter A\. Moreover, we
have been developed a new modification of the, Rayleigh method to obtain a lower bound for the
eigenvalues.
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